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PREFACE. 



Edugatiov aiins at mental culture and practical skill; and for thf 
ftttainmeDt of both of these objects the mathematical sciences have in all ' 
ages been highly valued. Thej train the mind to logical methods of 
thought, give vigor and intensity to its operations, and lead to the import- 
ant habit of reHting only in certainty of results ; while as instruments of 
investigation they stand pre-eminent. 

Among the three fundamental branches of mathematics, Algebra occu- 
pies a prominent position in view of both of these objectA. As a method 
of calculation it is the most powerful of them all, and for giving mental 
acuteness and the habit of analytic thought it is unequaled. With the 
advance of education this science is growing in popularity, and is being 
introduced into our best public schools, aj> well as academies and semi- 
naries. Many teachers are banning to see that a knowledge of «elementary 
algebra is worth more than a knowledge of higher arithmetic, and are 
omitting the arithmetic, when necessary, for the algebra. This has in- 
creased the demand for good text-books upon the subject ; and to assist 
m meetihg this demand the present work has been prepared. Some of 
its general and special features will be briefly stated. 

Gkneral Featukes. — This work is not a mere collection of problems 
and solutions, but the evolution of a carefully-matured plan, the embodi- 
ment of an ideal formed by long and thoughtful experience in the school- 
room. Attention is called to its extent, itH matt-er and its method. 

Ertent. — The work embraces just about as m«ny topics as it is though! 
the ordinary pupil in elementary algebra should be required to study. 
These topics have been presented, not superficially, but with comparative 
thoroughness, so that the knowledge given may be of actual use in calcu- 
lation, and afford a basis for the study of a higher work if desired. 
Willie not presenting quite as much as some teachers might prefer, the 
author has been carefiil not to make the work too elementary. Superficial 
scholarship is one of the growing evils of our country, and teachers and 
text-books are responsible for it Tt should never be forgotten that ii i» 
better to know much &f a fev) things thom to know a little qf many things. 
While endeavoring to avoid superficiality, the author has been caieiii] 
to no simplify the sublet, as to rentier it suitable to those beginning the 
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■tadj. The objtja has been to hit the golden meiui, and thiin adapt it 
Id the wantH of the majority of pupils and teacheni. 

MaJUer, — In the development of the various topics, care has been taken 
to combine in due pro]X)rtion theory and practice. The French work^ on 
algebra are very complete in the discussion of principles, but are deficient 
in matter for the attainment of skill in their application. The English 
works abound with practical examples, but are usually less complete in 
their theoretical discussions. I have endeavored to combine both of 
thes^ features, by giving an ample collection of problems, as well as a 
thorough discussion of principles. The aim has been to make Uie work 
both philosophical and practical. 

Tbe problems were prepared with especial reference to the principle! 
and methods which they are designed to illustrate. They are often so 
related that one problem prepares the way for the succeeding one, thuf 
making a problem which alone might be quite difficult, comparatively 
easy. The miscellaneous examples at the close of the book embrace a 
choice selection from American and English works, especially from the 
excellent collection given by Todhnnter in his Elementary Algebra. 

Method of TreatmerU. — In the treatment of the various topics I have 
aimed to simplify the subject without impairing its logical completeness 
and thoroughness. In this respect the skill of an author is particularly 
shown, and in this consist the principal merits of a text-hook. The 
difficulty of a subject is not so much in itself as in the manner in which 
it is presented; special pains have therefore been taken to pass so gradu- 
ally from the simple to the complex as to make easy what otherwise 
might be complicated and difficult. 

I have also been careful to give conciseness, clearness and simplicity to 
its methods of explanation. There is a simple and direct method of 
stating a solution or demonstration that is much more readily compre- 
hended by the learner than a talking about it in a |)opular sort of style. 
The scientific method is usually the simplest method. Text-books on 
algebra have been especially defective in this respect The methods of 
mental arithmetic have created a revolution in the forms of explanation 
in the science of numbers, giving beauty and simplicity to that which was 
before awkward and complicated. Geometry, coming to us as the prod- 
act of the Greek mind, is characterized by the simplicity and elegance of 
its demonstrations ; while algebra, mamly the product of modem thought, 
has been less clear, logical and finished in its methods of development. I 
have endeavored to make an improvement in this resjiect, by combiiring 
the simple and natural analytical methods of mental arithmetic with tilt 
elegance of form and logical exactness of the geometrical methods. 

Spbcial Features. — The principal m^ts of the work are supposed t« 
ounaist in its methods of treatment, ua Molutions, discussions and explana 



PREFACE. 7 

dons — ir brie^ in the genera) spirit that perrades it, giving aimplicity 
and unity to the work as a whole. There are, however, several speda] 
features to which the attention of teachers is respectfully invited : 

1. The definition of algebra seems simpler and more complete than 
any which the author hss met. 

2. The eUisa^eatiion of algebraic agmboU undei three distinct heads is 
different from anything heretofore prenented. 

8. The method of eoDplaining addition and sabtraction by means of av 
9uxiliary quantity is a new feature which merits notice. 

4. The new topic, called OompoaUion^ as a synthetic process correlative 
to the analytic process of Faetoringy will no doubt arrest attention. 

5. The variety of the cases in factoring, the demonstration of the divisi- 
bility of a» — 6* by a— 6, and the explanation of the greatest common 
divisor and least common multiple, solicit notice. 

6. The treatment of involution and evolution possesses some points of 
novelty, and especial attention is called to the second method of cube root 

7. Particular attention is invited to the discussion of the Courier Problem 
and to the development of the properties of the incomplete quadratic equa- 
tion. 

8. The variety and appropriateness of the problems, the frequent gen- 
eralization from a particular to a general problem, and the variation of 
old problems, are designed to add interest to the study and give disdplin* 
to the student 

9. Unusual care has been g^ven to the typography of the work, in order 
to make it attractive and interesting to the pupil. The introduction of 
the small symbols for addition, subtraction, multiplication and division, as 
used in the best English works, is regarded as a great improvement 

Encouraged by the approval of many of the best teachers of the coontiy 
who have used my former works, and yielding to their wishes as well as my 
own inclination, I have found time and strength, amid the cares and d Jties 
of a large institution, to prepare the present work ; and T now send it 
forth, trusting that it may afford discipline and knowledge to many youth- 
ful minds of the present generation, and convey a kindly remembrance 
of my own labors to teachers and pupils of the future. 

8TATB Normal School, 1 EDWARD BROOKK 

MUtMrnfiile, Pa,, Man, 1871. i 



SUGGESTIONS TO TEACHERS. 



The following mig^^ef^tionR are respectfully made for the benefit ol 
foung or inex]ierienced teachera : 

1. It will be well to make frequent nne of the inductive method jf 
teaching, aR miggeKted in the Introduction^ leading pupils from the iceaa 
«nd methodfi of arithmetic to thooe of algebra. 

2. Drill thoroughly upon the fundamental operations, eHpecially upon 
the uae of the minus sign, the use of exponents in multiplication and 
division, and the methods of factoring. Slowness here is speed afterward. 

3. Where there are two solutions, the teacher may select the one he 
prefers, and drill the pupils thoroughly upon it before they attempt the 
other. The first of two given solutions is usually regarded as the simplest^ 
though not always the besL 

4. Frequently require pupils to change a particular problem into « 
general one, as on page 107, and also to make special problems out of 
general ones. Have pupils to make problems by changing the conditions 
of given problems, or by using a required condition and requiring some 
given condition, as in problems on page 111. Pupils should be encf>iu> 
aged to form new problems, and to originate new methods of explanation 
and solution. We should always aim to make thinkers of our pupils 
rather than maUiematical machines. 

6. A Shorter Qmrse, — While this work is the author's ideal of the ex- 
tent of an elementary algebra, yet it may be used by teachers who desire 
a shorter course. For such the following omissions may be made without 
Impairing the unity of the subject : 

Omit the second methods of Highest Common Divisor and Lowest Com- 
mon Multiple, the Supplement to Simple Equations, Imaginary Quan- 
tities, Principles of Quadratics, Quadratics of Two Unknown Quantities, 
and the Miscellaneous Examples at the close of the work. A still shorter 
course may be attained by the further omission of the latter half of the 
examples under each subject. 

6. In conclusion, the author suggests to teachers of public schools to 
give their pupils a course in elementary algebra before completing highef 
arithmetic His own experience is, that pupils cannot thorooghlr under 
itand arithmetic until they have studied algebra. 
9 
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INTRODUCTION. 



The object of the exercises in the InJbrodwction is to lead 
pupils from the ideas and operations of Arithmetic to those of 
AJgebra. 

LESSON I. 

1. Henr/s number of apples, increased by three times his 
number, equals 24 ; how many apples has he ? 

Solution. Bj arithmetic this problem is solved in the following 
jsanner: 

Hewnfs number^ plus three times hts number^ equals 24 ; 

hence, 4 times Heminfe nwrnher equals 24, 

and once Henrifs number equals one-fourth of 24, or 6. 

Abbreviated Solution. If we represent the expression 
HenrifB number by some character, as the letter x, the solution 
will be much shorter ; thus : 

X plus 3 times x eqnalR 24 ; 
hence, 4 times x equals 24, 
and once x equals 6. 

AiiOEBBAic Solution. If we use 3a; and Ax to denote 
" 3 times a?" and " 4 times a?," the sign — for the word " equals,'' 
and the sign + foi the word '* plus," the solution will be purely 
algebraic; thus: 

9;+ai;-24; 
4d;-24, 
«-6. Ans. 

f 
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Stmbola. —It will be seen that this l&st solution is the tmioM 
as the first, except that we use eharcbctera instead of wardi, 

1. These characters are called aymboU. The method of solv- 
ing problems by m«ans of symbols is called Algebra. 

2. Addition is denoted by the symbol +, read plus; mbiraebion 
is denoted by the symbol - , read mimis, 

3. The expressions 2x, Sx, Ax, etc., mean 2 times x, 3 Umei x, 
4 times x, etc. One-hoUf of x, one-third of x, twchthirda of z, etc., 

are denoted by ix, Jx, fa?, etc., or ^, qi "T* ^^^ 

4. The symbol - denotes eqiuilUy, and is read equals, or if 
equal to. The expression 2;+3x-24 is called an eqtuUion. 

BXAMPL.fBS. 

The pupil will now express the following in algebraic symbols: 

2. Three times John's number of apples equals 27. 

3. One-half of Mary*s number of peaches equals 12. 

4. A's number of books, plus three times his number, equals 16. 

5. B's number of dollars, minus half his number, equals 18. 

6. Two-thirds of C*s fortune, minus one-half of his fortune, 
equals $50. 

Note. — ^The teacher will lead the pnpil to see which is the unknown 
qoantity and which the known quantity, and how each is represented. 

LESSON II. 

1. John has a certain number of peaches, and James hu 
three times as many, and they both have 40 ; how many hfw 
each? 

Solution. Let x equal JohnV number ; operation. 

ther since James has 3 times as many as j^ a;- John's number. 

John, Sx will equal James' number, and '• 3a; = James* number, 

linoe they together have 40, a;+3a: will a;+3a; — 40 

equal 40, or, adding, 4a; will equal 40. If 4a?— 40 

4a; equals 40, x will equal one-fourth of j^.^q John's number, 

40, which is 10, John's number; and 3a: 3a; -80, James' number 
will equal t times 10, or 30, James* number. 

2. Mary's age is twice Sarah's, and the sum of their ages is 86 
years; what is the a^ of each? Ann. Sarah. 12; Mary, 24 
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8. Divide the number 144 into two parts, such that the larger 
part will be 6 times the smaller part Ans. 120 ; 24. 

j^ 1 ThjTr sum of two numbers is 120, and the larger is 4 times 

the smaller ; required the two numbers. Ans. 24 ; 96. 

-^ — ^ A man bought a ooat and a vest for $40, and the coat cost 
4 timee as much as the vest ; required the cost of each. 

Ana. Coat, $32 ; vest, $8. 
^ 6 . fa r a mixture of 360 bushels of grain there is 6 times bm 
much wheat as com ; how many bushels of each ? 

Ana. Wheat, 300 bushels ; corn, 60 bushels. 
^^JLa^ man bought a span of horses and a carriage for $1000, 
paying three times as much for the horses as the carriage ; re- 
quired the cost of each. Ana. Horses, $750 ; carriage, $250. 

LESSON HI. 

1. The difference of two numbers is 24, and the larger equals 
4 times the smaller; required the numbers. 

Solution. Let x equal the smaller nnm- operation. 

ber; then 4x will equal the larger Duml>er. . _ , .. 

And since the difference of the two numhers is 

%i, 4x — x will equal 24, or, subtracting, 3x 

will equal 24. If 3a: et^uals 24, x will equal 

one-third of 24, which Is 8, the smaller number ; c i> ii 

and 4x will equal 4 times 8, or 32, the larger .• °" oo\i. i 

4iC=oJ, the largfer. 



4a: » the larger. 
ix-x^2i 
3a; -24 



2. The difference of two numbers is 28; and 5 times .he 
smaller equals the greater ; what are the numbers ? 

Ans. Smaller, 7 ; greater, 35. 

8. A has 28 cents more than B, and 3 times B's numbe 
equals A's ; how many has each ? Ana. A, 42 ; B, 14. 

4. Seven times a number, diminished by 3 times the number, 
equals 48 ; what is the number ? Ana. 12. 

6. Mary gathered 21 flowers more than her sister ; how many 
did each gather if Mary gathered 4 times as many as her sister 1 

Ana. Mary, 28 ; sister, 7. 

6. A bought a house and lot, paying 5 times as much for the 
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house as the lot ; what did he pay for each if the house oobI 
$256^ more than the lot? Ana. House, $3200; lot, $640. 

7. A and B enter into a copartnership, in which A's interest 
IB 6 times as great as B's : A's gain was $650 more than B's 
gain ; what was the gain of each ? 

^^. A's, $780; B's, $130. 

LESSON IV. 

1. Julia and Anna had 24 oranges, and Julia had one-half 
as many as Anna ; how many had each ? 

0PEBATIPK.K 

Solution. Let a? equal Anna's number ; Let a; -Anna's number, 
then will - equal Julia's number; and since -—Julia s number, 

they together have 24, x+- equals 24. a;+-«24 

Adding, x plus J of a;, or f of a;, equals 24. J^^oi 

If } of a; equals 24, } of a; equals ^ of 24, 2 

which is 8, Julia's number; and | of a;, or a;, a; » ^ ,. . 

, «^. o ifl A > 1. ~ — 8, Juha's number, 

equals 2 tupf^ 8, or 16, Anna't* number. 2 

a; — 1 6, Anna's number. 

2, A's money, increased by one-half of his money, equals 
$60; what is his money? Aiia, $40. 

v/ 3. What number is that to which if its one-third be added, 
the sum. will be 36? Ans. 27. 

j^ 4. What number is that to which if its two-tliirdj» be addeJL 
the sum will be 45? Ans. 27. 

V 5. What uumber is that which being diminisheo by its thre» 
eighths, the remainder will be 30? Ans. 4S. 

6. Mary's age, diminished by its three-fifths, equals 6 years ] 
how old is Mary ? Ans, 15 years. 

7. If one-half of my age be increased by one-third of my age, 
the sum will be 40 years ; what is my age ? Ans, 48 years. 

8. Four times the distance from Philadelphia to Lancaster, 
diminished by 2^ times the distja.nce, equals 102 miles ; required 
the distance. Ans. 68 miles. 
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9. Bessie gave three-fourths of her money to the poor, and 
then found two-thirds as much a« she gave away, and then had 
130 ; how much had she at first? Am. 940. 

LESSON V. 

1. A man bought a hat, vest and coat for $35 ; the vest cost 
twice a& much as the hat, and the coat cost four times as much 
as the hat ; required the cost of each; 

Solution. Let x equal the cost of the hat ; operation. 

then will 2x equal the 008t of the vest, and Let rr^cost of the hat. 

Ax equal the cost of the coat, and their sum, 2a:— cost of the vept 

x-*-2x-\-4x, will equal the cost of all, or $35. 4a; » cost of the c oat 

Adding, we have 7x equals $85. If 7x equals a; -t- 2a; -t- 4a; » 35 

$35, x equals one-seventh of $35, or $5, the 7a; — 35 

cost of the hat; 2a; equals 2 times $5, or $10, a;— 5, hat; 

the cost of the vest ; and 4a; equals 4 times $5, 2a; — 10, vest ; 

or $20, the cost of the coat 4a; - 20, coat 

2. Divide the number 105 into three such parts that the 
first shall be twice the second and the second twice the third. 

Ana, 60 ; 30 ; 15. 
l/S, Three men. A, B and C, earned $216; A earned twice as 
much as £, and C earned as much as both A and B ; how much 
did each earn ? Am, A, $72 ; B, $36 ; C, $108. 

4. The sum of three numbers is 63 ; the second is one-half of 
the first, and the third one-fourth of the first; what are tho 
numbers? Am. 1st, 36; 2d, 18 ; 3d, 9. 

5 A man, with his wife and son, earned $22 in a week , 
the man earned t¥rice as much as his wife, and three times ai 
much as his son ; what did each earn ? 

Ans. Man, $12 ; wife, $6 ; son, $4. 

6. A man bought a horse, a cow and a sheep for $315; 
the cow cost 5 times as much as the sheep, and the horse cost 
three times as much as the cow ; required the cost of each. 

Am. Horse; $225; cow, $7''>; sheep, $15. 

7. A tax of $450 is assessed upon three persons according 
to the relative value of their property ; A is worth two-thirds as 
much as B, and B is worth three-fourths as much as C ; what 
is each man's tax ? Am. A% $100 ; B\ $150 ; G's, $200. 
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LESSON VL 

1. A being asked how much money he had, replied tliat three 
times his money increased by $8 equals $80 ; how much had he? 

Solution. Let a; equal A*8 monejr; then, by opbkatioh. 

the condition of the problem we shall have 

aa;+8-80. Now, if 3a; increased by 8 equals 80, ^^ Vt^ money. 

3a? wiU equal 80 dimiuiahed by 8, which is 72; ^-^8-80 
if 3a; equals 72, x will equal oue-third of 72, which ox^ll 

is 24. Hence A had 24 dollars. ^ " ^ 

^ 2. If three times a number increased by 12 equals 57, what is 
that number ? Ans, 15. 

3. K A's age be increased by its two-thirds and 7 years more, 
it will equal 32 years ; what is his age ? Ana. 15 years. 

4. If three-fourths of the distance from New York to Troy 
be diminished by 21 miles, the result will be 90 miles ; what is 
the distance? Arm, 148 miles. 

5. If 2} times the money a boy spent on the Fourth of July 
be diminished by 40 cents, the result will be $5.65 ; how much 
did he spend? Ana. $2.20. 

6. One-third of the trees in an orchard bear apples, one-fourth 
bear peaches, and the remainder, which is 100, bear plums ; re- 
quired the number of trees in the orchard. Ans, 240. 

-/ 7. If 4 times what Mr. Jones spent during a summer vaca- 
tion be diminished by three-fiflhs of the sum spent and $680, 
ihe result will be $5100; what did he spend? Am. $1700. 

LESSON VIL 

1. Anna has 8 oranges more than William, and they to 
gether liave 36 ; how many has each ? 

80LUT10N. Let X equal William's operation. 

Dumber; then, since Anna has 8 Let x» William's nam ber. 

oranges more than William, a; + 8 will a? -<- 8 = Anna's number, 

equal Anna's number; and since they ^T«T8«36 
both have 36, x pluH a; +8 will equal 2ic+8="36 
36. Adding, we have 2x+8 = 36. 2x-28 

If 2x increased by 8 equals 36, 2x will a; = 14, William's numbei 

equal 36 dimrni^ied by 8, or 28. If x+8=«22, Anna's number. 

2a; equals 28, x equals one-half of 28, 
or 14, WUliam's number; and a; +8 equals 14-»-8, or 22, Auna'^ nunih«r. 
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2. A and B together have 135, and A'b mouej, plus 9tf 
equals B's ; how much has each ? Ana. A, $13 ; 6, $22. 

3. A watch and chain cost $220, and the chain cost $20 less 
than five-sevenths of the cost of the watch ; required th^ cost 
of each. Ans. Watch, $140; chain, $80. 

4. A house and lot cost $5800 ; required the cost of each 
If the lot cost $300 more than three-eighths as much as the 
house. Am. House, $4000; lot, $1800. 

5. Blanche, ladie and Kate went a-shopping and spent $70. 
Iridic spent $4 more than Kate, and Blanche spent $6 more than 
Kate ; how much did each spend ? Ana, $26 ; $24 ; $20. 

6. A, B and C contributed $125 to a Sabbath-school : A gave 
$10 less than twice as much as C, and B gave $10 more than 
twice as much as C; what did each contribute? 

^n«. A,$40; B,$60; C, $25. 

LESSON VIII. 

In Problem 1, Lesson I., we supposed Henry's number, plus 
three times his number, to be equal to twerUy-four. . Suppose 
now, instead of representing the number twenty-four by the 
figures 2 and 4, we use one of the first letters of the alphabet, 
as a, to represent it. The problem will then become — 

I. Henry's number of apples, plus three times his number, 
e(]uals a ; how mauy a{)ples has he ? 

OPERATION. 

Solution. Let x equal Heniya number; Let a; — Henry's number, 
then, by the condition of the problem, we will x-i-'Sx^a 
have a;-<-3a;-a, or 4x^a\ hence x equals a 4x»a 

divided by 4, which we express thus, — . a?«-- 

4 4 

Known Numbers. — Now, it is evident that a may repre».>nt 
any other number, as 12, 16, etc. Hence, we see we may repre- 
sent hwmn numbers by letters as well as hj figures.^ 

A number represented by figures expresses a definite number 
of units, and may therefore be called a definite number. A 
number represented by a letter does not express a definite num- 
ber of units, and may therefore be called an indefinite number^ 
or a genercU number. 
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Substitatioil. — Since a represents any number, let us suppose 
its value to be 24 ; if we then use 24 for a in the result «"-T| 

24 
we shall have a; - —, or 6, which is the same result as we ob- 
4 

tained by using 24 in the solution in Liesson I. 

This using some particular value of a general quantity in an 

expreHsion containing the quantity is called SvhstUution. 

PROBLEMS 

2. Mary's age is tvdce Sarah's, and the sum of their agei is 

a years ; how old is each ? Ans. Sarah, - ; Mary, — • 

3. Find the age of each when a = 36, by substituting the 
value of a in the result Aiw. 12 years ; 24 years. 

4. Divide the number m into two parts, such that the 

largei part will be 5 times the smaller. Ans. — ; • 

6 6 

5. Find the value of each part when m'=- 144," by subatitut* 
ing the value of m in the results. Ans, 24; 120. 

6. The diiference of two numbers is a, and 6 times the smaller 

equals the larger; what are the numbers? Ans. -; — • 

4 4 

7. Find the value of each part when a - 24, by substituting 
the value of a in the results. Ans, 6 ; 30. 

8. What number is that to which if its one-third be added 

the sum will be 6 ? Ans. — . 

4 

9. Divide the number e into three such parts that the firsi 
•hall be twice the second, and the second twice the third. 

10. If three times a number increased by n equals a, what if 
the number ? 

11. The sum of two numbers is a, and the smaller equals th« 
larger diminished by c ; what are the numbers ? 

12. One-half the length of a pole is in the mud, one-third 
in the water, and h feet in the air ; what is the length of the 
pole? Ans. 6A 

Note. — Let the pupil g\7e special valuee to the general quaniitieH kf 
wch Ok the above problemn. and 6nd the results by Substitution. 
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SECTION I. 

DEFINITIONS AND EXPLANATIONS. 

1. Mathematics is the science of quantity. It treats of 
the properties and relations of quantity. 

3. Quantity is anything that can be measured. It is of two 
kinds, Number and Extension. 

3. Arithmetic is the science of Number; Oeometry is the 
science of Extension, 

4. Algebra is a method of investigating quantity by meana 
of general characters called symbols, 

5. Algebraic Symbols are the characters used to represent 
quantities, their relations and the operations performed upon 
them. 

6. The Symbols of Algebra are of three kinds, namely— 

1. Symbols of Quantity ; 2. Symbols of Operation ; 

3. Symbols of Relation. 

Notes. — 1. With beginners we regard Algebra as restricted to tvwibertf 
OT M a kind of general Arithmetic. They may afterward be led to see how 
general symbols introduce ideas not found in Arithmetic; and eventually, 
th ai A Igebra is a general method of investigation that may be applied to 
all kinds of quantity. 

2. Some writers divide Algjebra into Arithmelical Algebra and Symbol-' 
ieal Algebra. Newton called it Universal Arithm^tiCj and many writer* 
•peak of it as General Arithmetic. rXAIemberl divides Arithmetic Intc 
Numeriqnie, Special Arithmetic and Algebra, General Arithmetic. 

a« IT 
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SYMBOLS OF QUANTITY. . 

7. A Symbol of Quantity is a character used to represent 

a quantity. 

§• The Symbols of Quantity generally used are the figuret 
of arithmetic and the letters of the alphabet. 

9. Known Quantities are represented by figures and tli« 
first letters of the alphabet, as 1, 2, 3, etc., and a, 6, c, etc. 

10. Unknown Quantities are usually represented by the 
final letters of the alphabet, as re, y, z, v, etc. 

1 1. The Symbol 0, called zero, denotes the absence of quan- 
tity, or that which is less than any assignable quantity. 

12. The Symbol oo, called infinity, denotes that which is 
greater than any assignable quantity. 

13. Accents are small marks used to denote different quan- 
tities which occuj)y similar positions in an operation ; as a\ (i\ 
cl", etc. These are read a prime, a second, etc. 

14. Subscript figures are sometimes used for the same 
purpose ; as ai, a,, Os, etc. These are read a svh. one, a sub, 
two, etc. 

1«1. The Sign of Continuation is . . . . It denotes that the 
quantities are continued by the same law, and is read and so 
on. Thus, a, 2a, 3a .... , means a, 2a, 3a, 4a, 5a, etc. 

16. Quantities represented by letters are called Literal Quanr 
tities. Quantities represented by figures are called Numerical 
QuanMties. 

Note. — These symbols are the representatives of quantities, but for oon- 
Tenience we speak of them as quantities, meaning the quantities whidl 
Ihej ^present. Thus we say, the quantity a, the quantity b, and also a 
and b , aa, add a to 6 ; subtract a from, b, etc. 

SYMBOLS OF OPERATION. 

17. A Symbol of Operation is a character used to indicate 
the operations of quantities. 

18. The Sign of Addition is +, called plus. Thus, a+ft 
indicates the a/^dit.ion of a and 6, and is read a phij< b. 
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19. The Sign of Subtraction is -, called rmnus. Thas, 
a— 6 denotes the subtraction of 6 from a, and is read a 
minus b. 

30. The Sign of Multiplication is x, read into, ihma or 
mtUtiplicd by. Thus, ax 6 denotes that a is to be multiplied 
by b, ani" is read a into b, or a times b, or a multiplied by b. 

Multiplication is also denoted by a simple point ; thus, a . b 
denotes the same aa ax6. With letters the sign is usually 
omitted ; thus, 2ab denotes the same as 2xax&. 

The Coefficient of a quantity is a number written before it to 
show how many times the quantity is taken. Thus, in Sab the 
3 is the coeihcient, and shows that ab is taken 3 times ; in ax, 
the a is the coefficient of x, showing that x is taken a times. 
When the coefficient is expressed by a figure, it is called a 
nwrnerical coefficient ; when it is expressed by a letter, it is called 
a literal coefficient. ^ 

31. The Sign ofyDivision is +, read divided by. Thus, 
a + b denotes that c^ is to be divided by 6, and is read a 
divided by b, /v/l 

Division is also indicated by writing the dividend above and 

the divisor below a short horizontal line, as in a fraction, as — 

b 

TTie expressions aL^ and a (6 also denote the division of q 

by 6. 

aa. The Sign of Involution, called the Exponent, is a 
number written at the right of and above a quantity to indicati 
its power. 

The P(ywer of a quantity is the product obtained by using the 
quantity as a factor any number of times. Thus, ax a is the 
aeeond power of a ; a x a x a is the third power of a, etc. 

The Exponent of a quantity is the number which indicatea 
tow often the quantity is used as a factor. Thus, in a* the * in- 
dicates thai a is used as a factor three times ; a* is equivalent 
to ax ax a. ' a' is read "a aqu^ire," or "a second power;" a* is 
read "a cube," or "a Mrd power" or "a third;" a" is read 
•* a nth pmjoer," or " a nth." 

When the exponent is expressed by a figure, it is called • 
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numeriecLl exponent ; when it is expressed by a letter, it is called 
a literal exponent. When no exponent is written, the expo* 
nent ^ is understood. 

33. The Sign of Evolution is j/, called the Radical Sigr^ 
It indicates that some root of the quantity before which it \Sk 
placed is to be extracted. Thus, y'a, y^a, ^a indicate, respect- 
iively, the square root, the cube root and the fourth root of a. 

The Index of the root is the number written in the angle of 
the radical sign to indicate the required root. When no index 
is written, * is uuderstood ; thus, j/a is the same as j/'a. 

A Fraximial Exponent is also used to indicate some root of 
a quantity. Thus, ai indicates the square root of a, a^ the cube 
root of a, etc. 

a4. The Signs of Aggregation are the Vinculum, ; 

the Bar, \ ; the Parentheses, ( ) ; the Brackets, [ ], and thi 
Braces, { \. These indicate that the quantities connected or 
enclosed are to be subjected to the same operation. Thus, 

+a 

a^hy^c) +6 c; (a-\-h')c', [a^blc, {a+6}c, each indicates that 
a+6 is to be multiplied by e. 

SYMBOLS OF RELATION. 

35. A Symbol of Relation is a character used to indi- 1/ 
rate the relaticm of quantities. 

36. The Sign of Equality is », read eqmls or equal to. 
Thus, a; = a uidicates the equality of x and a, and is read x is 
equal to a, 01 X equals a. 

27. The Sign of Ratio is : , read to ot is to. Thus, a : b 
indicates the ratio of a to b, and is read the ratio of a to b. 

28. The Sign of Equality of Ratios is ::, read equals 
01 as. Thus, a : b :: c:d indicates the equality of the raiim 
of a:b and e : d, and is read the raiio of a to b eqwah the raivo 
of c to d, or a is to b as e is to d, 

39. The Signs of Inequality are >, read is greater than, 
and <, read is less than. Thus, a>b and a<b indicate the 
inequ/oMy of a and b\ a>b is read a is greater than b, and 

a <^ t> III roft'l *i ij* Ums Ouvn 6, 
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30. The Signs of Deduction are /., rei^ tkerefare oi 
hence, and *.* , read since or because. 

Note.— The signs of Deduction are used when the rdaiiori is inferred 
from florae prevjous relation. It is evident, therefore, that they may be 
classed with Symbols of Relation. 



ALGEBRAIC EXPRESSIONS. 

31. An Algebraic Expression is the expression ^f « 
quantity by means of algebraic symbols. Thus, a+Sb-c, 

33. The Terms of an algebraic expression are the parts 
connected by the signs + and — . Thus, in a +36 — c the terms 
are a, Sb and — c. 

33. A Positive Term is one having the plus sign pre- 
fixed to it, as +3a. When no sign is expressed the sign + is 
understood. 

34. A Negative Term is one having the minus sign pre- 
fixed to it ; as - 3a. This sign should not be omitted. 

3«i. Similar or Like Terms are those which contain the 
same letters affected by the same exponents ; as, Sah^ and - dab\ 

36. Dissimilar or Unlike Terms are those which contam 
different letters or exponents ; as, Sah^ and — baVc, ^ 

37. A Monomial is an algebraic expression consisting of y 
one term ; as, a, 4a, 5a', etc. 

38« A Poljrnomial is an algebraic expression consisting 
of two or more terms; as a+6, a+b-^e+d+e, etc. -'^'" y 

39. A Binomial is a polynomial consisting of two terms : y 
as, a+6 and 3a+46'. 

40. A Trinomial is a polynomial consisting of three i/dims; 
as, a+2a6+c. 

41. The Degree of a term is determined by the number of 
literal factors it contains. Thus, 2a is of the first degree, 3a' 
or Zah of the second degree. 

43. Homogeneous Terms are those which are of the same 
degree. Thus, 3a6c and dab^ are homogeneous. 

43. A Poljniomial is homogenemts when all of its terms are 
of the mme degree ; as, a* — 4a'6 + a^b\ 



/ 
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ALGEBRAIC LANGUAGE. 

44. Algebraic Langnage is a method of expressing mathe- 
matical ideas by means of algebraic aymbols. 

4tl. Numeration in* Algebra is the art of translating alge< 
braic expressions into ojmmon language. 

40. Notation in Algebra is the art of expressing mathema^ 
ical ideas in algebraic language. 

EXERCISES IN NUMERATION. 



1. Head a +6. 

2. Reada"-i-2a6. 

3. Read (a+6>. 

4. Read |/(a+6). 
6. Read 2(a-i-6»). 

6. Read «"-i-2a:y+y". 



7. Read (a+a;) (a — z). 

8. Read — jx ^ 

,9. Read i/«+(a?-«)*. 



10. Read4^a+l/P^17e. 

EXERCISES IN NOTATION. 
1 zpress in algebraic language — 

1. The sum of a and b. Ans. a+&. 

2. Three times b subtracted from a. Ana, a — 3ft. 

3. The sum of a and b, minus c. Ans. a+6 — o. 

4. The product of a and fr, minus e squared. Ans. ah-t^. 

5. The sum of a and 6, multiplied by o. ^na. (a+6)e. 

6. The square of m, minus m into n. Ans, m* - mn. 

7. The square of a, plus the square root of a. Ans. a'+ yo. 

8. The square of the sum of a and 6. Ans, (a-*- J)". 

9. The sum of a and b, into the difference of a and 6. 

iliw. (a+6) (a -6). 

10. Four times a square into 6, minus tliree times e square 
into X cube. -4rw. 4a^6-8cV. 

11. The square of a plus 6, divided by a minus 6, plus four 

times a into b square. Ans. — +4a6*. 

a-b 

12. The sum of a times x, and the square of b, divided by 

. ax-^-b* 

a minus x, Ans, . 

a — X 

It*]. The sum of the squares of 6 and c, divided by the dif 

ference of three times a and twice c. Ans. — • - 

3a- 2e 



DiaTNinOKB JlND SITLANATIOBB. 



S8 



14. The oabe of a-se, diminifihed by the square root of a 
plus %. Ana. (a-«)*- Va-^x. 

15. The eabe of a, minufl x, diminished by the sum of a and 
the square root of x. Ana. a*-«- (a-t- 1/«). 

16. A trinomial with its second term negative, and twice the 
product of the other two terms. 

17. A homogeneous trinomial of the fifth degree, with the 
leooni term negative. 

NUMERICAL VALUES. 

47. The Numerical Value of an algebraic expression is 
the result obtained by substituting for its letters definite numer- 
ical values, and then performing the operations indicated. 

1. Find the numerical value of (a* — ab)e when a - 6, 6 - 4, 
and c - 3. 

SoLUTiOK. SubHtitnting for a, 6 and 
e their aflsigned values, we have (5* — 5 
x4)x3; performing a part of the opera- 
tions indicated, we have (25 — 20) x 3, which 
•quals 5 X 3, or 15. 

KXAMPLES. 

Find the numerical value of the following expressions when 
a- 6, 6-5, c-4, m-3, n-2: 



OPERATION. 

(a>-a6)c-(5«-6x4)x8 
-(25-20)x3-5x3-15. 



2.a'-o5. 
8. (c^-beyn. 


Ans. 6. 
An$.S2. 
Ans.9&. 
Atu.n. 
n. Atu.31. 
^iu.22. 

Atu.20. 


9. (m*+n)x(m*-n).An$.Tf. 
10. m+exa-e+n. Atu.2&. 


A.ab+M-6ea. 


11. a+b+ei-a-m. 


Ang.5. 


6. (a+J)(a-i). 

6. (o+i)m-(a-6> 

7. (a"-*') (o-n). 


12. T/(o+J)'-2n. 
18. l/a+ib+Smn. 
14 (20+26+8)*. 
^_ ab+be+mn 
' a+26-nc* 


Ant.l. 

.Ant. 22. 

Aru.b. 

AtuJ. 



POSITIVE AND NEGATIVE QUANTITIES. 

48. A quantity with the plus sign prefixed is called ao 
Additive or Pontive quantity ; a quantity with the minuB sign 
prefixed is called a Subiro/oUve or Negative quantity. 
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A Poritive Q^antUy mdicatee addition^ or that, when uned, 
Bomething is to be increased hj it. A Negative Quantity indi* 
cates suhtra^duyfif or that, when used, something is to be dimiu' 
ished by it. 

Positive and Negative quantities, being thus opposite in mean- 
ing, may be conveniently used to represent quantities reckoned 
in opposvbe directions. 

Thus, if-we use + to represent a person's gains in busmeea, 
we may use — to represent his losses; north latitude may be 
represented by +, sovih latitude by - ; Jvture time by +, pasi 
time by — , etc. 

The symbols + and — may therefore indicate the naimre of 
the quantities to which they are prefixed, as well as the opeink' 
Hons to be performed upon them. 

BXAHPLK8. 

1. A ship.in 24^ north latitude, sails 6^ north and 18^ south ; 
express her latitude. Ana. +12^. 

2. A ship in 16° north latitude, sails south 42^, and then sails 
north 10** ; express her latitude. Ans. - 16°. 

' 8. K a man has $24 and gains $8, and then loses $12, ex- 
press bis financial condition. Ans. -t-t20. 

4. If a man has $24 and incurs a debt of $60, and then earns 
$15 ; express his financial condition. Ans, - $21. 

5. A man standing at a certain point A, walks 40 miles to 
the right and then back 24 miles to the left ; express his rela- 
tive position to the point A. Ans. + 16 miles. 

49. The Absolute Value of a quantity is its value tak^a inde> 
pendently of the sign prefixed to it. Two quantities are evidently 
equal when they have the same absolute value and the same sign. 

If I take any number, as 8, and increase it by 5, and then 
diminish it by 5, the value of 8 will remain unchanged ; hence 
I may infer that uniting a positive and a negative quantity of 
the mune absolute value gives nothing for the result. 

If I unite 8 with +4, the result is 12; and if I unite 8 
with -6, the result is 2; henoe, since +4 united with 8 gives 
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a greater result than -6 united with 8, I may infer that +4 is 
greater than - 6, and in general that a jpasiJtwe quantity in Al- 
gebra may be regarded as greater than a negative quantity. 

BXAMPI^BS. 

Which in Algebra is regarded as greater, and why f 

1. +8 or -6T I 3. •f4or -6? 

2. -8 or +4T I 4. -12 or +8T 

5. What is the result of uniting +8 and -8 with 16? Of 
uniting +16 and -20 with 30? 

tiO. The above explanations may be formally stated, in the 
following principles : 

PRINCIPIi£S. 

1. A Positive qtmntity indicates thaij when used, sovie quantity 
is to be INCREASED by it, and a Negative quantity that some qmirir 
tity is to be diminished by it, 

2. Positive and Negative quantities are sometimes used to indi- 
eate quantities reckoned in opposite directions, 

3. A Positive and a Negative quaiitity of the same absolvJte value^ 
united, am^mint to nothing. 

4. Jn Algebra a Positive qwintity is regarded as greater than a 
Negative quantity, whatever may be their absolute vcdues. 

ALGEBRAIC REASONING. 

•SI. All Reasoning is comparison. The reasoning in Algebra 
consists principally of the comparison of equals. 

This comparison gives rise to the equation. The equation 
is therefore the fundamental idea in Algebra; it is the basia 
fif all its investigations. 

Comparison is controlled by certain laws called axioms, and 
^ives rise to certain operations called processes, 

•S3. Algebraic Reasoning is employed in the solution of 
problems and the demonstration of theorems, 

tS3. A Problem is a question to be solved. A sdutum 
•f a problem is the process of obtaining a required result. 

ff 4. A Theorem is a truth to be demonstrated. A demumr 
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liraJtion of a theoTem is a course of reasoning employed in estab- 
lishing its truth. 

•St(. An Axiom is a self-evident truth. Axioms are the lawi 
which control the reasoning processes. 

AXIOMS. 

1. If equals be added to equals, the sums will be equal. 

2. If equals be subtracted from equals, the remainders will 
06 equal. 

3. K equals be multiplied by equals, the products will be 
equal 

4. If equals be divided by equals, the quotients will be equal. 

5. If a quantity be both increased and diminished by another, 
the value of the former will not be changed. 

6. If a quantity be both multiplied and divided by anothei, 
the value of the former will not be changed. 

7. Quantities which are equal to the same quantity are equal 
to one another. 

8. Like powers of equal quantities are equal. Like roots of 
fK|ual quantities are equal. 



BEVIEW QUESTIONS. 

Note. — ^These Rirvrew Questions are simply suggestive to the teacher, 
who can extend them as fill ly as is deemed desirable. 

Define Mathematics. Quantity. Aritlimetic. Geometry. Algebra. 
Symbols of Algebra. State the classes of symbols. 

Define a Symbol of Quantity. Name Symbols of Quantity. Of Known 
Quantities. Of Unknown Quantities. Use of ; of co . Of Accenta. Of 
Sabscript figures. The sign of continuation. 

Define a Symbol of Operation. Explain the sign of Addition, Sulv 
traction, etc Define Coefficient. Power. Exponent. Tndex. 

Define a Symbol of Relation. Explain the sign of Equality, eta 

Define an Algebraic Expression, the Terms, etc. 

Define Algebraic language. Numeration. Notation. Numerical 
Value. State frindples of positive and negative quantitieB. Define 
Beasoning. A Problem. A Theorem. An Axiom. Enunciate the 
Azioma. 



SECTION II. 

FUNDAMENTAL OPERATIONS. 

ADDITION. 

ffO« A.ddition is the process of finding the sum of two or 
more algebraic quantities. 

•17. The Sum of several algebraic quantities is a single 
quantity equal in value to the several quantities united. 

Note. — The symbol + was introduced by St^dius, a Grerman mathe 
matician, in a work published in 1544. 

CASE L 
58. To add wben the terms are similar. 

Class I. "Wlien the terms have the same sign. 

1. Find the sum of 2a, 3a and 5a. operatioh. 

2a 

Solution. 5a, plus 3a, are 8a ; and 8a, plus 2a, are ^ 

lOo. Hence the sum of 2a, 3a and 5a is 10a. 5<^ 

10a 

Rule. — Add the eoeffidentSf and prefix the mim wiUi its prapef 
rign to the common literal part. 

. BXAMPLBS. 

(2.) (3.) (4.) (5.) (6.) 

3a hx — 5aa 4a*c — 9a*&'c 

4a 3a; -lax 6a*c -18aVc 

6a 7a; -6aa; 12a'c -a^hh 

7a 8a; -8aa; 15o'c ~6a'6*e 

19a 23a; -26aa; 36a»c -34a'6»c 

7. Find the sum of 4a, ^a and 7a. Ana, 17a. 

8. Find the sum of —2a, —3a and —5a. An^. —10a. 

9. Find the sum of 3a6, 5a5, 6a6 and 8a5. An^. 22a6. 
10. Find the sum of — 3ac, - 4a(j, - 7ac and - 9a(5. 

Atm. -2308. 
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11. Find the sum of 5aV, 7aV, 9aV and lOaV. 

Ana. 31aV. 

12. Find the sum of 6a:»y*, 7a^f, 9aY and 12ar'y*. 

Am. 340;*/. 

13. Find the sum of — 5aic, — 4abe^ — lobe and - 9ahc. 

Am, -25aifl» 
ff 9. Class II. When the terms have different signs. 

1. Find the sum of 7a and — 4a. 

SoLTTTiON. 7a is equal to 3a+4a. Now, -4a united operatioh 
with +4a> a part of 7a ia equal to nothing, Prin. 3, Art. 7a 

60; therefore —4a added to 3a + 4a equals 3a. Hencei —4a 

— 4a added to 7a equals 3a. 3a 

SoLUnoK 2d. Plus 7a may indicate some quantity increased by Ta, 
snd —4a may indicate some quantity diminished by 4a. A quantity 
mereoMd by la and then dimininked by 4a is evidently increcued by 3a 
hence the sum of 7a and —4a is plus 3a. 

2. Find the sum of - 8a, 4a, - 7a and 9a. 

Solution. The sum of the positive quantities, 9a and operation 
iOf is 13a; and the sum of the negative quantities, —7a —8a 

and-8a,i8 -15a. Now, -15a- -13a-2a; +13a 4a 

united to —13a is equal to nothing, and there remains —7a 

—2a. Hence the sum is — 2a. 9a 

Solution 2d. The latter part may be given thus: -2a 

Any quantity increased by 13a and then diminished by 15a is evidently 
diminished by 2a ; hence the sum is minus 2a. 

Rule. — I. Find the sum of ike coefficients of the positive ani 
negative terms separately, 

II. Take the difference of these sutm, and prefix U, with the sign 
$f the greater^ to the comnum literal part, 

EXAMPLKS. 



(3.) (4.) 


(5.) 


(6.) 


(7.) 


-»-7a« -6aV 


-1^ 


+27a!y 


-2«yi 


-9a« -i-3aV 


-«• 


-Uxy 


-12aY» 


+8aa; -9aV 


+ 92' 


-150ay 


+^« 


-3a» -i-4aV 


-52* 


+27ay 


+ 28aY« 


+3a« -7aV 


-42' 






Find the sum — 









8. Of 6a6, -bah+M) and -3aJ. Am. Mb. 
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9. Of 3cdf, -6<5d, 'led, 4 Scd aud - 4cd. Am. -Got. 

10. Of 7xy, +8a:y,-9a?y,4 3rcy aud -4.xy. Am. 6xy. 

11. Of 5an, +7an, -Vlan, +15ttw, -19an. Ans. — 4an* 

12. Of 7a'6, -9a='6,+10a«6, + 12a»6, -30a'6. ^rw. -10a"A. 

13. Of 12aV, - 6aV,+aV, - 15aV, +7aV. ^rw. -aV. 

14. Of 15ay2, -19x/«, +12ay«, -iaa:y'2, -15a:y'2 and 
+ 22ay». Am. bxt/'z. 

15. Of 5ac*6*, fGac^ft*, -700*6*,+ 8ac»6*, -17ac»6*, -4ac*6* 
^5(Kfb\ Am. -4ac*6*. 

16. Of 21aw*?ia:', - 19am*7w:', - 21aw^ia:',+ 25a?/iVia:', + 19am*7U!*, 
— 25a7n'na;*. ^?w. 0. 

CASE II. 
60. To add wben the terius are dissimilar. 

1. Find the sum of 3a, 46 aud — a6. 

Solution. Since the quantities are dlHsimilar, we can- operatioh. 

Dot unite them into one sum by adding their coefficients ; 3a 

we therefore indicate the addition by writing them one 46 

ifter another with their respective signs. We thus have —ab 

%a+4b-ab. - Za+4b-ab 

2. Find the sum of 2a+3a6, 3a-4a6 + 56 and 5a6-76. 
Solution. We write the similar terms in the same 

•yjlumn for convenience in adding, and begin at the left operatioh. 

to add: 3a and 2a are 6a, which we write under the 2a+3a6 

cohimn added; 5a6, —Aaby +3a6 are ■\-Aab, which we ' 3a~4a6+56 
write under the column added; —76, +56 equals —26, bab — lh 

which we write under the column added. Hence the sum 5a+4a6 — 26 
iB5a+4a6-26. v 

Rule. — I. Write similar ienm, with their proper signs, in <AiX 
iame column. 

II. Add each column separately, and connect the results with 
iheir proper sigiis. 

KXAl»rPLKS. 



(3) 


(4.) 


(5.) 


2o+3J 


3a;-5a;y 


12ab' +2%af 


5o-76 


7x+Sxy 


-ab*+25(xi* 


0+96 


o - 9* — 6«y 


2Aab'-23ex* 


3a -8i 


4a-5x+7xy 


-SooA'-neB* 



11a - 36 ^n 4x + ixy + IScjb* 
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6. Find the sum of 3a0-5aa;, 7a0-f-6aa;, bae-12ax and 
dac-\-ldax. Ana. 24a<5+4a«. 

7. Find the Bum of 5ai+126c-7cd, 9a6- 186c + lied and 
17a6 - 156c + 13cd Ans. Slab - 216c + 17ed. 

8. Find the sum of Bax-2b% 5€wj+7c", 96*c- 12c», 8aa+lW 
and 146»c - 18c». Ans. 16aa;+ 216»c - 8c». 

9 yind the sum of m + 37i'-57/m, 3m -871", 7n*-8ni«» 
19ri + 277ii7i and 16/i»-17mii. Afis. 23m-3wn+18n*. 

10. Find the sum of a+26 + 3c, 2a- 6- 2c, 6-a-c and 
t-a-b. Ans. a-^b-^c. 

11. Find the sum of 3a-4p+5, 7^+3^-6, 9a-7 + 3p and 
9^-12+llp. Ans. 12a-»- 17^ + 13^-25. 

'12. Find the sum of a+6-c, a-6+c, a+c+6 and 6-a+c. 
/ Ans. 2a+26-»-2c. 

/ 13. Find the sum of 4a+7o'c-87n», 7a+16?/i*, 15o'c- 207/i»+17 
and 12m* - 5 - 22a*c. Ans. 1 la + 12. 

1/ 14. Add 34ac» - 16ay*, - 25ar» - 13ay' + 14ay", 16 + 15ay», 
1 W - 16 and 22aar' + 7ay* - 1 lay*. Ajui. 31aa:* + 20ay" - 9ay*. 
l/ld. Add 12a; + 9y - 62, 5a - 12y + 13a:, 7y - 16a; + JO2 and 
10a;-5a+122. Ans. 19a;+4y + 162. 

|/l6. Add a;»-aa;»+36, 3aa;»-26+y^ 5a;»+46-3y*', 76-4a;- 
r+y**-3aa;*. Aiis. 2af-aa^-y*'-^12b. 

17. Add 5a-96+5c+3-d, a-36-8-rf,3a + 26-3c+4+5d, 
2a+5c-6-ad Ans. 11a- 106 + 7c-7. 

18. Add a;*-4ar'2/ + 6a;y-4ay + y*, 4a;»y-12a;y + 12a:y»-4^, 
6jy - 12ay + 6y* and 4ay - 4y*. , Ans. a;* - y\ 

^19. Add a'+ a6' + ac' - a*6 - a6c - aW a'6 + 6' + 6c' - a6* - 6'c 
W-ahc and d'e-^^b^c + i^-abc-bc'-ac'. 'Aris. a'-f 6*+c*-3a6c 

K 20. Add 4a6 - 3rym + 10am - 6an, 77/in — 7am + 4an, 3a6 + 7an + 9^ 

8 - 4.7nn - 3am - 5n* and 4n* - 15 - 2?»*. 

Ans. lab - 2m* - n*+ 5aik 



FACTORED FORMS. 

61. Similar quantities in any form may be added by 

taking the algehraio. aum of their coefficients. ^ 



J 



▲DDITI()». 



SXAMPLKS. 



^ 



81 




l5|/7 



(2.) 
8(a-6) 
-5(a-6) 
6(a-6) 

9(a-6) 



(3.) 
-ISi/cTTb 



(4.) 
5(m-n+2) 

7(m-n+2) 
-J9(m-n^2) 

; 3(m-n + 2) 



5. What is the sum of 5(a; - y), - 12(a; - j^), 3(a; - y), 10(a; - y) 
ftud -14(a;-2/)? ^rw. -8(a:-y). 

6. What is the sum of 7(a-6)*, -9(a-6)», +12(a-6)», 
+ l^(a-6)», -18(a-6/? An8,S{a-by. 

7. Find the sum of 3]/a+5, 5]/a+a;, -7|/o+a;, +8|/a + a?, 
-di/a+x and 12]/a+a;. -4.w«. 16|/a + a:. 

8. Add 4aa? + 7 (a^ - 6^, 6aa; - 5 (a« - 6'), + 3(a" - 6^) - 5aa;, 
12(a" - b') - lax, 16(a' - 6'0 + Ooa;, - 33(a' - 6^. ^rw. 7aa;. 

9. Add 2a*-3(a+a;), 5a'+6(a;-yy, 4a*-7(a;-3/)^9(a+a;)^ 
6a^ 3(a+a?)-9(a;-y)», a»- (a+a;) + (iB-2^)*. 

Ans. 6a'' + 8(a+a;)-9(a;-yy. 

OS/Dissimilar Terms having a common factor may be 
added bjTtaking the algebraic sum of the dissimilar parts, en- 
closing it in a parenthesis, and affixing the common factor. ^ 

1. Find the sum of ax-^'bx — ex. 



Solution, a times a?, + 6 times x, —c times x, equals 
(fj-»-6 — c) times x; hence the sum is (a + 6 — c)a;. 



OPERATION. 

ax 

hx 

~cx 



(a+b-c)x. 
Ana. (a-6+c)a^. 



BXAMPLKS. 

2 Find the sum of aa^ - 6a^ + ca^, 

ii. Find the sum of a/ - ms^+ns^ - 52*. 

Ana. (a-m + w-g)2*. 
4 Find the sum of 2aa; - 2bx + (a - b)x. Ana. 3(a - 6)a?. 

5. Find the sum of 4cw;+3a;+2aa;-5a;+6ic-5aa; + 2a;-26a:. 

Ana. (a - b)x. 

6. Find the sum of 3ay-26t/ + (a+26 + c)t/. Ayia. (4a i fi)y. 

7. Find the sum of Zan - 5a7/i+2an 86M + 3mn -5yAi •^66n-i 
2am - 36?i f 6m + en. ^ wji {hn ♦ « m. 



*2 FUNDAMENTAL OPEBATIONS. 

SUBTRACTION. J^ 

6*l, Subtraction is the process of finding the differe^^d 
iiro algebraic quantities. f 

64. The Subtrahend is the quantity to be subtracted^ 

65. The Minuend is the quantity from which tlie subtra^ 
hond is to be subtracted. 

66. The Difference or Remainder is a quantity which, 
added to the subtrahend, will equal the minuend. 

Note, — ^The symbol — was introiluced by Sti/dius, a Qermao mathe 
matician, in a work published in 1544. 

CASE I. 

67. To subtract wben all the terms are pasitire. 

1. Subtract 4a from 7a. 

OFERATIOV 

Solution. 4 times a quantity subtracted from 7 times 7^ 

ihe quantity equals 3 times the quantity ; hence, 4a sub- 4^ 

tnctrl from 7a equals 3a. '^ la 

2. Subtract 7a from 4t , 

Solution. 4a equals 7a— 3a; 7a subtracted from opebatioh. 
7a— 3a leaves —3a; hence 7a subtracCed from 4a 4a = 7a — 3a 

equals - 3a. 7a ^7a 

-3a -3a 

Solution 2d. Plus 4a may indicate some quantity inereased by 4a, 
and +7a may indicate some quantity increased by 7a. A quantity 
imereased 6y 4a ie evidently 3a less than the quantity increased by 7a; 
hence, 7a subtracted from 4a equals minus 3a. 

3. Subtract 5+c from a. 

Solution. Subtracting b from a, we have the remain- operation. 
dtx a—b; but we wish to subtract b increased by c from a,, a 
hence the true remainder will be a— 6 diminished by c, or 6 +c 
a-6 — c. a-b — c 

Rule. — Change ihe signs of the subtrahend and proceed as in 
addition. 

Note. — Signs of terms are said to be changed when, being jdvSy they 
are i-.hainftjd to minuH, or beirii; — , they are changed to -*-. 



SUBTKAOTION. 



3a 
9. From 
10 From 

11. From 

12. From 

13. From 
14* From 

15. From 

16. From 

17. From 

18. From 

19. From 
J 20. From 
V 21. From 
J 22. From 



exa9IPi^b:s. 



(5.) 

IdxS/ 

9x^ 



(6.) 
21wV 
28mV 



(7.) 
5a»+36 
3a' +76 
2a*-46 



-7mV 
19a6 take 12a6. 
2106* take 16ac*. 
lOo^y take 17aa:y. 
12mV take ISm^nK 
4a*+66 take 126. 
7a+5<5 take 10c. 
3a;*+2y'take4a:*+y'. 
2a+36takea+26. 
4a-h26take2a+36. 
a* + 4a6 -i- 6' subtract a* + 2a6 + b\ 
a* +6* subtract a'+2a6 + 6'. 
4a + 26 subtract 3a +46 + 2c. 
7a'6 + 3ac su btract 5ac + 4a^6. 
a6 + 6c + cd[ subtract 6c + 2cd + c 



(8.) 
3a+46 

96+26 

3a-66~2c 

Ans, Tab, 

Ana. bac\ 

An8. -laxy. 

Ans. — 6wjV. 

Ans, 4a' -66. 

Ans, 7a -de. 

Am, -«*+y*. 

Aim, a +6. 

Ans, 2a -b. 

Ana, 2ab: 

Ana, -2ab. 

Ans. a -2b -2c, 

Ana, 3a'6-2ac. 

Ana, ab-cd- c 



CASE XL 
wbeii oue 



or more lenuer are 



68. To snbtraet 
iiegatiTe. 

1. Subtract —e from +a. 

Solution, a equals a+c — c, since increasing and operation. 
diminiflhing a quantity by the Mime quantity does not -^a'^a +C — C 
change it8 value. Now, — c subtracted from a +c — e, ~c— — « 

loaves a+c. Hence, —c subtracted from +a leaves a+o a+< 

SoLtrriON 2d. The difference between any quantity opkratioh. 
meretued by a and diminished by c is evidently tlie nan +a 

)' a and c; hence, — c subtracted from +a equals —o 

afc. a+e 

2. Subtract 6 - c from a. 

Solution. Subtracting 6 from a, we have the re- opicbatioii 

mainder a^b; but we wish to subtrnct 6 diminished a 

by c from a ; we have therefore subtracteti c t<X) much, 6 - f» 

consequently the remainder, a — 6, is o too small ; hence cT-'b^ 
the true remaiiid#^r is a — 6 incrt*H*«*^l bv o, or a — 6+0, 
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Bole. — 1. Write the subtrahend under the minuendy pktcing 
nmilar temhs one wider another. 

II. Conceive the tsigns of the subtrahend to be changed, and 
then proceed as in additiwi. 

KXAMP1.ES. 

(3.) (4.) (5.) (6.) 

9a»A 6a* -2a 7w«-3n 

- >6a^6 3a'- 26 a-6 -4m'-6n-K> 

Iba'b 2o»4 26 -3a +6 llw*+3w~« 

(7.) (8.) (9.) 

2a»-6a+66 c-5?n+4 ac*-2ac + 3} 

-a'-3a + 46 -3c-7m-2 aa;'-5ac+2| -g* 

3a» -2a+26 4o+2w+6 3ac+lJ+«* 

10. From a+6 take a-b. Ans, 26. 

11. From 10a take - lOo. Ans, 20a. 

12. From a- 6 take 6 -a. ^n«. 2a-26. 
l/l3. From a +26 take a -6. Ans. 36. 

14 From 5m - 5n take 4w+ 6n. Ans, m - lln. 

16. From 1+aV take 1-aV. Ans, 2a V. 

16. From 4a* - 36" take 2a* - 66*. Ans. 2^" + 26*. 

17. From a» + 2a6 + 6» take a» - 2a6 + 6*. Ans. 4ah, 
^ 18. From a' - 6« take a» - 2a6 + b\ Ans. 2a6 - 26". 

19. From 3a+c+rf-/-8 take c+3a-d. Ans. 2d f-f^, 

20. From 4a6+36»-2<j take 4a6-26»-3(f. 

Ans. 66»-2c + 3<i. 
21 From 7awi - 36c - c* take 5aw - 2c* - 36c - 6a:'. 

Ans, 2aw + c*-» 5a:*. 

22. From2a+26-3c-8take3c+46-3a-5. 

^7W. 5a-26-6c-3. 

23. From a*+3a*6+3a6»+6* take a*-3a*6+3a6»-6*. 

Ans, 6a*6+26*, 

24. From a*- 3o6-6*+6c-2c* take a*-6a6+66c-36»-2c* 

i4rM. 2a6 + 26*-46fl 
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FACTORED FORMS. 

69. Similar quantities in any form may be s abtracted by 
uking the algebraic ilifference of their coefficients. 

kxajuplgs. 



(1.) 


(2.) 


(3.) 


(4.) 


»v'6 


12(o-6) 


15v/o + i • 


-7(a-5+4) 


5|/6 


7(a-6) 


-^l/a-^b 


-12(a-i+4) 


4/6 


5(o-d) 


22i/a^b 


5(o-*+4) 



6. From 5{a^-f) take -TCa^'-y'). Arut. 12(«'-y*). 

6. From - 6(a* - 6*) take 12(a« - fc*). irw. - 18(a» - V). 

7. From 6a»(a-6) take -4a\a-b). Ana. 10a\a-b). 

8. Find the value of 5|/2-7v/2+6|/2. Ana. 4i/2. 

9. From - dx\c - O take - 12a:'(c - d). ^tm. 7x»(c - d). 
10. Find the value of lc\m ~ n) - 13c'(m - n) + 12c*(w - n). 

iln«. 6c*(m-n). 
70. Dissimilar terms having a common factor may be 8ub> 
cracted by taking the algebraic difference of the dissimilar parts, 
enclosing it in a parenthesis and affixing the common part 

1. From ax subtract ex. 

OPERATIOH 

SoLunoK. a times x minus c times x is evidently equal ox 

to (a — c) times x^ which is expressed thus (a~o)x. 









(a-o)« 




BXAAIPLBS. 






(2.) 


(3.) (4.) 




(6.) 


ax" 


fits' axy 




(M 


bx" 






2 


(a-b)^ 


(•-1). 


6. From btu take boM. 


J»M. (5-*)a«. 


7. From 


«ax take - 3a«. 


Afia. 


fe+8)a« 
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8 From az take bz — Sz. Ans, (a - i -r 3)i. 

9. Prom 4n*e + 3c take 7c - 4ac Ana. (n* -1+ o)4c 

10. From an-^en+dn take n&an^dTU Ans. (c - l)t», 

11. From (6a+2a:)cd take 4acd-i-2c(ia?. ^rw. 2acd. 

12. From 6a*+106' take -3a»+26*. Ans. SCa'+ft*). 
1 3 From 6ay - 3my subtract - 5my + 6cy. 

-Atm. (3a-3c+7ii)2y. 
14. From 6i/c - a]/c + 6|/c subtract 2a|/c + fc^/c - 2|/'fl 
« ^wti/a J.n«. (8-3a+aa;)|/e. 

, USE OF THE PARENTHESIS. 

71. The Parenthesis is frequently used in Algebra: we will 
therefore now explain its use in Addition and Subtraction. 

The plus sign before a parenthesis indicates that the quantity 
within the parenthesis is to be added, and the minvs sign indi- 
cates that it is to be svhtracied. 

pRiN. 1. A pareiithem with, the plvs dgn before it may he tv- 
tnoved from a quantity without dmnging tfie signs of its terms. 

Thus, a+(6 — c+d) b equal to a + b — c-^ct. 

Prin. 2. A quantity may be enclosed in a parenthesis preceded 
by a plus dgn wiilwut changing the signs of its terms. 

Thus, a+6 — c+d-c ia equal to a+(6-c+d — «), or to a+6 + (— o 
•fd-e), etc. 

Prin. 3. A parenthesis preceded by the minus sign may be r»> 
moved from a quajUity if the signs of aU Us terms be chmiged. 

This i« evident from the rule for subtraction. Thus, a— (6-c+d) is 
equal to a— 6*- c—d. 

Prin. 4. A quantity may be enclosed in a parenthesis preceded 
by the minus sign if the signs of aUits terms be changed. 

This is evident from the principles of subtraction, and also from the 
previous principle. Thus, a— 6 + c— d is equal to a-(6 — o-fd); or tr 
fli_6_(_(,-^d), etc. 



THE PARENTHESIS. 
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BXAMPLBS. 

Find the value— 

1. Of -(-a»)anda;-(a-6). Ans a*; x-a^h. 

2. Of f(-a5) and a-(6-c+d). Ans. -oi; a-6-^c-i 

3. Of -(6*-o») and 3c-(2c-5). ^rw. a«-6»; c+5. 

4. Of 4a-55-(a-56+3c). ^rw. 3(a-c\ 

5. Of 5a-26-3c-(-5c+2a-26). Jrw. 3a+2<?. 

6. Put in a parenthesis preceded by a plus sign the last thn« 
terms of a+26-3c+cZ-4. A^is, a+26 + (-3c+»:i--4). 

7. Put in a parenthesis preceded by a minus sign the last 
three terms of 3a - 46 + 5c - 7d Ans. 3a - (46 - 5c + 7d,) 

8. Find the value of 2a-(6+c-d+e-/) plus 26-(a-o 
+d — e+^). Ans, a-^b-g-^f. 

78. Expressions sometimes occur containing more than one 
pair of brackets, ns a- \b-(e-d)\. 

Such brackets may be removed in succession, beginning, for 
convenience, wiih ike inside pair. 

Note. — BrncketA may also be removed by be^nning with the ovJter 
pair, or with any pair. 

Find the value — 

1. Of a-{6+(c-d){. 

Solution, a- j6+(c~d)| -a- {6 fc-cf} -a-ft-o+cf. 

2. Of a-\b-(c-d)\. An8.a-b^e-(L 

3. Of a- }6-c-(d~e)|. A718, a-b-^-e + d-e, 

4. Of 2a- {6-(a-26)|. Ana. 3a- 36. 

5. Of 3a-j6+(2a-6)-(a-6)}. ^rw. 2a-6. 

6. 7a - [3a - J 4a - (5a - 2a) j ]. Ans, da. 

7. Of 6a- [46- {4a-(6a-46)n. Ang, 4a. 

8. Of a-[26+}3«-3a-(af6)} + j2a-(6+On. 

Ann. 3a- 26. 



S8 PTTND A MENTAL OPERATIONS. 



REMARKS UPON ADDITION AND SUBTRACTION. 

1. Addition and Subtraction may also be explained bj regarding th* 
positive and negative quantities as representing, respectively, gain and 
lots in business, distance noiih and «oWA, etc. But these illustrations, though 
Ibey niay ud the beginner, are not sufficiently general to be embodied I/i 
t solution. 

2. The first solution given is general and may be applied to all the cases 
which arise. Thus, to subtract - la from 3a, we reason thus : - 3a = 
10a— 7a; -7a subtracted from 10a- 7a leaves 10a; hence —7a sub- 
tracted from 3a leaves 10a. This is a demonstration of the process, how- 
ever, rather than an explanation of it. 

3. Special attention is invited to the method of explaining Addition and 
Subtraction given in the " Solution 2d" of Articles 67 and 68. The pecu- 
liarity of the method consistfi in regarding a positive term as indicating that 
tome quantity b increased by the term, and a negative term as indicating 
that Bonye qtiantity is diminished by that term, or in using an auxiliary 
/uantity. 

Thus, to subtract —2a from +3a, we regard +3a ai» indicating that 
iome quanlUy is to be increoMd by 3a, and —2a that some quantity is to be 
liminished by 2a ; then since a quantity increoLsedy by 3a is greater than 
the quantity dimini^l^ed by 2a, by the sum of 3a and 2a, or 5a, we infer 
that —2a taken from +3a leaves -I- 5a. Hence we use "a qvnntity^^ as 
auxUiaty. 

The same idea is presented in the following form of statement: The 
difference between a quantity increased by 3a and diminished by 2a is evi- 
dently the sum of 3a and 2a, or 5a ; hence — 2a subtracted from 3a leaves 
4 5a. The plus sign before the remainder will show that the minuend is 
^eater than the subtrahend ; the minus sign before the remainder will show 
that the minuend is less than the subtrahend. 

4. This metliod enables us to give a simple explanation to each of tht 
eight possible cases in the subtraction of monomials. It will t<e well tr 
have tlie pupik explain each of the cases given below : 



(1.) 


(2.) 


(3.) 


(4.) 


(6.) 


(6.) 


(7.) 


(8v 


7a 


4a 


-la 


-4a 


-la 


la 


4a 


-4a 


4a 


7a 


-4a 


-la 


4a 


-4a 


-7a 


7a 


8a 


-3a 


-3a 


+3a 


-llo 


11a 


11a 


-11a 



MULTrPLlCATION. 89 



MULTIPLICATION. 

73. Multiplication is the process of taking one quantity M 
many times as there are units in another. 

74. The Multiplicand is the quantity to be muitiplied. 
7»5. The Multiplier is the quantity by which we multiply. 
7©, The Product is the result obtained by multiplying. 
77, The Multiplicand ami Multiplier are calle<i /octora of 

I he product 

Note. — The symbol x was intro<luced by Wm. (h*ghtT«d^ an English 
mathematician, born in 1574. 

PRINCIPLES. 

1 . The product of two or more quantities U the Mime in whatever 
•order the factors are arranged. 

Thus, a times b is the same as b times a, as may be seen by assigning 
special values to the letters; and the same is true of any number of 
quantities. 

2. Multiplying any fa^^tor of a quantity muUipliea the quantity. 

Thus, 4 times the quantity 2x3 espials 4x2x3, which is 8x3, or 
2x3x4, which is 2x12. Thus, also, 3 times 2a is 6a; 4 times 3a6 
is ]2a&. 

3. The exponent of a quantity in the product is equal to the 
mm of its exponents in the two factors. 

Thus, a*y-a* equals a*, since n used as a factor twice, multiplied by a 
Ufied as a factor three times, equals a used as a factor ykw times. It may 
also be seen thus : a' x a' » aa x aaa, which equals aaaacty which 
equals a^, 

4. The product of two factors having like signs is positive, and 
the product of Uoo factors having unlike signs is negative. 

To prove this, multiply 6 by a ; — 6 by a ; 6 by - o, and - b 
by -a. 

First, + 6, taken any number of times, operatiom 

98 a timefs is evidently -¥ab, h h h 9^ 

Second, — b taken once b — 6 ; taken "" ~ 

twice, is -2h, etc.; hence, -6, taken i^L "'"^ "^ ~® 



any number of times, as a times, i« +«* ~«* -«* -(-oft) 
ab --^«* 
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lluid, b mnltiplied by — a means that 6 is to oe taken subtrcLUtMHy a 
dmes ; b taken a times is a6, and taken subtr(ietively la - ab. 

Fourth, —b multiplied by —a means that —6 is to be taken «c^ 
InctMy a times; —6 taken a times Lb -aby and used 9iJ}tractivtiy is 
— ( — a6), which bj the principles of subtraction Lb +a6. 

Hence we infer that the product of ipMntitiea having like tigm it plus, 
and having UNLIKE ngna is minus. 

CASE I. 
78. To multiply a inoiioiuial by a monomial. 

1. Multiply Sb by 2a. 

Solution. To multiply 36 by 2a, we multiply by 2 operation 
and by a. 36 multiplied by 2 and by a equals 36x2xa, 36 
which, since the product Lb the same in whatever order the 2a 
factors are placed, equals 3x2xax6, which equals 6a6. g^^ 
Therefore, 36 multiplied by 2a Lb 6a6. 

2. Multiply 4o* by Sa*. 

Solution. To multiply ia* by 3a', we may multiply operation. 

one factor by 3 and the other factor by a* (Prin. 2). 3 times 4a' 

4 are 12, and a' times a* is a* (Prin. 3). Therefore 4a» 3a* 

mnltiplied by 3a' equals 12a*. ]2a* 

Rule. — I. MuUiply the coefficients of the two jad&rs together. 

II. To this product annex all the letters of both factors, giving 
eanh letter an exponetU equal to the sum of its exponents in tfie 
two factors. 

III. Make the product positive when the factors have likt 
signs, and negative when they have urdihe signs. 







KXAMPLK8. 




(3.) 


(4.) 


(5.) 


(6.) 


5a 


-6a' 


5o' 


-Q<?b 


26 


3a 


4a' 


-3c 


(iOaSs 


-18a' 


20a^ 


+ 18«'6 


(7.) 


'(8.) 


(9.) 


(10.) 


8a6' 


12aa) 


ISm'n 


-Me 


da'fr 


48a<»' 


-ban 


6e'd 


{9Ml^ 


- 75a»»'.-« 


2JM<fA 
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11. Multiply 7mV by - bn*x. Ans. - 35mW«. 

12. Multiply 12aVy* by 7aVay. Ana. 84oV«y. 

13. Multiply - 9a»6V by -TaVx" Ans. eSa^ftVa?*. 

14. Multiply 4(a+6)» by jKa. Ajis. 8a(a+i)*. 

15. Multiply - o(a - flj) by 6. Ans. —abia—x). 

16. Multiply (a+6)* by (a+6)«. Am. (a+6)\ 

17. Multiply a(» - y)» by 2(a? - y). Am. 2o(a? - y)\ 

18. Multiply -5a:(m-n)*by -3a?(w- w)*. 

Am. 16a:*(m - n)'. 

19. Multiply a* by a*. Ans. a"+*. 

20. Multiply 6** by h\ Am. b\ 

21. Multiply <r by c*. Am. er^\ 

22. Multiply cP^ by (^+\ ^tm. d**+*. 

23. Multiply (a - ar)* by (a - «)-. Am. (a - a?)*-. 

24. Multiply - Sa\P - my by - 2a*(/* - m)-«. 

Am. 6a\r-my-\ 

CASE XL 
79. To mnltipljr a polynomial by a niononiial. 

1. Multiply a — 6 by c 

OFERATIOM 

Solution. To mnltipiy a — 6 by c we mnrt multiply each a — 6 
lemi by 0. c times a is ao, and c times —6 is —be. HeDce, ^ 
o- 6 maltiplied by c is ao— 6c. ac— 6o 

Rule. — Muliiply each term of the multiplicand by the muliiplier, 
and connect the products by their proper signs. 

EXAMPL.BS. 

(2.) (3.) (4.) 

7a*-36 6a«-6cV 3m*-4w'47 

3a 3ac -2?nn 



21a»-9a6 18a'ca?-15(MJ»y -6m'n+8m»*-14»in 

(5.) (6.) /(7.) 

4o*--3a6* 3d-'-46c+5cP' 4«»-5ay 

2rf^ 3cd 3a;'y-* 



8a*- 6a-+>A* 9c-+»d- 12Z>cy +15crf'+" 12af +V*- l^a^V ' 

4« 
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8. Multiply 6aa:»-3aj»yb^ -6o««. ii»w. -30a»aj»4l8a"a:V 

9. Multiply llwi*-3 by -6. Ans. -66wi»+16. 
10. Multiply o* - 2a6+fc> by ah. Ans. a*b - 2a'fc*+a**. 

(11 Multiply 3a* - 4&- by a*^b^\ Ans. 3a**fc»- - 4a*»6*-. 

12. Multiply ar-'b - 6"-^ by a*». Ajis. oTb* - oA-a 

13. Multiply 6«* - 7w*a?+3i by 4mx. 

Ans. 20ma:*-28mV + l4wi«. 

CASE III. 
80. To mnltiply a polyisomial by a polynomiaL 

1. Multiply 2a-fc by c+2i. 

OPEBATION. 

Solution, a+26 times 2a-& eqiialn a time8 2a-& 2a— 6 
plus 26 times 2a -6. a timen 2a— 6 equals 2a*— ab: Q ^^26 
26 times 2a -6 equals 4r/6 — 26^ Adding the partial 2a'— aft 
products, we have 2a« + 3a6 - 26«. Therefore, etc -h4a6 - 26' 

2a«+3a6-26« 

Rule. — MuUiply each term of the multiplicarvd by each term of 
tiie multiplier, and add the partial prodxusts. 

EXABIPLKS. 

(2.) (3.) (4.) 

2a-36 a+6 a-b 

a— 6 a+6 o +6 



2a'-3aA a'+a6 a^-ah 

-2o6-h36' -fa6-Hy -fa6 

2a»-5a6 + 36' o»+2a6 + 6' a* 

(5.) (6.) 

o'+o6+6' a"- 6" 

o- 6 a'-6' 

a»+a'6+a6' o*+«-o'6- 
-a'6-o6*-y -a-6' + 6»+' 



7. Multiply 3a - 26 by 2a - 36, Ans. M - 13ai -^ W. 

8. Multiply a»- 6» by a«4-6». -4n<i. o* 6\ 
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9. Multiply 3a; - 6y by 2a;+4y. Ans, ^ - 24y-. 

10. Multiply c'+orf+cP by c- A Ana. «■ - d*. 

IJl. Multiply «»+y» by aj»-y». I Jrw. re*- j^. 

12. Multiply 4b - 3y by 4a?+ %. J-rw. 16a:* - %". 

13. Multiply a;*-«'a+«*2*-a»'+«* by aj+a. ilrw. «*+8*. 

14. Multiply a-'-6-»bya'+fc'. ^n«.o"-aV-«+o-V-6*. 

15. Multiply aV + a?y by a V - a:y . A m. aV - «y . 
•16. Multiply xi-yi by a;4 -fyi. ilrM. «--y, 

17. Multiply Z^^-^d^c' by 2a* + 4c». ^n«. 7a* ^- 25a V -r 22d^. 

18. Multiply c»+c(i-cf by c-cZ. i4rw. <^-2ccP + <P. 

19. Multiply 7X* - 3a6 + 4a6* by a' + 3a5 - 4ab\ 

Arts, a* - 9a*6»+ 24a»6' - 16a'6*. 

20. Multiply n* + np +;?' by n* - np +;?'. -4?m. n* + n^p^ +/>*. 

21 . Multiply a* + 2a6 + ^'^ by a« - 2a6 + b\ Am, a^ - ^a'b' + h\ 

22. Multiply a"+ 6" by a- - 6". .4/w. a*» - 6**. 

23. Multiply a" - 6" by a" - 6-. ^?*«. a** - 2a"6" + 6*». 

24. Multiply w' + w'ti + mn* + n' by wi — n. J rw. w* - n*. 

25. Multiply a» + 3a'6 + 3a6»+6* by a» - Sa'f + 3a6» - 6*. 

^n«.a*-3a*6»+3a'6*-6«. 

26. Multiply a*- a* +a'-a+l by a+1. -4?w. a* + l. 

27. Multiply 1 +c, 1 - c, 1 +c+c' and 1 -c-^i^. Am, 1 - <^. 

EXPANDING EXPRESSIONS. 

8t« Ad algebraic expression is expanded when the multipli 
aatioD indicated is performed. 
1 , Expand (a — a;) (a - a;). Ans, a' - 2aa; + «*. 

2 Expand (2a« - 36")(3a« + 46"). ^n«. 6a* - a^fc" - 126^ 

3. Expand (a" + 6")(a"' + 6"). Am. 0"+" + o"6*' + a"6" + 6"+*. 

4. Expand (a--2)(a-3)(a+2Xo+3). Am. a*-13o»+36. 

5. Expand (a + 6)(a - b){a + 6)(a - 6). ^rw. a* - 2a'6* + 6*. 

6. Expand (1 + a)(l + a*)(l -a+a'-cf). Am. 1 - a*. 

7. Expaid (a» + a + l)(a*+o+lXa-l)(o 1). 

Ann. o* 2a* + 1. 
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DIVISION. 

83. DiTision is the process of finding how many timm oca 
qnantity is contained in another. 

83. The Dividend is the quantity to be divided. 

84. ITie Divisor is the quantity by which we divide. 
8«i. The Quotient is the result obtained by the division. 
80. The Remainder is the quantity which \a sometimes \Sti 

afler dividing. 

Note. — The symbol of division, -•- , was introduced by Dr. John Pefl, aa 
English mathematician, bom in 1810. 



FUilVCIPLiES. 

1. Taking a factor out of a quantity divides the quantity by thai 
factor. 

Thus, taking the factor a out of 4a&, we have 46, which is the quotient 
of 4cU} divided by a, since 46 multiplied by a is 4a6. 

2. The exponent of a quantity in the quotient equals its exponent 
in the dividend diminished by its exponent in the divisor. 

Thus, a* divided by a* equals a*"*, or a' ; since a* multiplied by flT" 
equals a*+', or cfi. 

3. The quotient is POsrrrvE when the dividend and dhnsmr 
have LIKE signSy and negative when they have unlike dgns. 

Thus, +a6-^ + 6— + a, since +ax +6— + oft 
—oft-t- —6— + a, since +ax —6— - ab 
+ oft -t- —6— —a, since —ax — 6»"-ra6 
— a6-»- + 6— —a, since —ax +6— —ab, 

87. This principle, and the corresponding one in multiplicaF 
tion, may be briefly stated thus : 

Like signs give plus, and unlike signs give mtnub. 



CASE L 
88. To divide a luouomial by a monomial. 

1. Divide 12ab by 4a. 

Solution. To divide 12ab by 4a, we divide by 4 oPERATiair. 

luii «x. Dividing 12a6 by 4 and a, by taking out the i2a6-i-4fl— aft 
flM;tiL)r8 4 and a (Prin. 1), we have 36. Hencr, 12a6 
divided by 4a equals 36. 

2. Divide 20a*6 ^y 5a». 

Solution. To divide 20a*6 by 5a', we divide by oferatioh. 

6 and a». Dividing 20 by 5, we have 4; dividing 200*6 + 5a»-4a«6 
o^ by a', we have a* (Prin. 2). Hence tlie quotient 
is 4a'6. 

Rule. — ^I. Divide the coefficient of the dividend by the coeffi4sieni 
of the divisor for the eoeffi^cient of the qiwiienL 

II. Write the letters of the dividend in the qwiitieinJt, giving each 
an exponent eqwd to its exp&nent in the dividend minus its expo- 
ncfU in the divisor, 

III. Make the quotient positive when the two terms have Woe 
ngnSf and negative when they have unlike signs. 

Note. — ^An equal literal factor in dividend and divisor is suppressed 
in the quotient, since it is canceled by the division. 

BXAMPLSS. 

3. Divide 12x» by 4ic». Ans. Sx. 

4 Divide 20a6» by 66* Ans. 4ab. 

6 Divide AoM by 2a(5. Ans. 2bc. 

6. Divide Mb^ by 4a6». Ans. 2a\ 

7. Divide 9mV by 3mn\ Ans. 3mn*. 

8. Divide - 15aj/* by 3ay. Ans. - Sy*. 

9. Divide -a6V by o6'c. Ans. -6V. 

10. Divide i6aV by -SaV. Ans. ~2a'b. 

11. Divide -Ua/'zhj -W. AnM \e% 
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12. Divide - Ide'tP by -Sc^cT. Ana, 3<j»<f . 

13 Divide 14a*fc*c by 76'c An8.2a*l^. 

14 Divide a" by o*. -4rM. o""**. 

15. Divide a"** by a\ Ana, a", 
16 Divide a""" by a". il/w. a""**. 
1 7, Divide a** by o*. Ana. a**"*, 
la Divide 14a-+" by -2a"-« ^l^w. -7a*». 

19. Divide -240^** by 6aP-\ Ana. -4o». 

20. Divide a*"6*" by o-6*. ^rw. a"*6**. 

21. Divide 84aV by 7aV. iitw. 12a»-V-'. 

22. Divide (a +6/ by (a+6)». ^rw. (a+fc)*. 

23. Divide (a - c/" by (o - c)*. ilrw. (a - c)* 

24. Divide 12aV(a-6)*+* by 46*(a-6)-*. 

^n«. 3a'6-»(a-6>*. 

CASE IL 
89. To divide a polynomial by a monomial. 

1. Divide 8a*- 16a»6+12aV by 4a*. 

Solution. 4a* is contained in 8a*, 2a* operation. 

dines; 4a* is contained in -16a'6, -Aab 4a* )Sa* - 16a*6 + 12<x'o^ 
times; 4a* is contained in 12a*c^, 3c^ times. 2a* — 4a6+3c* 

Hence, the quotient is 2a* — 4a6 + 3c*. 

Bnle. — Divide each term of the dividend by the diviaor and 
tonnect the reatUta by their proper aigna. 

JBXAMPLBS. 

2. Divide 6a»6 - 9a6* by 3a6. Ana. 2a* - 3^ 

3. Divide 8a*c - 1 -2a^& by 4a<5. Ana. 2c^-S<u^ 

4. Divide 9ab' - 15a6V by Sah\ Ayia. 36* - 5<5*. 

5. Divide 6aV - 12a*c by 3a*(j. Ana. 2ae- 4a*. 

16. Divide abe - ha^b''& by aht. Am. 1 - 5a6V. 
|7. Divide 4a** - 8a*" by 2a^ Ana, laT' - 40**. 
\8. Divide 16a6*a?* 206V2 by 46*rr». Ana, Aah hsi^ 



UiViHiU^« 



® 



1 9. Divide 18a V-27a^ic»-9aV by 9a»a:». 

JIO. Divide - 16r»+242»- 48 by - 8. ^rw. 2aj»- 3/ -r 6. 

111. Divide 12a'6-18aV+6a»fc by 6a-*6. 

Jrw. 2a*-3a*fc*+a\ 

12 Divide a*'6*-a"6*+a"+»fc» by a"6». -4?w. a*-6-ha'. 

13 Divide a"6- - a"+'fc"- " by a'^*. ^?m. 1 - a***. 

14. Divide 16(a-a:)- 24(c-2) by 8. 

Afis. 2(a-a;)-3(o-»). 

15. Divide 7(m + n} -14a(wi+n) by (wi+n.) J?m. 7- 14a. 

16. Divide (r - «)• - (r - «)* by (r - a). Ans. (r - «) - (f - «)*. 

17. Divide a(e - d) - b{e — d) hj c- d. Ans. a - 6. 

18. Divide 4a(a - c) + (a - c)' by a - c. 

-4rw. 4a + (a-c), or fjo-«, 

19. Divide 5a;(» - y)* - 2(» - y)» by {x-y)\ 

Ana. 5x — 2(aj — y) or 3a; + 2y. 

20. Divide 2a(l+cy-2ac(l+c)* by (l+c)*. ^n*, 2a. 

CASE m. 
90. To diTlde a polynomial by a polynomial 

1. Divide a'4^2a6 + i' by a+fc. 

Solution. We write the diviHor at the right of 
the div^idend, both being arranged according to the operation. 

powers of a, and commence at the left to divide. ^' "^ 2aft f 6' | ^"^ 5 
Since the first term of the dividend must equal the Q*-^- (J^ <*+* 

product of the firhi termf« of the divisor and quotient, ah -♦ 6* 

we divide tlie first term of the dividend by the first ab-^b* 

term cf the divisor for the first term of the quotient 
1 is contained in a', a times; a times a-^b equals a^-^-ab. Subtracting 
ikiid bringing down the next term of the dividend, we have ab + 6*. 

Since the first term of this new dividend must be the product of the first 
term of the divisor by the second term of the quotient, we divide it by the 
first term of the divisor, a is contained in a6, b times; 6 times a + 6 is 
b a6 + 6^ Subtracting, nothing remains. Hence the quotient is a+ &. 

Bule. — I. Write the divisor at the right of the dividend^ or- 
ranging both aecording to th^e prnvern of tmf of the lettern. 
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II. Divide the fird term of the dividend by the fa^ ten.% of the 
divisor, and write the remit in the quotient ; nwMplff the diviwr by 
it, and mibtraet the prodtust from tiie dividend. 

III. Regard th^ remainder as a new dividend and proeeed at 
before, and thtis co7iiinue until the first term of the divisor is nei 
mmtained in the first term of the dividend. 

Notes. — 1. When the firet term of tlie arranged diyidend is not diyijubl* 
hf the first term of the diyiHor, the division will not be exact 

2. Bring down no more terms of the dividend each time than are needed 
ku nsu 



KXAMPUBS. 



2. Dividea*+2a*6+2a6'+fc"byo+6. 



BoLCJTiON. We first arrange the 
dividend with reference to the powers 
of a, and then proceed as before, a is 
contained in a', a* times; a' times 
a + 6 is a* -f a'6. Subtracting and 
bringing down the next term, we have 
a'6 + 2a6' for the next dividend, etc 

(3.) 
aP+«* \a+z 

-a^x-^af 
-a^-aa^ 






0PERATI09 

a»+2a«6+2a6*+6» |a-H6 
a«6+2a6« 

(4.) 



5 Divide a'- 2aa:+aj' bya-«. Ans, a-%, 

6. Divide o'-oaj-fec* by a+2«. AnA. a- 3*. 

7. Divide a*-a«'+aa?+«* by a+a?. Ans. a^ — ax+x, 

8. Divide m* + 2wi'n - mn* - 2n* by m + 2n. -irw. m* - w*. 

9. Divide a»-3a'6+3o6'-6* by a-6. Ans. a^-^ab^V. 

10. Divide a» - 6' by a - b. Ans. a' + o6 -h **. 

11. Divide rr» 9a:" + 27* - 27 bv « - 3. Ans, 31*-^^%. 
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12, Divide vfi^-rf by m*+wn+n*. Am. m - ». 

13. Divide a* -1 by a-1. Am. a*+o+l. 
U. Divide 8a:»-27y» by 2a;- 3y. ilna. 4a:»+6a!y+9y*. 
1«5. Divide a* -a* by a -a;. -4n«. a'+a*«+a«*+a^, 

16. Divide a*+2a'fc«+9fc* by a'-2a6-t36«. 

^rw. a»+2a6 + 3^*. 

17. Divide a* faV+c* by a*- oc+c". Ans. a^-^ae-\^<!^. 

18. Divide «*+2ay+y*-£;" by «+y-f. Ans. x+y-^M. 

19. Divide m* - n* by w* + n*. -4n«. m* - n*. 

20. Divide a*-l by a-1. Ans. a"+o*+o+l. 

21. Divide a** - 6** by a* - b\ Am. oT + 6". 

22. Divide wi*-n' by m-n. Am. m*+m*n+, etc 

23. Divide «*-<* by (f-^^^^e^f. Am. «-fc 

24. Divide a*'+2a»i*+6*» by a*+6". Am. a-+6*. 

25. Divide 27«» - 64y» by 3a; - 4y. Am. 9«» + 12a^ + 16y". 

26. Divide«*+1 by a;+l. Am. x^-af-^-s^-x+l. 

27. Divide 1-/ by 1 -a. Am. l+2+«;"+«* + z*. 

28. Divide a** - 6** by a* - b\ Am. a^ + a"6" + b*". 

29. Divide a^-6* by o*+2a»6+2a6*+6*. 

^rw. a*-2a»6+2a*'-V. 

30. Divide (a - a:)* - (a; - y)« by (o - «) - (a: - y). 

-4./W. (o-a;) + (a;-y), or o-y. 

PRINCIPLES. OF DIVISION. 

91« The Principles of Division are the traths which rolnie 
Icy the process. They are of three kinds — Changes of Tentus, 
ZfTo ET^ponents and Negative ExponefnJts. 

CHANGES OF TERMS. 

93 The Terms may be changed both in value and in sign, 

Pbin. 1. Multiplying the dividet^d or dividing the divisor 'wid* 
fiplies the qu4)tient. 
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TbnB. abcd-^ab''cd, Multipljing the diyidead bj 0, we hayt 
abcde-^ ab^cde, which is the quotient, cd^ multiplied by 6. DiTtding 
the diyiflor by b, we have abcd-^a^bcd^ which is cd multiplied by b. 
Therefore, etc 

Prin. 2. Dividing the dividend or mvMplying the divimr 
divides the qw>tienL 

Thufly abed -•- 06 — cd. Dividing the dividend by d, we ha?e 
€ibo-*'€ib''C^ which equals the quotient, cd, divided by d. Multiplying 
the divisor by o, we have abcd-t-ctbc^d, which also equals cd divided 
Oy 0. Therefore, eta 

Prln. 3. Multiplying or dividing both dividend and divisor by 
the same qiuiiUUy does not change the quotient. 

For, multiplying the dividend mnltiplieH the quotient, and multiplying 
the divisor divides the quotient; hence, multiplying both dividend and 
divisor by the same quantity both multiplies and divides the quotient by 
that quantity, and hence does not change its value. Therefore, etc 

Prin. 4. Changing the sign of either dividend or divisor 
changes the sign of the quotient. 

If two terms have like signs, the quotient Lb positive; and if the sign oi 
either term be changed, they will have unlike signs ; hence the quotient 
will be changed from plus to minus. 

If two terms have unlike signs, the quotient is negative; and if the sigc 
of eitlier term be changed, they will have like signs ; hence the quotient 
wiU be changed from miyms to pita. Therefore, etc 

Prin. 5. Clumging the sign of both dividend and divisor does 
not cluinge the sign of the qiwtierd. 

For, if the signs of tlie terms are alike, when both are changed they 
will still be alike, and the quotient will remain plus. If the signs are 
anlike, when both are changed they will still be unlike, and the quotient 
ivlU remain minus. 

ZERO AND NEGATIVE EXPONENTS. 

93. A Zero Exponent originates in dividing a quantity 
with any exponent by the same quantity with the same expo- 
nent. Thus, o* divided by a* equals o*~*, or a^ 

Prin. 1. Any q^iantity whniw fixponent is zero is eq%uil is 
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For, a*-«-a*>-a*, by subtracting the exponents; but OFBBA.Tioir. 

a*-*-a*— 1, ainoe any quantity divided by itself equals a*-i-a*— «• 

nnity ; hence, since a? and 1 are both equal to a* -•- a\ they a*-p a* — 1 

are equal to each other. Therefore, a®=- 1. .'. a**— 1 

Note. — When a quantity whose exponent is zero is a factoi of an alge- 
braic expression, it may be omitted without changing the value of the ex 
^ression, since its value is 1. It is sometimes retained to inxlicate th« 
process by which the result was obtained. 

94. A Negative Exponent originates in subtracting ex[K> 
nents when the exponent of the divisor is greater than the 
exponent of the dividend. Thus, a^-^a^-' o*"', or a~'. 

Prin. 2. Any quantity with a negative exponent is equcU to the 

reciprocal of Uie qtmntiiy with the sign of its exponetU changed. 

a* 
For a* + cfi^'a^^i but a*-i-a*--7-, or, dividing 

Cfi OPERATION. 

both terms by a*, is equal to — -; and since a-* and ^ -•-cr=-a~ 

1 ""^"^ ;S""Ti 

-- are both equal to a*-i-a*, they are equal to each " ** 

other. Therefore, a-*-— - ^ 

a* 

Prin. 3. Any quantity is eqv/ol to the reciprocal of itself with 
the sign of its exponent changed. 

To prove this we must show that a»- . By Prin. 2 opbbatioh. 

I a~»- — 

we have a~*=» — ; multiplying by a», we have a^xa~* a" 

— 1 ; dividing by a~\ we have a*— a*— 

Note. — It has already been seen that a positive quantity signifies ad- 
ditionj and a negative quantity mibtraction. From the above principles it ii 
idno seen that a positive erponent implies muliijMcatumf and a negative expo- 
lem implies division. Hence, a negative sign always denotes the opposite 
if a positive sign. 

KXAMPLBS. 

1. Show by dividing a* by a^ that a° - 1. 

2. Show by dividing a* by a* that o* - 1. 

8. Prove that a"* = — z. 4. Prove that -^ -=a~*. 
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6. Prove that a* 



6. 


Find the value of a*&'\ 


-? 


7. 


ah 
Find the value of — - 
ex"*' 


Ana, — 

€ 


8 


Reduce to an integer -^ 


Am. a'-\ 


e. 


Reduce to an integer — — 


Ans. ar-\ 


10. 


Multiply a-*b'c-* by a'ft" V. 


Ans. —-' 


IL 


Divide 18a-«6V by 3o-*6-'. 


a* 



12. Divide o"*- - b^ by a- - ^^ Arts, a -*»+a-6*'+6^ 

Note. — ^The pupil will readily infer that negcUive exponents may be used 
in operations in the same way cw positive exponents ; a generalization which 
u rigidly demonstrated in the Theory of Exponents, 



REVIEW QUESTIONS. 

Note. — These Review Questions are simply suggestive to the teacher, 
who can extend them as fully as is deemed desirable. 

Detine Addition. Sum. State the principles. The cases. The rule 
for each. Is the sum of two quantities ever less than the greater ? When ? 

Define Subtraction. Minuend. Subtrahend. Remainder. State the 
principles of Subtrac^-^on. The cases. The rule for each. The princi- 
ples of the parenthesis. Is the ditference ever greater than the minuend? 
When? 

Define Multiplication. Multiplicand. Multiplier. Product. State 
Ihe principles of Multiplication. The cases. The rule for each. What 
is meant by expanding expressions f Why do we add ezix)nents in mulii 
plying ? Why does plus into minus give minus 7 Why does minus into 
minus give plus ? 

Define Division. Dividend. Divisor. Remainder. State the princi- 
ples. The cases. The rules. Why do we subtract exponents? Why 
does plus divided by minus give minus ? Why does minus divided bj 
lumuB give plus? 

State the principles of the Changes of Term*, Of Zero exponent. Of 
Negative ex|)onent. Orifcin of a Zen) exponent Of a Negative exponent 



BiflOTIOlsr III. 

COMPOSITION AND FACTORING. 

9d. Composition is the process of forming composite 9tMi9^ 
ntiea, 

90. A Composite Quantity is one that is formed ly Ui€ 
product of two or more quantities. 

97. The Square of a quantity is the product cotained by 
using the quantity twice as a factor. 

Composite quantities may be formed by actual multiplication, 
or, in several cases, by means of the following theorems. 

Note. — In the fundamental operations each synthetic procesB has its 
correpponding analytic process. Thus, Addition in synthetic; Subtraction 
18 analytic; Multiplication is synthetic ; Division is analytic. It follows, 
tlierefore, that there should be a synthetic process corres))onding to tlie 
analytic process of Factoring. This process I have called Composition, 
This new generalization, and the term applied to it, will, I trust, meet the 
ap'|)roval of teachers and mathematiciang. 



THEOREM L 

The square of the sum of two quantities eq^uils the sqiuire of the 
first, phis ttvice the product of the first and second, plus the square 
of the second. 

Let a represent one of the quantities, and 6 the other ; operation. 
ihen a+6 will represent their sum. Now, (a +6)' equals a +6 
(a-f6)(a + 6), which we find by multiplying equals a* a +6 
+ 2a6 + 6'. a* is the square of the first; 2ab is twice the a*-\-af} 
product of the first and second ; and b^ is the square of the ab ■*• b* 

third. Therefore, etc. a'+ 206 + 6* 

GXA.MPLKS. 

Write by the theorem the values of the following : 

1. (x-^-y)\ 3. (c + c^)^ 5. (a-fS)*. 

2. (m+n)^ 4. (a; + 2)^ 6. (5 + a;y. 

5* 53 
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7. (a+26)'. 12. dA+By. 17. (a + l)». 

8. (a + 3^)^ 13. (3a;+4yy. 18. {1-txy. 

9. (2a + 6)'. 14. (4m + 3?0'. 19. (a" + 6-)'. 

10. (3a+c)^ 15. (,3?^f)\ 20. (a*»+6'»)*. 

11. (2a+36/. 16. (a*+6')'. 21. (a» + * + 6" + 1)*. 

THEOREM IL 

The sqwire of the difference of two quaniities equcUs the squart 
9f the Jird, minus twice the prodiui of the fird and second, plus 
the square of the second. 



OPERATION. 

a—b 
a^~ab 



Let a-b represent the di Jerence of tiro qnantitiefl; then 
(a- by will equal {a-b) (a-b), which, by multiplying, 
we find ifl equal to a*-2a6-^6«. a« ig the nquare of the 
first ; 2a6 \b twice the product of the first and teooud ; and . ^ 

6' IB the square of the second. Therefore, etc. — ~ab-\^t^ 

EXAMPLKS. 

Write by the theorem the values of the following : 

1. (a-xy. 8. {A -By. 15. (a*- Vy. 

2. {c-d)\ 9. ip-qy. 16. (a---afy. 

3. (\-cy. 10. (a'-ar^y. 17. (ja^^-i^y. 

4. {a^-^y. 11. (4m -5n)'. 18. (a* + ^-6* + 0*. 

5. (€?-(?y. 12. {or -Try. 19. (a-^-6"-0'. 

6. (2x-32/)'. la (a'^^-ar^")'. 20. (ar+«-6"+«)'. 

7. (4aa;-267. 11 (7a'*-96»7. 21. (x'-'' - 2/*-")'. 

THEOREM IIL 

The product of the sura and difference of two quantities eqvuL 
Ike difference of their squares. 

OPERATIOB 

Let a-^b represent the mim and a- 6 the difiference of a -^b 

two quantities ; then by multiplying we find their pro<lnct ^ —^ 

to be a*-b\ a' is the squanj of the first, and b* is the a*+ ab 
•quare of the second. Therefore, etc — afe — fe* 
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Expand by the theorem the followmg : 



1. (c + d) (c-d). 

2. (m-\-7i) (m-n), 

3. (a-hx) (a-x). 

4. (a+2)(a-2). 

5. (x-4)(x^4). 

6. (a -2a;) (a-\-2x), 

7. (3a + 26) (3a -2ft). 

8. (5a; -62/) (5a; +61/). 



9. (a'-b')<ia'-^b'), 

10. (a'-ic') (a' + af'). 

11. (ax-^by) (ax -by). 

12. (2a;+at/) (2x-ay). 

13. (a- +6") (a" -6"). 

14. (a'^-a;*-) (a*" + a;'*'). 

15. (a"~'-(f» + (a"-'+(^ + ')- 

16. (a'"+"-c* + ")(a" + '* + (r + "). 



THEOREM IV. 



The prodtust of two hinomials having a common term equals the 
nquare of the common tenn, phis the algebraic sum of the other two 
terms into the common term, and Uie product of the unlike terms. 



Let a; -fa and x+b represent two such qnantities; 
their product is a;' + (a+6)a;+ct6. x* is the square 
of the common term, (a+6)a; ip the sura of the other 
two terms into the common term, and ah is the 
product of the unlike terms. 

fCXAMPl^Kft. 

Expand by the theorem the following : 



OPEBATIOH. 

X +a 
a; 45 
a;*+aaj 
6a?-Ha6 

a;*+(a+6)a;+a6 



1. (a;+2) (x + 3). 

2. (a; + 4) (a; 4 5). 

3. (a; + 5) (a; -3). 

4. (a;-4)(a;H-7). 
6. (a + 5) (a -8). 

6. (a -6) (a-c). 

7. (2a -3) (2a -7). 

8. (2x-7)(2a:-l). 



9. (a -a;) (a -2). 

10. (a -2a:) (a-Sy). 

11. (a'-5)(a^ + 8). 

12. (a" -6) (a'»-f9). 

13. (l+aO(l-ft')- 

14. (a"~6") (a'^-O- 

15. (a'^ + x'") (a''" -2'"). 

16. (a« + ^-6"-0 (a"+>c*-0- 
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APPLICATIONS. 

98. Tliese principles may be applied with great convenieoos 
ill finding the product of three or more binomials. 

1. What is the value of (o+2)(a+2)(a+2)? 

OPERATIOH. 

a*+4a +4 
Solution. By Theorem I., (a +2) (a + 2) -a* + 40 ^ ^g 

tA, which we can write without multiplying. Then, -jj — j-^ — ~ 

multiplying by a +2, we ha?e a*+6a'+12a-»-8. Q««4.8/» + a 



a»+6a*+12a4 8 



KXAJHPiaCB. 

Expand the following : 

2. (a + 3) (a + 3) (a + 3). 9. 2»(a' - x') (a? + a;*). 



3. {a-vc) (a-c) (a+c). 10. (3+m-n) (3-m-n). 

4. (a;-3) (x-3) (x-4). 11. (a+F^c) (a-^'K^c). 

5. (1 -a;) (1-a;) (l+x). 12. (a + c) (a-c) (a'-c'). 

6. (1 + a;) (1- x) (l-x^). 13. (x-3) (x-4) (a; + 5). 

7. (x+2/) (x-y) (x^+2/0. 14. (a+l)(a- l)(a-2)(a + 2). 

8. (Sac- ia'b) (3ac+4a'6). 15. (a**- 6") (a'* + ^;-) (a'»+6^). 

FACTORING. 

99. Factoring is the process of resolving a compositb 
quantity into its factors. 

too. The Factors of a composite quantity are the quan 
titles which multiplied tosrether will produce it. 

lOI. A Prime Quantity is one that cannot be produced by 
the multiplication of other quantities ; as, 11, a'^ + ZA 

Quantities are prime to one another when they have no com- 
mon factor; as 5 and 9, 6a^b and llccP. 

103. The Square Root of a quantity is one of its two equal 
factors ; thus, 2ab is the square root of 4a^b^, 

Note. — Oompoaition and Factoring are the converse of each other; com- 
position is synthetic ; factoring is analytic. 
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CASE I. 

103. To resolTe a polynomial into two factors 
one of whicli is a monomial. 

1. Find the factors of 2ac - 4ab. 

^TT , . „ OPERATION. 

Solution. vVe see that 2a is a factor common to all o \o a j. 

the terms; hence, dividing 2ac—4ab by 2a we find the _,^. 

other fector to be c - 26 ; hence, 2ac — 4ab = 2a(c — 26 ). 2n(o — 2f) 

EXAMPLES. 

Factor the following : 

1. 6a'6 + 9a-c. 4. a"6-a"6^ 7. oc'-ftaV+ac*. 

2. 8a%'-12a6*. 5. ac'^ + aV. 8. ax'y - a'xif -\- da^y. 

3. 14aa;' + 566r\ 6. a*"a;-a*"x*. 9. a'^ft" + a'"6'" - a*"^^'*. 

CASE II. 

104* To resolTe a trinomial square into two 
equal binomial factors. 

1. Factora'-f2a6 + 6l 

Solution, a* is the square of a, and 6* is the square 

of 6, and since 2a6 is twice the product of a and 6, the ^2.0 74.7 2 L 

trinomial is the square of (a + 6), (Theo. I.) ; hence, a + 6 (n - h\ ( ^-h\ 

is one of the two equal factors of a* + 2a6 + 6^. v "^ M« ; 

Rule. — Extract the square root of the terms which are squares^ 
and connect these roots by the sign of the second term of the tri' 
nominal. 

EXAMPL.ES. 

Find one of the two equal factors of — 

2. a"-2a6 + 6». 9. A'-2AB+B'. 

3. x'+2x2/+2/». 10- a'**+2a•6"+6'^ 

4. a'-4a+4. 11. a;'» - 2a;~6* + 6"». 

5. a;* - 6a; + 9. 12. 4a' - 1 2ac + dc\ 

6. l-2c' + c*. 13. 9x»-24an/+162/». 

7. a»-8rt+16. 14. a*»-4a'"6'''»+46*". 

8. 25 + 20x*+4a;*. 15. 16a'* + 40aV ^ 25c'^ 
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CASE III. 

105. To factor a binomial consisting of the dif- 
ference of two squares. 

1. Find the factors of a' -6'. 

Solution. The difference of the squares of two quan- operation. 
tides «>quals the product of their sura and difference a' — 6^ = 
{Theo.IIL); hence,a'-6' = (a+6)multipliedby (a-(^). (a+6) (a-b) 

Rule. — Take ilie sqtiare root of each term, and make their sum 
oiie factor and their difference the other factor. 



Factor — 


EXAMPLES. 






2. a*-(?. 


8. a*-d'. 


14. 


o'"-6'". 


3. x'-y'. 


9. a;* -16. 


15. 


4a' -96'. 


4. c'-4(f. 


10. a'-b'. 


16. 


a'x'-by. 


5. 4o'-x'. 


11. a*-b\ 


17. 


9a'" -16c*-. 


6. 4i*-%'. 


12. a;' -I/*. 


18. 


a'a;'"-6*a;*". 


7. K-iyV. 


13. xy-y'. 
CASE IV. 


19. 


o'"-*-a^-'. 



106. To factor a quadratic trinomial in whicli 
one term in eacli foetor is the same. 

A Quadratic Trinomial is a trinomial of the form of 
a^:^ax^bf in which b is the product of two quantities and a 
their algebraic sum. 

1. Resolve a* + 5ac+Cc^ into its factors. 

Solution. The first term of each factor is evidently operation. 
a; the second terms must be 2c and 3c, since their a^-^5ac4-6c* = 
product is dc^ and their sum is 5c. (Theo. IV.) (a + 2c) (a+3c) 

Rule. — Take the square root of one term for the first term of 
each factor f and for the second term take two factors of the third 
term of the trinomial^ such that their sum into the first term of 
the factor will equal the second term of the trinomial. 
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EXAMPLES. 

Factor — 

2. a;'+3a;+2. 11. x*-9a?-S6. 

3. a' + da-\-6. 12. a'' + 4ac-21c'. 

4. a:' + 7a; + 12. 13. a' + 5a-24. 

5. a^-7a+10. 14. a' -6a -16. 

6. a'-aa + 15. 15. 4a;^-6a;-40. 

7. a' - 9a+ 20. 16. 9a' - 27a + 20. 

8. a'^ + Sa- 10. 17. a^ - a(b -^ c) ^ be, 

9. a' + 4a - 12. 18. a' - 4ac - 21c\ 
10. a;" - 3x - 10. 19. a'« + 5a" - 84. 

CASE V. 
107. To factor a trinomial of the form of 

Principle. — The law of the composition of the trinomial is 
seen in the product of {ax + c) (bx + c2) = abx^ + (ab + cd)x -i- cd, 

1. Factor 2a' + 8a -10. 

Solution. The first terms of the two factors are evidently 
(2a ) (a ). 

The second terms of the two factors are two factoi-s of — 10, and thus 
are 2 and - 5, or 5 and — 2, or 1 and — 10, or — 1 and 10. 

The middle term of the trinomial must equal the algebraic sum of the 
cross products of some two of these factors, which we find by trial are — 2 
and + 5. Hence we have 

2aH8a-10=(2a-2) (a + 5). 

Note. — Trinomials of this kind are factored largely by trial ; but with 
a little pi-actice the factoi-s will be found with comparative facility. 

£XAMPI.X:S. 

Factor — 

2. 2x'+7a: + 6. 8. 4x'~2a;-30. 

3. 2a:'^ + 10a;+12. 9. 5x^ + 6x-S. 

4. 2a:' + 5a;-12. 10. 6a;' -8a; -30. 

5. 32^^ + 20;- 16. 11. 7x'^Ux-e, 

6. 3ar' + 6a;-24. 12. 2aV + llax+12. 

7. 4a:'-14a; + 12. 13. 2ax' + (8-3a>-12. 
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14. 6a» + 5a6 + 6'. 17. 2a» + a6-fc'. 

15. 3a^ + 4a6 + 6». 18. ia'-ldab-4b\ 

16. 8a' + 6a6 -r b\ 19. a^n + (n - l)ah - 6*. 

CASE VI. 

108. To ra4;tor any binomial consisting of two 
equal powers of two quantities. 

This case relates to binomials of the form of a'-i\ a'- V 
a*-b\ etc.; also o*+6*, o*-»-i*, etc. 

THEOREM L 

The difference of (he mme powers of two quantities is divisibk fry 
the difference of the two quantities. 

Let a and b be any quantities, operation. 

then a— 6 will be their difference, cC^—b^ |a— 6 

and o^ - 6» will be the difference <jC^-ce'-^b cF^ af-*t 

of the same power of the quan- igt Rem. — a**" ^6 — 6* 
titles; then will a*— 6»be divisi- a*~'6 — a"~*6" 

ble by a-b. Divide a»-6» by 2d Rem.-a»-«6«~6» 
a— 6 until we obtain two remain- y^^ Rem. — a*-*^6*— 6* 
ders. -a»6*-6» 

. Now, if the diyision terminates, i.l6»— 6^-iO 

some remainder will reduce to 

sero ; and if we obtain an expression for the nth remainder, we will find 
that its value is 0. Let us then find the nth remainder. 

The UiM term, of the nth remainder is evidently —6**. In th<) Ist r^ 
mainder the first term is a*~^6; in the 2d remainder it is a'*~'6^; in .the 
3d remainder it is a*"'^'; hence, in the nth remainder it is a^-*6* ; hence, 
the nth remainder is a"-*6*— 6*, which equals a^6*— 6*, or 16*— 6*, 
>r Hence, the nth remainder is 0, and the division terminates. 

Note. — The latter part may be given as follows: If n — 3, the 3d re- 
mainder becomesa*-*6'-6*,oraP6*— 6*,orl6*-6*-0. Ifn-4,the4th 
remainder will also reduce to ; hence, the nth remainder is always equal 
to 0, and since the remainder is zero, the division is exact. 

THEOREM n. 

The difference of the same even potoers of two quantities if 
divisible by the sum of the quantities. 



FAi/ruBLNO. Qi 

Let a* — 6* be the difference of the same QPERiTiOB 

■T6D powers of a and 6, n being even. Now. /^ _ ft**) ^. (^ - 6) 

a*~tr>i»divi8ibleby(a-6) (Theo.L). Let |-^_(_c)«]+ [a-(-o)] 

6— — c; then, Bubstituting, we ahall have (a*--c»)-*-(a+Oi 
[a*-(-c)"]-i-[a-(-c)]. But(-c)«-c«, 

iinge n is even, and [a — ( — c)]="a + c; hence we have a*~fl» if 
divisible by a + c. Therefore, etc 

NoTB.— This theorem maj also be demonstrated independently In a 
manner similar to Theo. L 



THEOREM IIL 

The mm of the same odd powers of two quantitiea is divinble 
hy the sum of the quantities. 

Let a* -6* be the difference of the same operation. 

odd powers of a and 6; n being odd. Now, (a*— 6**)-»-(a — ^j'- 

o^-d* is divisible by a-6 (Theo. 1.). Let [a»-(-c»)]-»-[.a-{-c)] 
6— — c; then, substituting, we shall have (a*+c*»)-i-(a+c) 

a»-6»-a* — ( — c)" and a — 6= a — ( — c). 

Now, ( — c)* equals — c", since n is odd; hence, o^— (— c)*— a*-f c"; and 
o— (--<5)"«+c; hence, a*+c» is divisible by a-k-c. 

Note. — This may also be demonstrated independently in a mannei 
similar to Theo. I. 

KXAMPIifiS. 

Factor — 

1. a'-b\ 10. o*-l. 19. a» + 6». 

2. a*-c\ 11. 1-n*. 20. a'-^bK 

3. a^-:t*. 12. a*-a:«. 21. a' + b'. 

4. a* -6'. 13. 4a' -9a;*. 22. m» + 8. 

5. a;*-/. 14. 9a*-4ic*. 23. 71^27. 

6. a^-8y\ 15. a*«-6''". 24. a« + ar^. 

7. 8a« + 276*. 16. 9x' - 16f. 25. a« - b\ 

8. a*-6«. 17. a*»-6^ 26. a'" + c«». 

9. a«-c«. 18. aV-8f, 27. a^'^ + fe^^ 

Note.— These theorems apply to such examples as x*-^ since we 
have the same powers of x^ and y^. 

Note that a*-f5* = (a«-c2) (a''-\-c^) = {a'^c) {a-c) (aHe«); and 
similarly for a number of other examples. 
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CASE VII. 

109. To resolve a qaadrlnonilal Into two bino- 
mial factors. 

1. Factor ac-H6c + ac? + 6d 

OPERATION. 

Solution, ac + 6c equals (a + 6)c, and ad +6d aG-tbG-{-ad + bd = 
equals (a + &)(i; now, c times (a + 6) plus cZ times {a-\-b)G-\-(a+b)d = 
(« + 6;equals(c + d)times(a+6),or(a + 6)(c+d). la-\-b)ic+d) 

KXAMPLKS. 

Factor — 

2. ab-{-ay-\-bx-\-xy. 9. ax-hx-^-ah-a?. 

3. ac-bc-i-ad-bd, 10. ab-ac-rSdc-Sdb. 

4. ax + bx-ay-by. 11. a'-a6 + 36-3a. 

5. a6 + 6-2a-2. 12. an - in + a6 - ?^^ 

6. a»-a6-2a + 26. 13. aV - 6 V + a'cP - 6'cP. 

7. a6-3a + 26-6. 14. a6+3a-26-6. 

8. ac— 4a + 6c -46. 15. ac+4a — 6c-46. 

CASE VIII. 

110. To factor a polynomial wliicli con»i«^ts of 
the difference of two squares. 

1. Factor a^-(b- c)\ 

The first factor =a + (6-c) =a +6-C. 
The second factor = a—{b — c)=a—b-\-c. 

2. Factor(a + 6y-(c-d)"''. 

The first factor =(a + 6) + (c-d) =a4 6 +c-d. 
The second factor= (a + 6) — (c — c/) = a-f 6 — c+d. 

EXAMPLES. 

Factor — 

3. a'~(6+cy. 11. {a-by-{c-d)\ 

4. (a + 6)^-c^ 12. (2a-36y-(a-6)' 

5. 4a^-(26-cy. 13. {a-xy-{c-x)\ 

6. 9a" - (26 - 3cy. 14. {x- y)* - (a - c)*. 

7. 16a^--(46-2cy. 15. (4a- 5y-(3a + 4)\ 

8. (a-by-16c\ 16. (ax + byy-(ax-by)\ 

9. r2a - xy - 25z'. 1 7. (a" - 6")' - (a* + c»)'. 
10. (a + 6)^^ - (c -f c^)^ 18. (a + 6 - c)" - (a -- 6 + c)'. 
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CASE IX. 

111. To factor a polynomial when it can be re- 
solved into tlie dilTerenee ol* two squares. 

1. Factora' + 2tt6 + 6''-c^ 

Solution. a^-\-2ab-\-b'^-c^ = (a-i-by-c^ = (a+b-\-c) {a-\-b-c). 

2. Factor a' + 6=^ - c' - d' - 2cd - 2a6. 

Solution. Arranging the terms in another order, we have 

BXAMPLKS. 

Factor — 

3. a^-2ax-\-a^-<^. 9. a» + a+6» + 6. 

4. a^-4a + 4-6^ 10. 7/i'-n+n'-m. 

5. d^-K-c^-ilhc, 11. a^-ab^^ac-\-hc, 

6. a^-a^-2xy-y\ 12. d'^-2d?h^ah'-ac\ 

7. o'-4-2ac + c^ 13. {a-xf -d^ -c^-2jlc, 

8. a'-2a'b-\^2ab'-b\ 14. a» + 2a6 + 6'-c" + 2cd-cP. 

CASE X. 

112. To factor a trinomial when it can be trans- 
formed into the dilTerenee of two squares. 

1. Factor o*-fa'fe* + ft*. 

Solution. Adding and subtracting a''ft^, we have 

a*+a»6H6* = a* + 2a^62+6*-a*6'»=(a^+6^)"-(a6)» = etc 

2. Factora*+2a''6'-36*. 

Solution. Adding and subtracting 46*, we have 
a*-\^2d'b^-Sb* = a*-2aW-\-b*-Ab*=(a^-b^y-(2b^y=etc 

EXAMPIiKS. 

Factor — 

3. a* + a^ft' + 5*. 11. a* + a' + l. 

4. a* + 3aW + 46*. 12. a* + 3a'^ + 4. 

5. a* + 2a'b' + 9b'. 13. a' + 4a'b'-^Sb\ 

6. a'-Sa^b'^b\ 14. a'-Ad'b'-db*. 

7. a;*-6a:»2/'+2/*- l^- a'+6aW + db\ 

8. a* -70=^6' + 6*. 16. a*-6a'6V8ft*. 

9. a* - llaW + b\ 17. a* + 4aV - 12c*. 
10. a* - Ud'b' + b\ 18. a* - 4aV - 12c*. 
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HIGHEST COMMON DIVISOR. 

113. A Common Divisor of two or more quantities is a 
quantity that will exactly divide each of them. 

114. The Highest Common Divisor of two or more quan- 
tities is a divisor of the highest degree which will exactly divide 
each of them. 

Principle. — The highest common divisor of two or more quan- 
tities equals tlie produ^U of all their common prime factors. 

CASE I. 

115. To find the highest eommoii divisor of quan- 
tities by factoring. 

1. Find the highest common divisor of 12a'6'c and ISa^bd, 
Solution. Resolving the quantities into operation. 

their factors, we perceive that 2, 3, a', and b 12a'6'c = 2x2x3a'6'c 
are all of the common factors ; hence the high- ISa^bd = 2 x 3 x Sa^bd 
est common divisor is2x3xa*x6 = 6a^b. H. c. D. = 2 x 3a'6 = 6a'6 

Rule. — Resolve the quantities into their prime factors^ and take 
the product of all the common factors, 

EXAMPLES. 

Find the highest common divisor — 

2. Of 18a»a^ and 24aV(j. Ang. W^. 

3. Of IMbh and 24a*6V. Ans. 8aV«. 

4. Of ISa^ftVa* and 2baVxz\ Ans. MV.x^. 

5. Of 28a»c*^0*, 35a^(r«*, and lia^^ff^x'i^. Ans. laTtT. 

6. Of a*-b^ and a*-2ab-^b\ Ans. a-6. 

7. Of a'+2a6+6» and a*- 6*. Ans. a^b. 

8. Of a"-6' and a*-2a6+6'. Ans. a-b. 

9. Of a* -b* and a*-6'. Ans. a^-b\ 

10. Of x^-y^ and ax-^ay^bx-^by. Ans. «+y. 

11. Of ac-\^bc-^ad+bd and ac-bd-ad-\^be. Ans. a+4 

12. Of ci6-a<5-i- 6c -6' and o'- oft- ao+ftc. Ans.a-b, 

13. Otcf-a'b-ab'^b* and a'b-a*e^b*c-V. Ans. if-V. 
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CASE IT. 

110. To find the blgliest common divisor of poly- 
D€»iiilfilN when the eoinmou faeiorH are not readily 
fieen. 

Prin. 1. A dtvijior of a qtmrUity is a divisor of any number 
of times that quanJtity, 

Tl-118, c*, which is a divisor of 6c*, is a divisor of a times 6c*, or ab&. 

Pkin. 2. A common divisor of two quantities is a divisor of 
their sum and their difference. 

For, take the two quantities a(^ and" 6c', in which the common divisor 
b c^; their sum is ac^-\-b(^j or (a+6)c', which is divisible by c'; their 
difference is ac^ — bc^^ or (a — 6)c', which is also divisible by c*. There- 
ft»re, etc 

pRiN. 3. Either of two quantities may be multiplied or divided 
by a factor not found in the other ^ wiUiout changing their highest 
common divisor. 

For, it neither introduces nor omits a common factor, and hence cjmnot 
affect the highest common divisor. Thus, the highest common divisor 
*of 2a^c* and 36c* is &, Multiply the first by a, or divide the second by 
6, and the highest common divisor is still c*. 

1. Find the highest common divisor of any two quantities 
A and B. 

Solution. Divide A by B, indicating operation. 

the quotient by y, and the remainder by /2; A \B -4 -= QB-^R 

divide B by li, indicating the quotient by ng TT B=Q^R¥Uf 
Q^j and the remainder by R^; divide R by ^ — UB^ R 
R^j indicating the quotient by Q^^, and thus 
fX)ntinue. Then any remainder which ex- L — 

actly divides the preceding divisor will be ^ ^ — 
the highest common divisor of A and B, B~Q^R=*R 

For, R ^R^ 

First. Each remainder is a number of Qj^f 

times the highest common divisor. A and B 

are each a number of times the H. c. D. ; hence, A — QB or i2 is a number 
of times the H. c. d. (Prin. 2) ; and since B and R are each a number of 
times the h. c. d., for the same reason B~ Q^R or R^ is a number of times 
the H. c. D. Hence, each remainder is a number of times the h. c. d. 

Second. The last divisor will divide A and B. Suppose that JS^ divides 
B, then it will divide Q'R (Prin. 1), and also Q'R^R^ or B (Prin. 2) ; 
6* 
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and since it divides B, it will also divide QB (Prin. 1), and QB^By or A 
(Prin. 2). Hence, the last divisor will divide A and B, 

Therefore, since the last divisor divides A and By and is a number of 
times the h. c. d., it must be once the H. c. D. Hence, the remainder which 
exactly divides the previous divisor is the H. c. D. of A and B. 

Note. — The latter part of the solution mav be given as follows : Since 
the last divisor divides A and B, it cannot be ffreaier than the H. c. D., and 
since it is a number of times the H. c. d., it cannot be less than the H. c. r>. ; 
hence, since it is neither greater nor less than the h. c. d., it must be the 
H. c. D. 

Rule. — Divide the greater quantity by the less, the divisor by 
the remainder, and thus continue to divide the last divisor by the 
last remainder until there is no remainder ; the last divisor will be 
the highest common divisor. 

Notes. — 1. When the highest power of the leading letter is the same 
in both quantities, either quantity may be made the dividend. 

2. If both quantities contain a common factor, it may be set aside, and 
afterward inserted in the highest common divisor of the other parts. 

3. If either quantity contains a factor not found in the other, it may be 
canceM before beginning the operation. (Prin. 3.) 

4. When neceHnary, the dividend may be multiplied by any quantity 
not a factor of the divisor, which will render the first term divisible by the 
first term of the divisor. (Prin. 3.) 

o. If we obtain a remainder which does not contain the leading letter, 
ttiere is no common diyisor. 

6. When there are more than two quantities, find the H. c. B. of two, 
then of that divisor and the third quantity, etc. The last divisor will be 
the highest common divisor. 

2. Find the greatest common divisor of a" -6* and a'- 2aA + 6* 

Solution. Dividing a*-2ab 

+6» by a«- 6», we have a quotient operation. 

of 1, and a remainder of -2a6 «*--6Va|-2a646»U 

^26". Rejecting the factor -26, d'-b* 

which does not atiect tiie highest - 2a6 + 26* Rejectinft um 

oommon divisor (Prin. 3), we have factor - 2b 

a— 6. Dividing a' -6' by a -6, a-^^a^-b* (a-\^b 

we have a qnotient a + 6, with no a^ — ab 

femainder. Hence the last divisor, a6 - 6' 

O— 6, ia the highest common divi- a6— 6* 
■or of a* - 6» und «■ 2/iy>^6». 
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Note. — First notice whether the factors are apparent ; if not, proceed 
by the method indicated. 

EXAMPLES. 

Find the highest common divisor — 

8. Ofa»-6>anda'+2aA+i'. Ans.a-^h. 

4. Of o*-a^ and a*-«*. Ans.a-x. 

5. Of o^+a^ and a'-«*. JtM. a+«. 

6. Of2x»-5«» + 3«and4aj»-2a:-i An8.X'l 

7. Of o6+6c+ad+crf and a*-fl^. Ans.a-^e, 

8. Of 2a«* - 2ay» and 4a3*-^4af. Ana. 2a(«+y). 

9. Ofa*- **and a'+a'6-ai*-6». An8.c^-b\ 

10. Ofa:*-x'-12a;and«»-4a?-21. i4rM.a?+3. 

1 1. Of 2a6» - a"6 - a» and 26» + 3a6 + a\ Ana. 2& 4 a. 

12. Of 3a:*-3x*y-»-ay-y* and 4a:*-5a:y-i-y». Ans.x-y. 

13. Of a»x + 2a V + 2flur" -h x* and 5a* + 10a*a? + 5aV. An8. a + «, 

14. Of 15a»-o*-o+3 and 9a*+2a> + l. Ana, 3a*--2a+l. 
16. Of a* + ai», c^b^b\ and a*+a^6»+6*. ^rw. a*-a6+6*. 
16. Ofa:»+l, a;»-2a;-l, and«»-Ha;*+2a?+2. iltM.aj+1. 

THE LOWEST COMMON MULTIPLE. 

117. A Multiple of a quantity is any quantity of which it 
is a factor. 

118. A Common Multiple of two or more quantities is a 
quantity which is a multiple of each of them. 

119. The Lowest Common Multiple of two or more quan- 
tities is a quantity of the lowest degree which is a multiple of 
each of them. 

Note.- The primary idea of a multiple is that of a number of times a 
quantity. The above definition is based upon a derivative truth. An- 
other derivative definition is, a multiple of a quantity is any quantitj 
which it wUl exactly divide. 

Prin. 1. A mulHpk of a quaniUiy eonkdna all the faetora of 
the quantity. 

Thus, it is evident that a multiple of a6, as 4a*&, munt c»ntain all th« 
Airftom of ah. 
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Pkin 2. A common mvUiplt of two or more quantities eov^ 
tains all the factors of each quantity. 

TUuB, it in evident that I2a.*bc, which is a common multiple of 2aA 
v\d Sac, contains all the factors of 2ab and Sao, 

Prin. 3. The lowest common multiple of two or more quantities 
contains all the factors of each quantity, and no other factors. 

Thus, it is evident that the lowest common multiple of 2ab and 3ac, 
which is 6abc, must contain all the factors of 2ab and Sac, or it would 
not contain the quantities ; and it must contain no other factors, or else it 
would not he the lowest common multiple. 

CASE I. 

ISO. To find the lowest common mnltiple by fac- 
toring. 

1. Find the lowest common multiple of 12a'fcc' and ISa^bcP. 

SoLUTiOK. We firnt resolve the quan- operation. 

tities into their prime factors. 12a"6c* — 2 x 2 x 3a*. b . c* 

The lowest common multiple must ISa'^bcP = 2 x 3 x Sa\ b . cP 
contain ali the different prime factors, L.c.M-2x2x3x3a».6.c«.d« 
and no others (Prin. 3). All the dif- -360*60*^* 

ferent prime factors are 2, 2, 3, 3, 

a*, 6, c*, cP, whose product equals 36a'6c*cP. Hence, the lowest common 
multiple of the given quantities is 36a'6c'd*. 

Rule. — Resolve the quantities into their prim>e fact<yrs, and take 
the prodiust of all the different factors, usiyig each factor the greated 
number of tiroes it appears in either quaniiby. 

Find the lowest common multiple — 

2. Of 18a*6» and 24a»6V. Ans. 72a*6V. 
3 Of 24fia:»2* and 42aVy*». Ans. 168aVy"2*. 
4. Of \%a% 24a6V and 27a V«. Ans. 216a'*V». 
6. Of 2(a+a;) and (o»-ar*). Ans. 2(a'-«»). 
6. Of a(6 - c) and 6(6' - c*). Ans. ab{V - c*)- 
7 Of (a* V^ and a* lab^V. Ans. o" a^h-ah^'^lf 
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8. Of a*(a-«)andfl!»(a«-2»). ^rw. aV(a*-0. 

». Of 3a;»(2a - 1) and 4a:y(4a» - 1). Ans, 12x'y{M - 1). 

10. Of «*-y*anda»-y'. Ans. x*-x^-^a^y-f/^. 

11. Of 3a(a- 6),4a<5(a' - 6*)»6«*«(o ■»■*)• ^♦i*- 12ac««(a« - 6«). 

12. Of m'+2tiin+n' and wi'+n*. Ans. (m*+n')(w -♦•»). 

13. Ofo'~6»anda»+V. .4»m. a*-aP6+a6»-6*. 

14. Ofx-yandx^+y*. Ana, a^-z^-^xy^-j^. 

15. Of aJ*-y* and a^+2x"y'+y*. ilrw. a^+aY-aY-^. 

16. Of a*-6* and a*-6*. ^In*. a«+a«6»-aW-6". 

17. Of oc+od-t-ftc+ici and ao— a<i+ftc-6A 

-4»M.(o-f6)(c'^d»). 
CASE IL 

121. To find the lowest eonimon multiple when 
the quantities are not readily factored. 

The method will be readily understood from the following 
principle : 

Principle. — The lowest common multiple of two quantities 
equals either quantity multiplied by the quotient of the other 
quantity divided by their highest common divisor. 

For, let A and B be any two quantities, and let operation. 

their highest common divisor be represented by c, ^ = a x c 

and the other factors by a and 6, respectively ; then B^b x e 

we shall have the L.c.M.-ax6xc, Case I.; but L.c.M.-ax6xo 

A A 'a 

6xc-5, anda-- ; hence,L.c.M.-- x5. There- --xjB 

Q 

fore, etc. 

Note.— The lowest common multiple of two quantities equals their 

A Ax B 

product divided by their highest common divisor, for - x JB = • 

* ./ o c c 

EXAMPLES. 

1. Find the lowest common multiple of a* - 6* and a* - 3a6 + 26'. 

Solution. We first find the high- opkbatiok. 

BBt common divisor to be a - - 6. Then h.c. d. - a - 6 

the I., c. M. equals a* - b* multiplied by j^ ^ j^^ . (^i _ ^aj x ^'~3a& f26* 
the qnotient of a' — 3a6+ 26* divided ' a— 6 

by a-6, or (a»-6")(a- 26), which -(a*-6«)(o-26) 

8qnalBa»-2a*6~ri6«-«-26*. -«• 2rt*6 - •lA* -^ 26» 
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Rule, — I. Find the highest common divisor of the two quan- 
tities ; divide one quantity by it, and multiply the other quantity 
by the qv^tieJit, 

II. When there are more than two quantities, find the lowest 
common multiple of two of them, then of this multiple and the 
third quantity, etc. 

Note. — When the factors are apparent, the pupils may obtain the re- 
sult by the method of factoring. 

EXAMPLKB. 

Find the lowest common multiple — 

2. Ofa:«-a?-12and j;»-4x-21. A'M.7^-%7^-bx-^9A. 

3. Of2:*+&c+6anda:*4«2r-»-8. iltw. a:»+9a:»+2<>a;-H24. 

4. Ofa«+4a6 + 36>and a»-6>. Ans. a*+Sa^b-ab*-9b: 
6. Ofa«-a6-26«anda»-5a6+66*. ^rw. fli»-4a»6-^a6*+66». 

6. Of a»-aa;-2a?' and a'-^3ax + 2a:*. An». a'i-a^x-Aax^-Aa^. 

7. Of2a«+aa;-a;«and2a*-5ax-»-2a:*. Afu.2a*-3a*x-Zax^'i-2at^. 

8. Ofa:«+2a;-15anda;>-2x-36. ^iw. a:»-&r«-29a;+105. 

9. Of (a~6)(6-c) and (a-c)(c-6). Am, (a- b){b-c){o-a). 

10. Of ab—cus-^bc—b* and ac+6c — a6— c*. 

Ana. aJt^ - d}b + 6c* - 6'c -K a'c — a<^. 

11. Of a»+3a6 + 26»and a»-a6-66«. il/w. a*-lQ,b'-W. 

12. Ofa:>-aa:+3a;~3aanda:*-3a;-aa;-»-3a.^»M.-c*-ru:*-9a;+9a. 

13. Of r>-x-2, a;«+3a;-»-2, andx> + 5a;+4. ^Itw. a:* + 5x-*--20Ki;~16. 

14. Of6a»+a-2,2a*+7a-4,3a»~7a-6. 

Jln«. 6a*+7a»-73a«-14a+24. 

15. Of m"+7n+l, m'-m+l, andm*+m'-»-l. ^n8.m*+mHl. 



REVIEW QUESTIONS. 

Define Composition. A Composite Quantity. State the relation of 
Composition to Factoring. State the four theorems of Comportition. 

Define Factoring. Factors. A Prime Quantity. Quantities prime w 
each other. State each case. Qive the rule for each case. State tht 
three theorems of Factoring. , 

Define Common Divisor. Highest Common Divisor. State the cases. 
The principles. The rules. Define a Multiple. A Common Multiple. 
The Lowest Common Multiple. State the cases. The principles. The 
rules. 
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ADDITIONAL EXERCISES IN FACTORING. 

NOTSB. — ^1. If the firat term of a trinomial has a oo^lcient not a per- 
fect square, Uie first terms of the factore will be uneqiiaL Thus, 14a;'- 
lla?-15-(7a:+5K2a;-3). 

2. If one or both sfiuares are polynomials, as in Ex. 36 and 37, the 
method of Gase V. may still be employed. 

3. A trinomial of the form a;*+«y+y* may be factored by Case V. 
For if we add 7^* to the middk term, we have a perfect square ; and sub- 
tr8cting x^* that the value of the expression may remain UBchaa^^ we 
have («*+2a;V+y*)-a;y, or (x«+y«)«-a:«y". 

Resolve into feictor 



1. o' + 10a+9. 


24. 


a'-ie*. 


2. o'+7a'+6. 


26. 


«♦->*. 


3. oV+16a6+28. 


26. 


af-1. 


4. «y+9«V+20. 


27. 


l-26«i'. 


5. o*-20o'+100. 


28. 


a^-iey*. 


6. aV-20aA+91. 


29. 


o'-27. 


7. aY-22a;'y'+40. 


80. 


8«'-64y'. 


8. o«-23<^+120. 


31. 


27«'-1000j'. 


9. o'i*-53a*'+360. 


32. «V+«V. 


10. j;*y'+13xV-140. 


83. 


oV+64c'. 


11. a'+14a*-120. 


34. 


64e'+125y». 


12. o'6'+17a*-200. 


36. 


(a-iy-c*. 


13. «'y'+20a!jf-300. 


36. 


x'-Cy-*)'. 


14. aV+a'b-420. 


87. 


(a+6)' -(«+<!)•. 


15. ai+be-ae-l^. 


38. 


x'-y'-«'+2j». 


16. o'+o'+a+l. 


39. 


a'+iab-^+V. 


17. af-Sy-ajy+S**. 


40. 


aY-a*-2«W-*. 


18. 2a?-7«*-4«'+14a!. 


41. 


a^-4a'+4-4fc 


19. a*+4ab+20be+6ae. 


42. 


4_^_y._2e,. 


20. af+6y-2xy~fh*. 


43. 


«'+y*+ai+y. 


21. m'+7n»-7m'n-«n'. 


44. 


«*-/-»+* 


22. l+«!iy+9«y- 


46. 


/-^ 


2S. 1 l2ak*»Mh: 


46. 


9m^-4«**4«-L 
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47. 4«'+2axy+26y». 66. €^^a'b*^b\ 

4« ♦9a* + 112a»y-h64*\ 67. ar'^ + aY + y*. 

49. ikL'-a\ 68. 81 + W-»-6*. 

60. 15a«- 0-28. 69. 16a* -241a* +729. 

51. 2x*-^19x-^35. • 70. 16aJ*-^31x«y' + 49/. 

52. 40x"- 96x^30. 71. (^-23c"+l. 

63. 24a* +20* -66. 72. o*-12oV+46\ 

64. 144-216<^-i-81c*. 73. 15y* - 15«* - 16ay. 
66. 196-»^420a*6+226o*^*. 74. 7a*+60o6+76*. 

66. 64a*-40ax" + 626. 75. 2c»-5c*+6c-6. 

67. 2a*-3a6-2*». 76. a^-19aj-12. 

68. (a+6)»-i-(2a-6y. 77. a*+6a*-25. 

69. ae-cA^br -if. 78. a*^^3a*6+5a6* + 3A^. 

60. .%*-16«^ 86f». 79. 4a*-9o*-»-6a-l. 

61. 12a*-7i:»i-»-108«*. 80 m»-m*-3w+3. 

62. «»+7a!*-hiat 15. 81. «»-13a^+49x-45. 

63. x*+12x* + 40«+36. 82. ar» + 2aa*-»^6o'a:+4a*. 

64. 6a»-fl7a»-^20a+12. 83. x*+2a:»-7ir*- 8a;. 

65. a»-9a»+19a-35. 84. a:*-10a?-^36a:*-60afc 

85. 3a*-6a*-»-3** + 3aar~3^ 

86. a«-.^6*-a^-y'-2a6 + 2«y. 

87. a:*-2oa?+a'-6*-»-2^-y*. 

88. a*-a*-25-^6* + 2a»6* + 10o. 

89. c*d»~V + 8c+2a6cd + aV-16. 

90. 7a»+146y-7y*+7a^-76*-14aflB. 

91. wiV - a* - y + 2vin*x + nV - 2a*, 

92. I2elt-¥^''24c. 



- 'M^i^- 



93. 7y*+21a;y-H7a:'y + 21ay. 

94. 9y*-»-24/-f76y»-f80y-»-100. 
96. a:»+2a:y-i-y* + 10a»+10y3+26f". 

Xon.— In BbL 62. 18a;-10z-f 8z. In Ex. 69, add and subtnct 26€^. 



SECTION IV. 
FRACTIONS, 

139. A Fraction is a number of the equal parU of a unit 
I3«l. A Fraction in Algebra is expressed by two quantities, 
one above the other, with a straight line between them; as, 

a a-x 

- or 

t a-z 

1S4. The Denominator of a fraction denotes the number 
of equal parts into which the unit is divided. It is written 
below the line. 

ISti. The Numerator of a fraction denotes the number of 
equal parts taken. It is written above the line. 

136. An Entire Quantity is one that has no fractional 
part ; as, 2a', o + 6, etc. 

137. A Mixed Quantity is one that has both an entire 

..... 1 _. b 2ac 

and a fractional part ; as, o-f-» €tx • 

c m-¥n 

138. An Algebraic Fraction is usually regarded as the 

d 
expression of one quantity divided by another ; thus, - means 

a divided by c, etc. 



PRINCIPLES OF FRACTIONS. 

130. The Principles of Fractions are general laws show- 
ing the relation of the value of the fraction to its numerator 
and denominator. 

Prin. 1. Midtiplying the numercUor or dividing the denomi- 
naior of a fraction by any qtumtity nmUipHea the value of tht 
fro/dHon by that quantity. 

f ^s 
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If we mnltiplj the numentor of a fraction bj n, there will be n tunei 
SB many parti tiJceo, each of them the Bame size as before ; henoe, the v«mi# 
will be n times as great 

If we diyide the denominator bj n, the oniv will be diyided into l'4ith 
as many parts ; hence, each part will be n times as great ; and the same 
number of partR being taken, the value of the fraction will be n times a 
great Therefore, etc. 

Prin. 2. Dividing the numerator or multiplying the denomi- 
wilor of a fraction by any quantity divides the value of iJte fraa- 
turn by that qaantity. 

If we divide the numerator of a fraction by n, there will be only 1-nth 
as many parts taken, each of the same size as before; hence, the value of 
the fraction will be 1-nth as great 

If we multiply the denominator of a fraction by n, the unit will be 
divided into n times as many partA ; hence, each part wiU be 1-nth as great 
as before; and the same number of parts being taken, the value of the frac- 
tion will be 1-nth as great Therefore, etc. 

Prin. 3. Multiplying or dividing both numerator and denomi" 
nator of a fraction by the same quantity does not change His value 
of the fradHon, 

For, since multipljring the numerator multiplier the fraction, and multi- 
plying the denominator divides the fraction, multiplying both numerator 
and denominator by the same number both multiplies and divides the 
value of the fraction by that number, and hence does not change the value. 
In the Ranie way it may be shown that dividing boih terms doeR not chanj^ 
the value of the fraction. Therefore, etc. 

Prin 4. The value of a frax^ion is equal to the quotient of its 
numerator divided by its denominator. 



SIGNS OF THE FRACTION. 

ISO. The Sign of a fraction is the sign written l)efore the 
dividing-line, showing whether the fraction is to be added oi 
subtracted. 

Note. — ^Thia sign is sometimes called theapfmrenl ngn of the fractioa 
md the ngn of itn value, the r«fd ngn. 
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Prik. 1. Changing the sign of ike numeraUrr m derumwMUMr 
changes the sign of the fraction. 

For, this is the same as mnltipljiiig or dividing the fraction bj —1, 

which wiU change the sign of the quantity (Prin. 1, Art 129). Thai, 

a—x , -a-i-x a—x , 

f equals • or 1 etc 

+ a C4-2! —o—z 

Prin. 2. Changing the sign of both nvmerai&r and ienovrd' 
natoT does not change the sign of the frcustUm. 

For, this is the same as ronltiplying both numerator and denominator 
by — 1, which will not change the value of the fraction. (Prin. 3, Art 129.) 



REDUCTION. 

131. Reduction of Fractions is the process of changing 
their form without changing their value. 



CASE L 

13d. To reduce a fraetlou to its lowest terius. 

A Fraction is in its lowest terms when the numerator and 
denominator are prime to each other. 

^ ^ , SaVe . , 

1. Reduce to its lowest terms. 

Solution. Dividing both termn of the fraction by operation. 
the common factors, 4, a\ b* and c, we have it equal 8a'6'c 2a 

lo — (Prin. 3, Art 129) ; and this ip the lowest term of 12a»6'c« 3o 

3c 
the fraction, since the terms are prime to each other. 

Rule. — Divide both numerator and denominator by ihetf 
wmmon factors ; 

Or, Divide both terms by their highest common divisor. 

BXA1IIPL.BS. 

^ ^ , 15aV . , ^ ^ 

2. Reduce to its lowest terms. Ans. •—- 

2^a'x M 

^, Reduce to its lowest terms. Ans. •— -- 
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FRACmONS. 



4. Reduce rr^-r-r-: to ita lowest terms. 



6. Reduce 






to its lowest terms. 



6 Reduce to its lowest terms. 



7. Reduce 



to its lowest terms. 



2(ai-6) 

8. Rciluce — to its lowest terms. 

9. Reduce — - — - to its lowest terms. 



10. Reduce 






Ans. 
Ans. 
Ana. 
Ana. 
Ans. 



3a 
1 



to its lowest terms. Ans. 



2 
a-6 
o+l 
26 
2a^ 
3 

2c' 
3a' 
a;-3 



2a:»-^10aj+12 ' 2x+4 
11. Reduce : to its lowest terms. Ana. ■ 



12. Reduce 

13. Reduce 



«*+2aa;-8a* 
ar^-96*' 



to its lowest terms. Ana. 



x+2a 



a;+4a 



to its lowest terms. 
Ana. 



a:^+36* 



ic"-36" 



CASE IL 

i:ia. To reduce a fraelloii to an entire or mixed 
quanllly. 

1. Reduce to a mixed quantity. 

6 
Solution. The value of a fraction Ir e<inal to the opkratiom. 
quotient of the numerator divided by the denominator, cto-i-b b 

Dividing ao-»-6 by c, we have a for the entire part, and ^ "^"^ ^ 
- for the fractional part. Therefore, etc 

Rule. — L Divide the numerator by the denominator for tha 
entire part, continuing the division as far aa necessary. 

n. Write the denominator under the reTnainder, and awiex fh^ 
result to the entire part ii^h the prtyper sdgn. 
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KXAMPLfiS. 

2. Reduce to a mixed quantity. Ant. ac+ — 

e 

' 3 Reduce to a mixed quantity. Ans. 2x • 

a+x «+« 

a' -4c* . 3c* 

4 Reduce to a mixed quantity. Ana, a-t-o — - 



5. Reduce to an entire quantity. 

«-* iin«.3(o*+a{c+«*). 

«* — 2* 3«* 

6. Reduce to a mixed quantity. Ans. x-k-2z-¥ • 

7. Reduce to a mixed quantity. 

0+6 26* 

Aim, a* — ab+b* • 

a+i 

8. Re<luce — to a mixed quantity. Ans, 1 + 



9. Reduce to a mixed quantity. Ans. 1 • 

(«+«)» ^ -^ («+f)* 

CASE IIL 
134. To redoce a mixed quantity to a fraction. 

1. Reduce o+- to a fraction. 

X 

Solution. It is evident that 1 ——; hence a eqnalB 

X 

X ax ... ,, , o , ax o ® /-"* 

a times -t or — . which, added to - equals — + -. or * 

XX X X ^ etx etx-i^t 

ax+o — +-- 

. XX X 

X 

Rule. — MuUipiy the entire part by the denominator of the 
fractUm; add the numerator when the sign of the fraction is plus, 
$nd subtra^st it when the sign is minvs, and write the denominator 
under the result. 

NoTB. — When the »ifcn of the frH«*tion is minus, remember u change th« 
fUms of all the terms. 
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ICI.AMPCJfiS. 

11 — 8 la - S 

2 Reduce 3o+— -— to a fraction. Ana. 

2 2 

3. Reduce 2»+ — - — to a fraction. Ane. 

3 3 

t Reduce «+ to a fraction. Ans, 

a+aj a+rc 

Reduce o+c to a fraction. Ana. 

a-e a—e 

6. Reduce 4x to a fraction. Ana. 



4 



7. Reduce a to a fraction. Ana. 



a 



8. Reduce 4a+«+ to a fraction. Ana, 



a-x a-x 



9. Reduce 2a?-5 — to a fraction. Am. — ^^ — —-^ 



x-S aj-3 

_i ^ _f ^ 

10. Reduce a+« to a fraction. Ana. 



a--x 



CASB IV. 

135. To redoce fractions by changing factors from 
one term to anotlier. 

Principle. — Any factor may he iranaf erred from one term 0f 
4 fradion to the other if the dgn of the exponent he changed. 

This principle is readily proved by applying the principlee of Article 94 
1. Change the terms in the fraction --• 

BoLunoH. First, -r- - a* x — - ; 

<r €f a} \ 11 1 

1 1st -;- = a*x— -— — -x--— 

(wit a»-~4. (Prin. 3, Art W); o» c» a-« c« a Vr' 

h«Doe.«'yl^ — i-xi- L-. 2d. 2l_o.xl._a.yo •-««• • 
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Seuond, -— - a'x—-; but —r^f^'^l hence, a* x -~- a» x o •, or 
cr cr €r o* • 

Rule. — In tariffing a factor Jrwn one term of a fmetian to the 
other ^ change the dgn of vta exponent. 



i 
2, Change the terms in — -• Am. o'c "« •. 

3 Change the terms in — fr' A^ne. aVfhtK 

a~V 

QJI 

4. Change — - to an entire quantity. Ana. 3a"*J~V. 

ab 

6w Change to an entire quantity. Ana. (o - a?) (o +»)'*. 

a -\-x 

o r^ 3(a-f-c) 

0. Change _^ to an entire quantity. 

^" Ans. 3x5-Ha+cy. 

A(c - ^) 

7. Change ^ "^ to a simpler form. Ans. Kc^-oV), 

6c 

8. CTiange ^^ ^ to an entire quantity. 

^ ^y Ans. (a;-y)(a;+y)-\ 

9. Change -^^ to an entire quantity. Ans. a(b* - c*), 

10. Change — ^^ — to positive exponents. Ans. - — -• 

il. Change 7— ^^ to positive exponents. 

^ («-&)-'(« -y) ^ ^ , (a-*)' 

Ans. ^ ^» 

CASE V. 

136. To redoce fractions to a comnioii denomi- 
nator. 

137. Fractions have a common denominator when they haw 
the same expression for a denominator. 
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138. The LowcfSt Common Denominator of several frac- 
tions is the lowest denominator to which they may all be 
reduced. 

Pkin. ]. A common denominaior of several fradions ii a 
tonimon mvMple of their denominatora. 

For, when a fraction is reduced to higher termB, its denominator in 
noltiplied bj some number, and the common denominator to which 
teypral fractions are reduced must therefore be a multiple of each given 
denominator. 

Prin. 2. The lowest common denominator of several fractions 
is the lowest common multiple of tlieir denominators. 

For, since a common denominator is a common multiple of the denomi- 
nators, it is evident that a iowest common denominator is a lowest common 
multiple of the denomlnatoi-s. 

a c 

1. Reduce 7- and 773 to their lowest common denominator. 
be h^d 

Solution. The lowest common mul- operation 

tiple of 6c and b*d is b^cdy which is ^ ^ 

the least common denominator. Di- he ~b^* 'L.X^.^.^o cd 

▼iding 6*cd by 6c, the denominator of ,, , . .j «.• j r*-f 
the first Q-action, we find we must mul- 

.,.. ^a.^. , a aybd abd 

tiply both terms of -— by bd to reduce r"""T — HTT ""HT 

^ "^ 6c be bo X Od 6'cc/ 

it to the common denominator. Multi- ^ ^^^ ^i 

plying 
abd 



plying both terms of ;— by 6d, we have 6*d " b'd x c 6*cd 

6c 



, . Dividing 6*cd by 6*d, we have c. Multiplying both term» if 
o*cd 

Rule. — Find the lowest common multiple of the denominators, 
divide this by the denominaior of each fraction^ and mvMply *lu 
wameraUyr by the quotient ; 

Or, MvUiply both terms of eajch fraxHon by the derunriinatcTS of 
Oie other fractions. 

Note. — Fractions may be reduced to a common denominator 1-y mul- 
ttplying both terms of one or more fractions by such *q lantitieB as will 
nake the denominators eanal. 
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BXAAEPL.B8. 

Kedace to a common denominator — 

o a ^ J <5 A owi» M cm 

2 , — and Ans, » » 

mn m' wi»* mW mV wiV 

2a 36 ^ , 8a';c2 ^ahsi? 12es 



3 -— » — and — • Ans. 

Sx 4z ax" 12aa^9 12aa?z 12aa^» 

. 5 , 2ac . 3c*n' 10an» 8aV 

4. — » -— and — ^tm. 



4a 6c 3n' 12ac»' 12am' 12ac»» 

. 3 46' , 2ac , 18(» 16a6'2 6a*c 

o. r-T' z — : and — — Ana, 



%i\ Sac" 40*2 12aV2 12aV2 12aVf 

^ 0-6 a+6 , -, . 6c(a-6) 2a(o+6) 33aV 

a»(j Sac* 6aV 6aV 6aV 

^ ah he ed . o6(o+6) 6c(o-6) cd 

a 2aa; 3a2; . 4aa; 
8. -f — - and 



1 «+l a^-1 

Ana, 



rt a J a - 6 . a*c - oc* a' - ofl c(a - 6) 

9 a, - and Ana, —- » -» -^^ ^• 

c a-e e{a-c) c(a-c) o(a-c) 

10. .?LZ^ and -^ii-. ilna. (^"^^V -^?L±^. 
(a+c)» (a-o)» (a'-c»)' (a'-c«)« 

11. » and . Ans. -f -» • 

a-e o+c a'-c^ a*-c^ a^-t^ a*-c* 

12 -— --» and • 

a'+l a'-l a*-l 

o*-l a*-l a«-l 
6 



18 - — -=- and 



(a+6x6-c) Co-.6)(c-6) 



(o+6)(6-e) (o+6X>-«) 
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ADDITION. 

139. Addition of Fractions ib the process of finding the 
amplest expression for the turn of two or more fractions. 

Principle. — To be added, fracUona mud have a common dt^ 
^iominaJioT. 

For, Uiej then ezf*rem aimihur fractional unita, and onlj aimilar onitB 
can be united into one sum. 

€L h 

1. Find the sum of - and — 



SoiunoN. a divided bj n, plus h divided by n, equala 
(a+6) divided by n. 5+^ -£L±J 

n n n 

2. Find the sum of - and — 
n m 

Solution. Since the denominator are not alike, 
we must first reduce the fractions to a common . ^^ 

denominator. The common denominator is mn, — h — — h 

a , am ,6 , 6n n m mn mn 

- equals , and — equals ; ara divided a97i+&n 

ft vnti 71% tnn — 

by mn^ plus bn divided by win, equals (am-i-lm) ^^^ 

divided by mn. 

Rule. — I. Reduce ike froiiwMy when necessary, to iheir lowest 
common denomhiator, 

II. Add the numercUcrSy and write the common denominator 
under their sum. 

Notes. —1. Reduce each fraction to its lowest terms before addini;, and 
aliK) the result after addition. 

2. Mixed ijuantities may be added by adding the integral parts and 
uniting the sum with the sum of the fractions. 



OPKRATIOH. 



Find the sum- 


- 


S. 


"H- 




4. 


»rr 


d 

e 



. ad-¥be 
^"^ M. 



6. Of — + — + • -an*. 



n 



wn mV» wiS* 



,*• 



a 



6. Of -+-- f — Arm. *• 

X y z ^ 

7 Of--+o--- — Arm. 

S Sae 3ae 

2 2 

9. Of ^^-J-. Aru. ^^ 

m-\-n m-n m — » 

,0.Of-^.-i-. An..^^^. 

11- Of TT-^ + T^r^- -**^ *' 
2a-26 26-2a 

12. Of -^»^— and ^^^V.' 

2c ac ae ^ 



13. Of — ' and -— — — Am. — rr- 

2a; a*a; 2aV oV 

^.l + o ^l-« ^ 2(1 -HaQ 

14. Of -f— and -Arw. \ - 

l-o l+o 1-a 

15. Of ^--^.i^ and ^::^. iln..ft 

rry ys as 

fl;-3 2a-« , -, 2aa? - 3« 

16. Of 3a»+^^ and 4a*+-- Am. 7o'+ — 

3 , 2a tKi 

17. Of ^^ and ^- ^w*. 

Z + 1 «* + 2 « 

18. Of f^ and — — . i4n«. ^ ' 



1 



19 Of and Ant. . 

^^- ^ (a-*)(6-c) (a-6)(c-6) *-• 

0+6 i+c «+o J A 

Oft c>f ■ + + iitu. 0. 

(6 c)(c~o^ (0-0X0-6-) (o- *)(6 - 0) 
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SUBTRACTION. 

liO. Subtraction of Fractions is the procefls of findii.g 
the simplest expression for the difference of two fractions. 

Pbincipl£. — To be mbtraded, fraeti4m8 mud have a comTncm 
ienomintUor, 

For, they then exprem fumilar fractional units, and only similar uiiiui 
oan be subtracted 

1. Subtract - from -• 

n n 

Solution, a divide*! by n, muus b divided by «, ^ » 
equals (a— 6) divided by n. — 

2. Subtract - from — 

n m 

SotjUtioh. Since the denominators are not 

alike, we must first reiluce the fractions to a com- OPKRATIOH. 

mon denominator. The common denominator is ^ ^..f!!L — £!!L. 

a an .b bm j. ,, . u m n mn mn 

mn, — and - — ; an divided by mn» /»«_ /»«» 

m mn n mn* ^ ^ ^^ ^^ 

minus bm divided by mn, equals {an—bm) ^'^^ 

divided by mn. 

Rule. — I. Reduce the fractions, when necessary, to their lowest 
eomvion denominator, 

II. Subtract the numerator of the subtrahend from the numerator 
of the minuend, and write the eomnwn denominator under the result 

NoTKR. — 1. Reduce each fraction to its lowest terms before subtracting, 
at 1 alno the result after subtraction. 

2. Mixed quantities may be subtracted by subtracting the integral paj t> 
md uniting the difierence with the difference of the fractions. 

ICXA1IPL.BB. 

««»!_<' A od- be 

2 Frora - take -• Ans, • 

b d bd 

4. From — take — • Ans, -^ ^' 

n rm mn 

. „ 3ax . 4« . 9a*x-Hm 

5. From — take — • Awl 

2<?' 8ne 6«^ 



SUHIKAOTIOJN* H6 

6. Prom take • Am, 6. 

2 2 

7. Prom take Ans, — 

a a a 

8 Prom 5a'+^ take 3a'+?? ^n.. 2«'+?^-:^^' 

ae ax a/cx 

9 From4r ?Ltake2c-~^— -Aim. 2c- ^ 

a-3 a 

10. From take • Ans. 

a h 

IL From take -• Ans. 

a — b o + 6 

12. From take -- — -• Ans, 

a-b ar-b* 

13. From take Ans. ^ 

1-a l+o l-ar 

14. From take • Ans. -— 

x-1 aj + 1 «*-! 

15. From :: ■ take • Ans. 



o'-3a 
a* + 6' 


a6 
a' + 6' 


a' -6' 
a 


2a 



16. Find value of + : - Ans. 



a — x a-^z a'-a^ a-^x 

17. Find value of --^-z — tz—z — n- -^n*. 



a^b o*-*« o« + 6« a*-** 

18. Pmd value of - — - — - — —+- — 7-- Ans. 

l-2« 1^2* l-4«» 

19. Find value of - — —- - - — -- — —• Ans, - — 

20. Find value of /^^^Va+6)-f—-—V Ans.^ 

\m nj \ m n J % 
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BiULTIPLICATION. 

Fll. Multiplication of Fractions is the proceas of finding 
a product when one or both fiictors are fractions. 



CASE L 

lis. To multiply a fraction by an entire quan- 
tity. 

1. Multiply r by (J. 
b 

BoLunoN. SiDoe mnltiplyiiig the nnmentor of a frao- ofebatiok. 
don multiplies the yalne of the fractioQ (Prin. 1, Art. 129), a ^€»e 

tunes - eqo&ls — . 



2. Multiply ^ by *. 

BoLunoK. Since diyiding the denonunator of a frac- opxrattoh 
tion multiplies the fraction (Prin. 1, Art. 129), 6 times a , a 

-equals-. 

Rule. — Multiply the numeraior or dvdde the denominator of 
the fracHon by the mtUtiplier. 

Nons. — 1. The second method is preferred when the denominator Is 
divisible by the multiplier. 

2. It is often convenient to indicate the multiplication, and cancel eqoaJ 
bctora in numeraton and denominators. 



8. Multiply - by ti. Ana. — 



4 Multiply -— - by cd. Am. • 

trd t 

6. Multiply — — by 4i*. Ane. 

\jsem n4U 






»nTl.TIPtJ0ATIO». 
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6. Multiply ^5^ by W. ^'"•^^TT) 

2mx 



if(.a-x) 



7. Multiply -^^ by 2(m- »). -**"•«-« 

8. Multiply T^ by a' - «•. -4««- , _ ^ 



* **"»»piy?^T?^^''''^- 






10. Multiply — r by * - 1- •" 

a-1 

11. Multiply^by2a(«-1). ^"^ i;^;^^) 



CASE IL 
148. To niiiUlply an entire or fraetlonal qnantlty 
by a fraction. 

, ^ 6 

1. Multiply o by — 

SoLunoH. a multiplied by 6 U «6j h«o^a mul- opb^ti^. 
dplied by b divided by o U a6 diyided by o, or — • «><-- ^ 

2. Multiply J by ^• 

8oi.Tmo». f mnltipUedbyoi8^;liei»oe,|multl- ombaho.. 
pUedbyodiyidedbydmuBtbe^diyidedbyd.wliich ^x^"^ 

b 22 (Priiu 2, Art 129.) 



8oi,imoH2D. From Art. 136, Prin., I equaU o»»atioh. 

«6-.«d 5 equdBcd-S «id a6-> multipUed by |x^-a6-'xod-. 
ed-i eqni^ ooft-'d'. which, by Art. 136. Prin.. ,^-1^-1-^ 

is equal to — 
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Rule. — Afukipty the nvmaraiora together for the numeratof^i 
the denominators together for the den^ominator, canceling cofrwum 
factors. 

Notes. — 1. When there are common factors in the numeratora tnd 
denominatoiBi indicate the multiplication and then cancel the oummcn 
factors. 

2. If either fiu^r is a mixed quantity, reduce it to a fraction bef&n 
cin.iplying. 

BXAMPUBB. 

8. Multiply ~ by -. Ans.—- 

m n mn 

4. Multiply by • Ans, — • 

^^ Se ^ 2a e 

6. Multiply -— by -— -• Ans. - — • 

2n* OCT ban 

6. Multiply — by — • Ans. — • 

7. Multiply -^ by — . Ans. ^^ ^ 

8. Multiply — — by • Ans. — — • 

9. Multiply by • Ans. ■- — . 

4ax a-^-x 4ax 

la Multiply -^ by —. ^^--1^' 

n. Multiply ^^' by (2±|)L Jn.. a-- *•. 

a-^b a-b 

.« ^r ... 1 o, 26c . 2b(e- I) 

12. Multiply 0-- by - — iin«. — ^ — ^. 

oa o 

13. Multiply a+- by a--- ^rw. a*- — 

X » sr 

14 Multiply 4^ by i=L. .!«. ?2!(5jli^ 



16. Multiply — -— by — -• - Ans. — - 

(l-»-6)* 0+6 1 + A 

lb. Multiply ; p- by ; Ana. -f — -^ 

17. Multiply - + - by -+-• Ana. 2+— ;-^-- 

6 a a e ad be 

18. Multiply f and together. Ana. — • 

w+n m* m — n m 

19. Multiply ^ by i^. An.. (klfXllf). 

20. Multiply ^5^:-^, by -^^i^- ^n.. -^• 

21. Multiply -- — —- — — by -• Ana. 

22. Required the value of (-^ — -^] x /-^ — -^V 

\b-e b-ej \ar-b* ar-b'/ 

Ana. 1. 
28. Required the value of (^)(a-6)x(^^|(-l^y 

Ana. 1. 

DIVISION. 

144. Division of Fractions is the process of dividing 
when one or both terms are fractional. 

CASE L 

145. To divide a fraction by an entire qnautitj* 

1. Divide — by b, 


SoLunoH. Since dividing the numerator of a fraction 

^ OPBRATIOB. 

divides the fraction (Prin. 2, Art 129), to divide — hjb ^ ^ 

o — ^^_. 

•re divide the numerator by &, and have — 



8« 



IN) nuonoim. 



2. Dtride - by ». 



SoLunoii. Sinoe moltipljing the denominator of's 
fractioB difides the fraction, to difide - bj 6 we molti- 

|Mf the denominator by &, and have -—• ^ ^^ 

be 

Rule. — Divide the numercUor or multiply the denominator of 
As fraction^ by the divisor, 

NoTB. — It IB often oonvenient to indicate the diviaion and then cancel 
oommon lactori. 



8. Divide -- — by 2ax, Ans. -— - 

be be 

4 Divide — — by 4J^. Am, — - 

ad ad 

6. Divide^ by a.*. An,. '^ 
mn 

6. Divide by ore. Ane, -— — 

crb crVe 



3o ' ~ ""6oV 



7. Divide "'^'^ '^ by 2t^a. Atu. ~ 



8. Divide ^-^ by o(*+ 1). iln* ^ 

9. Divide "^^^ by o-Ca-J). ^n* ^^^^ 



10. Divide by (wf +<f«. Jin*. — ^^ ^ 



CASE a 

146. To dlTide au entire or a fractional quantity 
by a fraction. 

1. Divide o by - • 

6 

SoLunoH. a divided by h equals ^; but ainoe the oferatioh 

diviaor is b divided by e, the quotient must be o timea aa 6 oo 

treat, or— xo — -— oo 

h h 
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3L Divide 7 by -• 

a • 

SomnoH. r- divided by equ&Li - — (Prin. % krt OPXRAnoH. 
6 oxc - 

129) ; but since the diviBor Ib divided by d, the quo- ^-t -m.— — 

a J,., , b d bxe 

Ueiit must be a tunes as great, or ~ — x a, which equals ^ 

oxd ad "^c 

6x0 60 

SoLunoH 2d. From Art 135, Prin., --06-*, oPERiiTiOH. 

o 

and also ^-cd-»; a6-» divided by od-» equala r-^^-a6-*+cd-» 

oft-* , . , , od gft-^ ad 

———. which equals—-* * , , *r- 

By inspection, we see that the same result can be obtained by inverting 
the terms of the divisor and multiplying ; hence the following 

Rule. — Invert the terma of the diviwr and proceed as in 
mulHpli45aHon. 

Notes. — 1. When there are common fiictors in numerators and denomi- 
nators, indicate the operation and then cancel common £Eu:torB. 

2. If either term is a mixed quantity, reduce it to a fraction before 
dividing. 



8. Divide — by — • Ana. - — 

e a h*e 

4 Divide — by — -• Ana. -21 

ey xi^ ae 

5. Divide ~ - by - -;• Ana. ■- — 

6a^ ^ da*b 8x 

6. Divide (a-a:) by ^ , ' ■ Ana. — 

» r\' 'J («-*)' u ^""* A 4a*(a-«) 

7. Divide ^ ^ ^ by --— • Ana. — ^^- ^ 



3c " 4a« 3e 

8. Divide 3a+3 by — Ana, 



d X ad 

9. Divine a+- by o-i--»« Ana. 



ti e oD-i-il 
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10. Divide^ by ?fl. Ans.?^^^!^ 

11. Divide by — — • Ans, a(a - «). 

12 Divide^ by W. An.?^^^^> 

13. Divide -- — - by -• Am. 



a*-V •' a + 6 n\a-h) 



X 



14. Divide 1+ - by 1 - — • Ana. 

X ar fl?-l 

16. Divide 1+— by 1+—. ^iw. — 

16. Divide ^-- — 7" by --• Ana. - — • 

a'-l ^ a-\ (a+l)(«+2) 

17. Divide by ^ '-- • Ana. 



o(o-6) 

18. Divide — by — -• Ana. 1+— 

«+8 «+8 a; 

19. Divide ^Z^ by -r^^- Am. (r.- 3)«. 

20. Divide 1-^ by 1+—- iitw. 1-—. 

COMPLEX FRACTIONS. 

147. A Complex Fraction is one in which the Aumentoi 
or denominator, or both, contain a fraction. 
a 

1. Reduce — to a simple fraction. 

i crERAmm 

a 
SoLunoH. This complex fracdon may be legaraed ai 6 a o 

AQ ezpraanon of 7 divided by -* which eqnals -x- or - ^ ^ 

6 a o d 

aa 



be 



6 o 60 



CXiMFUEX FRAirnuNS. M 

Soi^onoN 2d Sii^ce moltipljing both terms of a frao- opbratiov. 
tlon by the same quantity doea not chan^ its value (Prin. a ^ 
8, Art 129), if we multiply both terma of the complex b ad 

fraction by the lowest common multiple of their denomina- ?. ka ^ 
tors, 6 and d, we will have the complex fraction equal to d 
ad 
bo' 

Rule — Dhnde the numerator by the denominaiorf as in dividon , 
Or, Mu&iply both terms of the eomplex fraction by the lowest 
mmiMon mvMpU of their denommaiors. 



2. Reduce — t<> a simple Atujtion. Ans, — • 

? ex 

t 

c" . . ab 

3. Reduce to a simple fraction. Ans. — • 

4ax 2«"a! 

be 
a b 

4. Reduce to a simple fraction. Ans. -r — - 

, I * 2a + 2 
1 + - 
a 

, 1 

( n 

6. Reduce to a simrle fraction. Ans. , - ^. • 

a 

6 Redace to a simple fraction. Ans, r 

a-^b 

X -^ y x — y 

7. Reduce — — - to a simple fraction. Ans, — f 

g'- y a-b 
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8. Beduoe 1 — — ^- toasimplefractioii. Atu. — -- 

a 

9. Reduoe to a simple fraction. Am. n-r i» 

n 

10. Reduce — to a simple fraction. An$. -• 

A ** a— 5 

a-2+ 

a-6 



VANISHING FRACTIONS. 
148. A Vanishing Fraction is one which reduces to the 
form -r when certain suppositions are made. 

Thufl, — f when « — 1, beoomee . or — So, alflo, » when 

x-1 1-1 a-x 

a— a;, beoomes equal to - 


Principle. — Vanishing frcustiana wrUain a common fador in 
the numerator and denominator, whiiA reduces to zero when a 
special supposition is made. 

ThuB, by fitctoring becomeH ^^; ^, in which the fiKStoE, 

a;— 1 35—1 

9—1, is rx)nimon to both terms, and is equal to when x^l. 

1. Find the value of when a - «. 

a-x 

Solution. If we snbstitate a for x, we opebatiok. 

wiU have I ; but factoring the numerator and «Ll£!.i«±£l(£^ 52 ^ 

a—x a—x 

dividing by the denonunator, we have the a+X'=2a 

fraction equal to a+x. Substituting the 

value of X, we have a4a, or 2a. Henee. the value of the given fruo- 
tion when a - z is 2a. 
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Rule. — Ckmod the common factor whiiA rcduoea to wero^ amd 
fihein make the supposition which reduced the fraetion to - • 

BXAMPliJfiS. 

2. Find the value of when x - 1. Aru, 2, 

x-l 

JC*- 1 

3. Find the value of when « - 1. Ans, 3. 

x-l 

^- o* 

4. Find the value of when « - o. -Ina. 3a', 

X- a 

6. Find the value of when «-a Ans. — 

s^-a* 2 

6. Find the value of when oj-o. Ans. 4a*. 

x-a 

7. Find the value of -- — f when oj-o. Ans. 0. 

x-af 

8. Find the value of when « - 1. An;s. 6. 

\-x 

9. Find the value of — ■ when a; - 3 Ans, -=- 

a^+4a?-21 5 

10. Find the value of when « - 1. Ans, m. 

1-aj 

af^ — a^ 

11. Find the value of when aj-o. Ans. na^~\ 

x-a 



REVIEW QUESTIONS. 

Define a Fraction. The Terma. Numerator. Denominator. A Mixed 
Quantity. State the principles. What is tlie sign of a fraction? State 
tiie principles of the signs. 

Define Reduction of Fractions. State the cases. The mle for each 
case. Define Addition. Subtraction. Multiplication. Divison. How 
many cases in each ? Give the rule for each case. How is a quantity 
changed from one term of a fraction to another 7 

Define a Complex Fraction. Give the rule for the reduction of complex 
fractions to simple fractions. Define a Vanishing Fraction. When doefl 
a fraction become a vanishing fnuition ? How do we find the value of t 
vaniflhine fra<^tion ? 



SECTION V, 
SIMPLE EQUATIONS. 

U9. An Equation is an expression of equality between 
iiro equal quantities. Thus, 2a;+4 - 20 is an equation. 

I«I0. The First Member of an equation is the quantity on 
the left of the sign of equality. 

I*il. The Second Member of an equation is the quantity 
on the right of the sign of equality. 

ItiS. A Numerical Equation is one in which the known 
quantities are expressed by figures ; as, Sa; — 4 - 17. 

1^3. A Literal Equation is one in which some or all of 
the known quantities are expressed by letters; as, 2a; — a — 6, 
or 0? - 2 - 6. 

Iti4. An Identical Equation is one in which the two menci- 
bers are the same, or will become the same by performing the 
operations indicated ;a8, 3a?+l — 3a;+l;or, 3a; + o-2a; + 2o+aj — a. 

ItSti. The Degree of an equation containing but one un- 
known quantity is determined by the highest power of the 
uskuown quantity. 

Iti6. A Simple Equation, or an equaJtUm of the first degree^ 
is one in which the first power is the highest power of the 
unknown quantity ; as, a;+a-6. 

1«I7. A Quadratic Equation, or an equation of the second 
ieq^eey is one in which the second power is the highest power 
of the unknown quantity ; as, a:*+ aa; - 6, or a;* - a. 

I«I8. A Cubic Equation, or an equation of the third degree^ 
is one in which the third power is the highest power of the 
unknown quantity ; as, re" + 4»* -»- 3a? - 8. 

Note. — ^The symbol — was introduced by Boberi Reoordt, who gave aa 
hiB reason for it that ''noe 2 thynges can be moare equally" than two 
parallel lines. 
96 
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TRANSFORMATION OF EQUATIONS. 

ltS9. The Transformation of an equation ifi the process 
of changing the terms without affecting the equality of the 
members. 

160. Equations may be transformed by means of the fol< 
towing axiomatic principles : 

PBJLKrCIPLSS. 

1. The same or equal qtuintities may be added to hoiK memhert 
%J an equation. 

2. The same or equal quantUiea may be svbtracted from both 
members of an equation. 

3. Bath memhera of an equation may be multiplied by the aama 
or equal quantities. 

4. Both members of an equatian may be divided by the same 
or equal quantities. 

5. Both members of an equation may be raised to the sams power. 

6. Both members of an equation may have the same root 
exbnuAed. 

161. In the transformation of equations there are two prin« 
eipal cases — 

1. Clearing of fractions ; 2. Transposition of the terms. 

CASE L 

162. To clear an equation of fractions. 

1 Clear ;r - ^ of fractions. 

4 3 6 

Solution. The lowast common multiple of the denomi- opekation. 
oators iH 12; multiplying both members of the equation by 3a; 2a; 6 
12, we have 9a:— 8a; — 10; hence, multiplying both mem- ir~"3""6 
bers of the equation by the lowest common multiple of the g _ ftr - in 
denominators dears it of fractions and does not change the 
•qaality of the members. (Prin. 3.) 
% 
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Rule. — Multiply both members of the equation by the lowest 
wmmon maltiple of the denomincUors^ reducmg fnu^Homffl terms to 
integers, 

NoTEB. — 1. An equation maj be cleared of fractions bj multipljiiig 
each term by all the denominators. 
2. If a fraction has the minus ai|pa before it, the sigms of all the terms 
f the aumerator must be changed when the denominator is removed. 

JSXAMP1.JBS. 

dear the following equations of fractionar: 

2. -+^-?- Ans. 3»+2a?-ia 
2 3 3 

3. f±+^«^> Ans. 8a;+9a;-10. 

3 4 6 

4 6 8 

5. ?^?.4_?. Ans. 3aj+«-24-2jB. 

2 6 3 

6. ?-o+6-^^- Ans. 2ar~6a+36-a+«. 

3 6 

7. -^-6-^ Ans. 2»-2a6 + 26«-a<j-*fl. 
a— b 2 

3 4 6 

9 J? ^-4. Ans, 2aa:-2^a;-3a»-36as-4a"-46\ 

a-\b a- b 

10 §izi„2-3o-\ An*. a«-4-2a~& 

a 

n. i±l_£zi. 3« . ^^ (,+i).-(,-i)«.ta. 

«-l «-h 1 or - 1 

2-? 

12. ^-=-r^ An* 8- ai-Sb-a 

i! 1 

B 
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«-8 « + 3' 



18. ?^-?-|-6f, ilna. 7C»+3y-7(»-3)*-48(«*-^»). 



CASE IL 

103. To transpose tlie terms of an equation. 

164. Transposition is the process of changing a term from 
«^De member of an equation to the other without affecting thi 
xjuality of the members. 

1. hi x-k-b'^a, transpose b to the second member. 

OPBBATIOV. 

Solution. Subtracting b from both members, which . 

does not affect the equality of the members (Prin. 2, . ^, 

Art. 160), we have a;— a— 6. ^ 

x^a—o 

2. In oa;- a - bx-^c, transpose a and bx. 

Solution. Adding a to both members and sub- ax-a^bx+e 
fcracting bx from bott members, which, according to a'^a 

Prin. 1 and 2, will not affect the equality of the ax^^bx-^a^^t 

members, we have CKC — 6aj — a+ a bx^bx 

ax—bx^a-^o 

In both of these examples we see that in changing a quantity from onA 
member to the other, the rign of the quantity is changed ; hence the follow- 
ing role. 

Bule. — A term may be transposed from one member of an egu<k 
Hon to the other, if <U the same time, the sign be changed. 

BXAMPLKS. 

In the following examples transpose the known terms to the 
second member and the unknown terms to the first member : 
8. 2a?+tf-o. -Irw. 2«-o-«. 

4. 8a;-2-a?+4 ^rw. 3«-a;-4+2. 

5. 5«+6-8a;+a. Ans.bx-^'-a-b. 

6. 3a~26-6a!-a«. ^rw. oa: - 6aj - 26 - 3a. 

7. a'-a*fl:-an-8a;', Ans. - 3a;* ~ o'oj - an - a*. 

8. a«*+5ae- 2a-e«. ilrw. oo* - «b - 2a - 5ao. 

3 8 8 2 
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SOLUTION OF SIMPLE EQUATIONS, 

CONTAINING ONE UNKNOWN QUANTITY. 

16«l. The Solution of an equation is the process of finding 
Ihe value of the unknown quantity. 

166. The Root of an equation is the value of the unknown 
quantity. 

167. To Verify the root of an equation, we substitute its 
value for the unknown quantity and reduce the members to 
identity. The equation is then said to be aaasfied. 

Note. — ^The solution of an equation is often called the ret2ii«lion ^ <Afl 
mmUum, To reduce an e^ucUian is therefore to solve it 

CASE L 

NUMEBICAL. EQUATIONS. 

1. Find the value of x in the equation 3aj— 4-12— «. 

Solution. Traris^iosing the unknown terms to the oferatiov. 

first member and the known terms to the second mem- Sx— 4— 12— x 

ber, we have 3a; -Ha; — 12+4; uniting the terms, we 3a;+a;»12-h4 

have 4a; — 1 6 ; dividing by the coefficient of x, we have 4x — 16 

»-4. a?-4 

Verification. Substituting for x its value in the vixifigatiok. 

givenequation, we have 3x4 — 4- 12—4; reducing, we 8x4--4"«12— 4 

have 8 «8 ; and since this is an identical equation, the g.g 
root is verified. 

X U \ X 

2. Find the value of a; in the equation o^Z"!^"^^' 

2 6 2 6 

OPERATIOH. 

Solution. Clearing the equation of fractions by mul- ^ __ ^ ^ * 

tiplying by 6, we have 32:-5=-3+a;; transposing the 2 c" 2 6 

terms, we have 3a;— a; — 3+6; uniting the terms, we Sa; — 5— 3-f j 

have 2a; — 8 ; dividing bj the coefficient of x, we have 32^ — jp. 3 ^ § 

»-4. 2a;- 8 



Verifigation. — Substituting the value of a; in the 
equation, we have t — t - I ^ i ; reducing, we have t " J > 
and since this y» an identicAl equation, the root k 
w^\fifd 



YEBmOATIOH 
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Rule. — ^L Clear the equation effractUmSf if neeeaaary. 

n. Transpose the unknown terms to the first member of ihe 
eqiuxbUm and the hnmon terms to the second member, 

III. Redv/ne each member to its simplest form, and divide boA 
members by the eoefficient of the unknown quantity. 

To verify the result : Substitute the value of the unknown qwm^ 
tUy in the equation, and if the members are identusal the result ii 
eorreeL 

Notes. — 1. Tt is sometimeR advantageon? to tnuiKpofle and mak« some^ 
redactions before clearing of fractionR. 

2. When the coefficient of the unknown quantity is negative we may 
multiply both members by — 1, or divide by the negative coefficient 

BXAMPIiBS. 

3. 6iv6n42;+6-2:e+10, tofinda;. Ans.Z''^ 

4. Given 5a:+4 - 2x - 10+«, to find «. Ans. « - 3. 
6. Given 18 - 3a? - 5a; +2, to find x. Ans. as - 2. 

6. Given 7a;+6 - 5a;+ 14, to find x. Ans. a? - 4 

7. Given 4a;- 17- 4a?+ 13 -6a;, to find*. Jtw. aj-5. 

8. Given 2a; - 12 - 5a; - 30, to find x. Ans. a;-6. 

9. Given 6a? + 16 - 9a; - 5, to find a?. Ans. a; - 7. 

10. Given -+ - - 5i+4|, to find x. Ans. a; - 12. 

^ o 

11 Given + - - 2, to find a?. Ans.X'^7^ 

3 4 6 

12. Given --^ +3-.?4.4f, to find a?. Ans. a;-12. 

13. Given ^+v-^+lA. to find «. Ans. «-2. 

5 6 5 

14 Given —- — - — -11^, to find a?. Ans. a?-7. 

7 4 6 

16. Given i(x+V) - Z(x+2), to find a. Atu. » - 2. 

1«. Given ^+^i-^-10,t. find ft ^w.«-U 
3 6 2 
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17. Given ^-tJ^ ?-4 .iZ^, to find «. Ans. «-3A 

2 8 4 

18. Given a;+^^-12-^^^. to find «. Ans. a5-5. 

3 2 

19 Given ^^+5-12-^^. to find «. Ana.it^l4^ 

3 2 3 • 

80, Given ?^-?^-?^+i, to find*. AnB.Z'2S. 
2 3 12 * 



CASE EL 

LITEBAL EQUATIONS, 

1. Given oaj+fta? -ac+^, to find x. 

OFSRATION. 

Solution. Factoring both memberR of equa- ax + 6x — oc + 6c (1) 
ton(l), we obtain equation (2); dividing by (a+6)a;-(a+6)c (2) 
ta+ 6), the coefficient of x, we obtain a; — o. /gv 

BXAMPIifiS. 

2. Given aa;+ 6a; '^an-^huj to find «. ilrw. a; - ». 

0+6 

4. Given waj-c -nu—a;, to find x. Aim. a;-c 



3. Given aa;+ d - c — 6a:, to find a?. ilrw. x « 



6. Given m«-n-n*+m, to find x. Af,». x-"!!^^' 

6. Given rMj+m-ma;+n, to find a?. ^tm. a? — 1. 

7. Given aa;+6--+-» to find a;. Ans. *"77~r~7r* 

a 6 6(a" - 1) 

Q/^. a« «xi!j ^ a»(6-a) 

8. Given — t ; ; f to find x. Am. x - — ^^ 

a 6 -a 6 + a 6(6+a) 

9. Given --: — - 1 - -» to find x, Ans. » -- 



1 + aj e 2e-l 

10. Given aj+a- » to find a, ^n«. « - --• 

a f « 2 
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11 Qivoii («+»)(&+«)- a(6+fl)- — •fjB'yto find «. 

Ana, «""r' 

12. Given + , to find x. 

a-x e-x a-x o6+2Ac + a« 

Ans. z — — 

e+36 

SPECIAL ARTIFICES, 

168. The solution of a problem may often be abridged by 
the use. of particular operations, called Ari^lcea, 



CASE L 
1<I9. rnitlng terms before clearing of fractions. 

1. Given ~ + 12-?^ + 15, to find*. 

6 4 OFERATIOK. 

427 Sx 

SoLunOH. Transposing the 12 and uniting — +12-— +16 (1) 

the terms, we have equation (2); clearing of a^ o 

fractions, we have equation (3) ; transposing and — « — +3 (2) 

uniting terms, we have »; — 60. ^ ^ 

16a;-15a;+«0 (8) 

a;-60 

KXAMPLKS. 

2. Given 2aj-4--+2, to find «. Am. x-^ 
8. Given |-6+| «^+2, to find «. Am. «-12. 

4L Given -- + —-lf—--+17i to find*. ^««. «-20, 
4 5 5 

flS 2 ~~ th it/v' 

5 Given o-2a, to find a?. Am, x^ 

o 3 3-0 

2* 3a; 

« Given ---34 + 13-13H-V' to find*. -Int. a;-8, 
o 4 

7 Given ----4J+o-a+-+l, to find*. iltu. «-10. 

4 5 

8 Given 2a«+3m~^-aa;+2m+|«a;+n, to find 0. 

. »- m 
iinc »-^ 

• -a 
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9. 6iven3a«-26«-i«-4maj-|«+|»ia?-n-te+2oa?,iofindn 

A e — n 

Ans. a? — • 

a - 6— m 

CASE II. 
J70. Indicating some of the operations. 

1. Given -+7+- -47, to find z. 

3 4 5 

Solution. We multiply both mem- OFERATTOir. 

bers by 60, the lowest common multiple of x z x ^„ ^^ 

the denominators, indicating the operation 3 4 5 

in the second member, and obtain (2) ; re- 2Qa;+ 15x + 12x— 47 x 60 (2) 

ducing, we have (3) ; dividing by 47, we 47a; —47x60 (3) 

have (4). a; -60 (4) 

BXAMPLfiS. 

2. Given -+-+--26, to find z. Ana. a; -24. 

2 3 4 

z z z 

3. Given -+-+ — -45, to find z. Ans, a? -60. 

2 6 12 

4. Given iaj+^rc+^rc - 42, to find as. Ans. a; - 60. 

5. Given 3a;+ — +-— - 54, to find as. Ana, a; - 12. 

3 6 



CASE IIL 

171. SnbHtitntlni; some otber unknown qnantity 
for a oouimou expression. 

« + 2 
1. Givena!+2+3(aj+2)---— + 15, to find a:. 



OPERATION. 



Solution. Let y represent aj+2; 
■nbetituting y for a; +2, we have equa- 
tion (2) ; uniting terms, clearing of frac- 
tions, etc., we have the equation 2^ — 4; 
iNit^ — a;-V 2 ; hence a; -^ 2—4, from whieh 
webaves-S. 



a!+2+8(«+2)-5J^4l« 


(1) 


y+8!y-^+i8 


m 


^-^+15 


(«) 


y-4 
.•.x+8-4 

x-iAm. 


(4) 
(6) 
(«) 
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« ^. a? + 4 3(a; + 4) 4(» + 4) , , ^ ^ , 

3. Given -h-^^~- — - — ^--—^ + 4^, to fine «. 

2 4 5 

4. Given *-^+-^^^f-^-K«-5) + 14, to find «. 

3 4 



2. Given fl;+3+2(fl;+a)-18, to find a^ AnA. as-S. 

iltw. a? -5, 

Ans. a; - 65. 

- ^. 2aj + 4 a?— 3 a; + 2 «, , ^ , - oo 

5. Given --^— + 31, to find as. ^n<.a;-23. 

3 4 3^ 

^ ^. a; + c 3(a;+c) ,, x ^ c j >i « 

6. Given ^^ ^"i(*+e)-c, to find x. Aim. a?--* 

3 4 3 

CASE IV. 

173. Separatluf^ and nuUiufi: tferuis before cleao-* 
liig of fraclioiii4. 

. ^. 5« + 4 6a?- 8 lOaj-5 3 , ^ , 

1. Given — ;: - — -, to find a^ 

4 5a?' 20 8 8 

OPERATION. 

6a?+4 6a?- 8 10a?- 5 8 .- 
Solution. — Separating the terms, 4 6a?— Zo" 8 8 

we have equation (2); transpofling bx ^ 6ag— 8 10a; 5_3 .^. 
and reducing, we have equation (3) ; 4 6cc— ZO^s'^S 9^ 

clearing of fractions, we have equa- 6:r— 8 

tion (4) ; transposing, uniting terms 6x— 20 

and dividing by 4, we have equ»- Iftc— 40— 6ic— 8 (4* 

•ion (6). 4a? -32 (6) 

a?-8 (6) 

Note. — Considerable labor is saved by this artifice. Let the pupil 
jolve tlie problem by the ordinary method and observe the diflference. 

^ ^. 7-9a? 12-4a? 15-6a? 7 , . , 

2. Given » to find a?. 

12 5-3a? 8 24 

Ans. a? - 2f . 

^ ^. 6a?-15 10a?-17 4a?- 15 2 ^ ^ , 

8 Given — -1- — » to find a?. 

9 15 3-2a; 15 

Aim. a? -4}^ 

. ^. a?-16 17-4a? 5a; 4-26a? 3a? 

4. Given —-- — » to find x, 

18 9 7 32 -17a? 14 

AnB. s»4. 
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PROBLEMS IN SIMPLE EQUATIONS. 

173. A Problem is a question requiring some onknowo 
leBult from things which are known. 

174. The Solution of a problem is the process of finding 
the required unknown result. 

179. The solution of a problem in Algebra consists of two 
distinct parts — 

1st The formation of the equation ; 

2d. The solution of the equation. 

176. The Method of Solving a problem cannot be stated 
by any general or precise rula The following directions may 
be of some value: 

1. Represent the unknoton quantity by one of the fined letters of 
the alphabet. 

2. Form an equaUon by indicating the operations necessary to 
^^erify the result were it knoivn. 

3. Solve ihe equation thus derived. 

Note. — The formation of the equation iB called the eoncreU part of 
4ie solution ; the reduction of the equation the abstract part. The first part 
IB alBO called the ttatement of the problem. It is merely a translation of 
the problem frara rommon into algebraic langua^ipe. 

PROBLEMS, 

CASE L 

1. A &rmer bought a cow and a horse for $375, paying 4 
times as much for the horse as for the cow ; required the cost 
of each. 

.Solution. Let x represent the cost ofkration. 

of the oow ; then, since he paid 4 times Let seethe cost of the oow. 

as much for the horse as for the cow, 4x Then 4a; "the oost of the- hone, 

will represent the cost of the horse ; and x+4x— 375 (1) 

since both cost $375, we have the equa- 6x— 375 (2) 

tion a;+4a; - 375 ; unitmg the terms, we jt-75^ cost of oow. (8) 

haye 5a;-375; diyiding by 5, we have 4dB-800,oortof hone. (4) 
s»75; and mnltipljing by 4, we haye 
te - 800 H«n««, thp oow mst $71, and the horse $300. 
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2. The income of A and B for one month waa $1728, and 
B'6 income was 3 times A's ; required the income of each. 

Ans. A's,$432; B's, »1296. 

3. A tree, 96 feet high, in Mling broke into three unequal 
parts ; the longest piece was 5 times the shortest, and the other 
was twice the shortest ; required the length of each piece. 

Am. 1st, 12 ft. ; 2d, 24 ft. ; 3d, 60 ft. 

4. Divide the number represented by a into 3 parts, such 
Aat m times the first part shall equal the second part, and n 
times the second part shall equal the third part. 

a ma mna 



Ans* 



1+m+mn' 1+m+mn' l+wi+wm 



CASE IL 

1. A boy bought a book and a toy for $2.25, and the toy eost 
I as much as the book ; required the cost of each. 

OPERATION. 

SoLtmoN Let X represent the coet of j^^ x-coet of book, 

the book; then wm fx represent ihe cost j hen jx-oost of toy. 

of the toy; and aince both cost $2.20, we j -— 

have the equation a;-fSaj- 225. Clearing ^'T^' ^f. Jox 

of fractions, we have 3a;+2x = 675 ; uniting kJ^^-r (S\ 

the terms, we have 6a; = 675, from which "*,«.^ _x ^ i t_ 

-„c J 2 oA XT * a? •=135, cost of book, 

a;-135,andix-90. Hence, etc f^-W. cost of toy. 



2. A watch and chain cost $350 ; what was the cost of each 
if the chain cost f as much as the watch ? 

Am. Watch, $200; chain, $150. 
8. Divide $2782 among Harry, Harvey and Hinkley, so iha 
Barry may have | as much as Hinkley, and Harvey | as 
much as Harry. 

Am, Harry, $856; Harvey, $642; Hinkley, $1284. 

4. Divide the number a into 2 parts, so that — of the first 

m 

part shall equaJ the second part. • Ans. ; • 
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CASE in. 



1. A man weighs 27 lbs. more than his wife, and the sum of 
Iheir weights is 313 lbs.; required the weight of each. 

Ana. Man, 170 lbs.; wife, 143 lb& 
2b An angler's pole and line measure 28 feet, and f of the sum 
obtained by increasing the length of the pole bj 12 feet equali 
the length of the line ; required the length of each. 

Ana. Pole, 12 ft.; line, 16 a 
8. The sum of 3 numbers is 215; the first equals twice 
the seoond, increased by 15, and the second equals | of the re- 
mainder of the third diminished by 20 ; required the numbers. 

Ana. 1st, 95 ; 2d, 40 ; 3d, 80. 
4. Divide the number a into 2 parts, such that the second 
part shall equal m times the first part, plus n. 

Ana. 1st, : ; 2d, 

1+m l+i» 



CASE IV. 

1. A gentleman gave 6 cents each to some poor children 
had he given them 9 cents each, it would have taken 48 centi 
more*; how many children were there? 

SoLunoK. Let x equal the num- 
ber of children ; then &x will equal operation. 
what he i^ave them, and 9x will Let a;"number of children; 
equal what he would have given then 6a? — what he gave them ; 
them by giving them 9 centa each, and 9a; -wh at he would have giveo 
Then, by the conditions of the prob- 9a; — 6a; — 48 (1) 
lem, we have the equation 9a;— 6a; 3a;— 48 (2) 
— 48; uniting the terms, we have a;— 16 (3) 
8a; — 48, or a;- 16. Hence, there 
were 16 children. 

2. A man gave some beggars 10 cents each, and had 75 centa 
remaining ; had he given them 15 cents each, it would have 
taken all his money; required the number of beggars. 

Ana. 15 beggars. 
8. A lady gave 60 cents to aome poor chUdren ; to each boy 



PR(>BL£M8. 109 

she gave 2 cents, and to each girl 4 cents ; how many were there 
of each, provided there were 3 times as many boys as girls? 

An8,h girls ; 18 boys. 

4. A and B bad equal sums of money ; A bought sheep at 
f 12 each, and had $40 remaining ; B bought twice as many 
lamlm at $8 each, and wanted $40 to pay for them ; how much 
did each invest? Aiia. A, $240 ; B, $320. 

5. A man gave a number of beggars m cents each, and had 
oeats remaining ; had he given them n cents each, he would 
have had b cents remaining ; how many beggars were there, and 

what was his money? Ana. Number, ; money, • 

CASE V. 

1. A can do a piece of work in 6 days, and B in 8 days ; in 
what time can they together do it ? 

Solution. Let x equal the time in opebatiok. 

Let X'the time; 
which they together can do the work; ^^ 

-«what both do in 1 day; 
then - will equal what they both do in a * 

X ^ B what A does in 1 day ; 

day ; but A does i of it, and B } of it, in ^« what B does in 1 day ; 

nday; hence, | + |--; from which we ^^ 6"^8"«' 

find ^.8» dayB. x^^^d^jn. 

2. A pound of tea lasted a man and wife 3 months, and the 
wife alone 4 months ; how long will it last the man alone? 

Ana, 12 months. 
8 A can build a wall in 20 days, B in 30 days, and C in 40 
^ys ; in what time can they together build it Am, 9^ days. 

4. A can paper a room in J of a day, B in ^ of a day, and 
C in J of a day ; in what time will they do it working together? 

Ana, i of a day. 

5. A can do a piece of work in a days, B in 6 days, C in o 
dftys ; in what time can they perform it if all work together ? 

Ana. r- days, 

ah *^ <iv 1- or 
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CASE VL 

1. A man leceives $4 a day for hia labor, and forfeits $2 each 
day he is idle, and at the end of 30 days receives $60 ; how 
many days has he worked ? 

SoLtrrioN. 

Let X « number of working dayi^ 

and 30 — a; — number of idle days ; 

then, 4a;— sum earned, 

and(30-ar)2"8a m forfeited. 
Tlien, 4a; -2(30 -a;) = 60 

whence, a; »« 20, number of days he worked, 

and 30— a; « 10, number of days he was idle. 

2. Fannie James agreed to carry 12 dozen eggs to a store foi 
\ cent each, on condition that she should forfeit 2\ cents for 
each one she broke; she received 26 cents; how many were 
broken? Ans. 4. 

3. Francis receives S2.50 a day for his labor, and pays 50 
cents a day for his board, and at the end of 40 days has saved 
$50 ; how many days was he idle ? Ans, 12. 

4. A man receives $a a day for his labor, on condition that 
he forfeits $b each day he is idle ; at the expiration of n days 
he has received $c ; required the number of working and idl^ 

days. An8. Working days, -; idle days, -• 

CASE VIL 

1. The head of a fish is 10 inches long, the tail is as long a^ 
the head, plus } of the body, and the body is as long as the 
bead and tail both ; required the length of the fish. 

Solution. 
Let a; -> the length of the body, 

and 10+--the length of the taiL 
2 

Then, a;- 10+|+10, bj the last oonditioii; 

whenov. -^ Uh ihi^ Iftngtb of the body. Mo. 
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2. The head of a whale is ^ as loug ua the tail, plus 3 feet ; the 
tail is i afl long as the body, pluB 4 feet; and the body is twice as 
long as the head and tail ; what is the length of the whale? 

Aw. 108 ft 

3. The artillery of an army corps consisted of 60 men less 
than ^ of the cavalry ; the cavalry consisted of 2040 men more 
than the artillery ; and ^ of the infantry was 370 men less than 
the cavalry ; how many men were in the corps? Ans. 19,500. 

4. The head of a fish is a inches loug ; the tail is as long as 

the head plus 1-nth of the length of the body ; and the body is 

as long as the head and tail ; what is the length of the fish ? 

. 4an 
Ana. • 

CASE VIIL ^"^ 

L How far may a person ride in a coach, going at the rate 

of 10 miles an hour, and walking back at the rate of 6 miles 

an hour, provided he is gone 8 hours ? 

Solution. 
Let X — the dlBt&nce he goes; 

X 

then — — time in going, 

and J °- time in returning. 
6 

Then— -H?- 8, etc 
10 6 

2. A Steamboat, whose propelling rate in still water is IS 
miles an hour, descends a river whose current is 3 miles an 
hour ; how fieur may it go that it may be gone but 10 hours ? 

Ana, 72 milea 

3. An equestrian rides 24 miles, going at a certain rate. He 
walks back at the rate of 3 miles an hour, and is gone 11 hours. 
At what rate does he ride ? Ans. 8 miles an hour. 

4. How fiur may a person ride in a stage-coach going at the 
rate of a miles an hour, provided he returns immediately by 
lailroad at the rate of e miles an hour, and is gone n hours? 

. acn 

Atu. -• 
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5, A steam-packety whose propelling rate in still water Is a 
miles an hour, descends a river whose current is e miles an 
hour ; how fiur may it go that it may be gone n hours? 

Ans. (?^-. 
2a 

CASE EC 

1. Eight men hire a coach to ride to Lancaster, but by taking 
in 4 more persons the expense of each is diminished by 1} ; 
what do they pay for the coach ? 

Solution. 
Let X — the sum to be paid ; 
then — > share of each by 1st oonditum, 

X 

and — > share of each by 2d oondition. 

TT X X S 

Hence,-—--. 

2. Fifteen persons engage a yacht, but, before sailing, 8 of 
the company decline going, by which the expense of each is 
increased $2^; what do they pay for the yacht ? ' 

Ans. $150. 

3. A company of 15 persons engage a dinner at a hotel foi 
$15, but, before paying the bill, a number of them withdraw, by 
which each person's bill is augmented i^; how many with- 
draw ? Ana, 5 persons. 

4. A number of persons, n, hire a coach to ride, but, by 
taking in m more persons, the expense of each is diminished 

a iollars; what do they pay for the coach? Ana. ^» 

m 

5. A number of persons, n, chartered a steamboat for an ex- 
ccrhion, for which they were to pay $a; but, before starting, 
several of the company declined going, by which each person's 
share of the expense was increased $6 ; how many persons went 
and how many remained ? 

Ajis, Went, — ; — ; remained, ■ • 

a-h6n a-^hn 
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UA8E X. 

1. A, at a game of chess, won $120, and then lost ^ of what 
he then had, and then found he had 3 times aa much as at firit * 
now much had he at first ? 

SoLunoN. 
Let a;— the sum at first ; 

then }(a; + 120) - 3a?, etc 

2. A person being asked his age, said that if his age were 
increased by its f and 2f years, the sum would equal 4 ^imes 
his age 13 years ago ; what was his age? Ana, 21 yrs. 

3. A merchant lost $1400 of his stock, and the next year 
gained | as much as remained of his stock, and then had f ax 
much as at first ; what was his original stock ? Ana, S2400. 

4. A, having a certain sum of money, found a dollars, and 
then lost 1-rtth of what he then had, and then found he had m 
times as mu(;h a« he had at first ; how much had he at first ? 

mn-n-^1 
CASE XL 

1. If 80 lbs. of sea water contain 2 lbs. of salt, how much fresh 
water must be added to these 80 lbs., so that 10 lbs. of the new 
mixture may contain i^ of a pound of salt ? 

Solution. 
Let ar"« num ber of poondB to be added. 
_2 2- 

or »— 40. Ane. 

.2. In a mixture of silver and copper consisting of 60 oz. tliere 
are 4 oz. of copper ; how much silver must be added that there 
may be f oz. of copper in 12 oz. of the mixture ? Ana, 12 oz. 

3. In a mixture of gold and silver there are 6 oz. of silver ; 
and if 56 oz. of gold be added, there will be 10 oz. of gold to | 
OS. of silver ; how much gold was there at first ? Ana. 94: oz. 

,NoTB. — Id No 2, let a;» no. of oe. to be added ; then 4-i- (60+aj) — } -i-13t 
Ed No. 3, let 2;"D0. of os. of gold at first; then 6-i-(a;-f 56)-f -i-lO. 
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4. InaxniztQje of sUver and copper there are 4 oi. of oopperi 
and if 12 ox. of silTer be added to the mixture, there will be 12 
OS. of the znixtore to | oz. of copper ; how many ounces in the 
mixture? Ans, 60 oz. 

NoijB. — Let X «- no. of oances of the mixture ; then 4-«-(a;+12) — |-i-]2. 

5. If a Ibe. of sea water contain b lbs. of salt, how much salt 
most be added so that m lbs. of the mixture may contain n Iba. 

of Bait? Ana. 

m — n 

CASE XIL 

1. Two men, A and B, in partnership gain $300. A owns | 

of the stock, lacking S40, and gains $180 ; required the whole 

■took and share of each. 

SoLunoH. 

Let x— thestook; 

2x 

then, -- — 40- A'8 stock, 



Then 



Hence, -^ — j 

8 
from which we find a;-600, the entire ^Uxk» 

2. C and D in partnership gain $820; C owns $12,750 of the 
stock, and D's gain is $565 ; required the amount of stock that 
D owns. Ans. $28,250. 

3. Two men engage to build a boat for $84 ; the first labcm 
6 clays more than ^ as many as the second, and receives $48 ; how 
many days does each labor? Am. Ist, 8 days; 2d, 6 days. 

4. Two men, A and B, in partnership gain $a ; A owna 1-nth 
of the stock, lacking $6, and gains $c ; lequired the entire stock 

and share of each. Am. fttock, — 



ukd 


5- 


-B'BHt^k. 






800 -Kx- 


300 ^ 
• -gain on fl. 


l20*(|+40). 


1^^ 


on$L 


s 


300 

X 


120 
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CASE xm. 

. 1. What time of day is it, provided \ of the time past mid- 
night equals the time to noon ? 

Solution. 
Let a;— the time past midnight^ 

and -- =» the time to noon. 
3 



Then, a;+--12,etc; 

2. What is the time of day, provided f of the time past mid- 
aight ecjuals the time past noon ? Ana. 9 p. m. 

3. What is the hour of day when -f of the time to noon equala 
the time past midnight? Ans. 4^ a. m. 

4. Required the hour of day if f of the time past 10 o'clock 
A. M. equals ^ of the time to midnight. Ana. 4 p. M. 

6. What time of day is it if f of the time past 4 o'clock A. m, 
equals | of the time to 10 o'clock p. m. Ans. 2 p. m. 

6. What time of day is it if 1-nth of the' time past midnight 

equals the time to noon ? Ans, A. m, 

W-hl 

CASE XIV. 

1. A man being asked the time of day said, '' It is between 2 

and 3 o'clock, and the hour- and minute-hands are together /' 

what was the time ? 

Solution. 

Let X » the distance the miniite-hand goes ; 

tlien, — »the distance the hour-hand goes. 

rhen, X — 10, the number of minute-spaces they are apart at ^ o^doGk ; 

1^ 

11a: 
whence, —- — 10, and a; — 10|^; .'. it is 10+f minutes past 2. 

2. A man being asked the hour of the day replied, " It is 
between 3 and 4 o'clock, the hour- and minute-hands are 
together ; " what was the time ? Ans. 16^ min. past 8 o'clock. 
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8. A ladj bdng aaked the time of day replied, ''It is between 
4 and 5 o'clock, and the hauds of my watch are 5 minrtiv 
ipacee apart ;" what was the time ? 

Ans. 16^ min. past 4 o'clock. 

4. A companion of the lady also said, '' By my watch it is be- 
tween 4 and 5 o'clock, and the hour- and minute-hands are ? 
minutes of time apart ;" what was the time by her watch ? 

Ans, 16^ min. past 4. 

5. What is the time of day if it is between m and m t- 1 
o'clock, and the hands of the clock are together? 

Ana. 5^ m min. past m o'clrck. 

6. What is the time of day if it is between m and 7A+1 

o'clock, and the two hands are n minute-fipaces apart ? 

. 12(5m-n) . . » i u 

Ans, — ^^— — - mm. past m o clt-^i. 

CASE XV. 

1. A is 6 years old, and B is 5 times as old ; in how man} 
years will B be only 4 times as old as A 7 

Solution. 
Let a; — the number of yean; 

then, O+^K* A's age at that time, 
and 30 + a; « B'b age at that time. 
Then, 4(6+ a;) -30+ a, etc. 

2. Jones is 10 years old, and Smith is 3 times as old ; how 
long since Smith was 5 times as old as Jones ? Ana, 5 yrs. 

3. Mary is ^ as old as her aunt, but in 20 years she will be 
) as old ; what is the age of each ? Ana. Mary, 10 ; aunt, 40. 

4. Six years ago B's house was 4 times as old as his bam, but 
2 years hence it will be only twice as old; how long has ear\ 
been built? A:i8. House, 22 yrs.; barn, 10 yrs. 

5 A is a years old, and B is 6 years old ; in what time will 

A be n times as old as B ? Ana. - — — yr. 

1-n 

6. A is m tunes as old as B, but in e years he will be n timei 

as old as B ; required the age of each at present 

. . mc(n-l) ^ c(n-l) 

Ana. A, — ^^ yr. ; B, -^ yr. 

m~n m — n 
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MISCELLANEOUS PROBLEMS. 

1. How many roses and pinks in my garden if^ there are 70 
•f both, and the number of roses plus ^ of the number of pinks 
equals 3 times the number of pinks? 

Ans. 50 roses ; 20 pinks. 

2. Five times a certain number, plus 60, equals 3 times tha 
»um obtained by increasing the number by 60; what is the 
number? An%. 60. 

3. Divide the number 130 into 4 parts, so that each part ia 
greater than the immediately preceding one by its ^. 

Aiui. 16; 24; 36; 64 

4. In an orchard \ of the trees bear apples, \ bear peaches, 
and the remainder, 24, bear plums ; how many trees are there 
in the orchard ? Arts, 144. 

5. Find a number such that, if we add to it its |, the sum 
exceeds 60 by as much as the number itself is less than 65. 

Alls, 50. 
B. A lady has 2 purses ; if she puts $12 in the first, the whole 
is worth 5 times as much as the second purse ; what is the value 
of each if the first is worth twice as much as the second ? 

Ans. 1st, $8 ; 2d, $4. 

7. In a mixture of copper and zinc, the copper comprised 
6 oz. more than \ of the mixture, and the zinc 4 oz. more than 
{ of the copper ; how much was there of each ? 

Ans. Copper, 48 oz. ; zinc, 36 oz. 

8. A young man receive* i a fortune from England, and spent 
f of it the first year, and f of the remainder the folloining 
year, and tlien had only $6000 remaining; what was the for- 
tune? . ^rw. $25,000. 

9. A lady gave $2,10 to her pupils : to each boy she gave 3 
cents, and to each girl 5 cents ; how many were there of each, 
provided there were 3 times as many boys as girls ? 

Ans. 15 girls; 45 boys. 

10. A cistern has two supply-pipes, which will singly fill it 
in 4 and 6 hours respectively, and it has also a leak by which 
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it woild be emptied in 8 hours ; in what time will it be filled if 
all flow together? Ana, 3f hours. 

11. Ao EngliBhraaD having bought some nutmegs, said that 3 
of them cost a^ much more than a penny as 4 cost him moi^ 
thau twopence half-penny ; required the price of the nutmegs. 

Arts. 1^. each. 

12. Two persons, A and B, having received equal sums of 
money, A spent S25 and 6 SBO, and then it appeared that A 
had twice as much aa 13 ; required the sum each received. 

Am. S95. 

13. How many cows must a person buy at $24 each, that, 
after paying for their keeping at the rate of $1 for 12, he may 
gain 8142 by selJiug them at S30 each ? Ans, 24 cows. 

14. Find a number which being doubled, and 16 subtracted 
from the result, the remainder shall exceed 100 as much as the 
required number is less than 100. Ana. 72. 

15. There is a number such that the sum of its J and \ ex 
ceeds the sum of its ^ and ^ by 19 ; required the number. 

Ans. 120. 

16. Out of a cask of wine, from which \ haA already been 
taken away, 24 gallons were afterward drawn, and then, being 
gauged, it was found to be half full ; how much did it hold ? 

A "US. 96 gals. 

17. A and B, traveling with $500 each, are met by robbers, 
who take twice as much from A as from B, and leave B with 
three times as much money as A ; how much was taken froin 
each ? Avs. A, S400 ; B, S200. 

18. Id a mixture nf c(>f)per, tin and lead, ^ of the whole, 
minus 161bs., was copper; j^ of the whole, minus 12 lbs., tin; 
J of the whole, plus 4 lbs., lead ; what quantity of each was 
diere in the composition? Am. 128 lbs.; 84 lbs.; 76 lljs. 

19. A person agreed to do a piece of work on condition 
that he received $4 for each day he worked, and forfeited SI 
each day he was idle ; he worked twice as many days as he 
wts idle, and received $140; how many days was he idle? 

Ana, 20 days. 

20. The tiuro of 1^750 was raised by 4 persons. A, B, C and D; 
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B contributing twice m much as A, C twice ajs much as A and 
B, and D twice as much as B and C ; what did each contribute? 
Ana. A, «30; B, $60; C, $180; D, $480. 

21. A person borrowed a certain sum of money on interest at 
6% : in 12 years the interest received amounted to $140 less 
diar the sum loaned ; what was the sum loaned ? Ans, $500. 

22. A farmer has 128 animals, consisting of horses, sheep 
And cows ; required the number of each, provided \ of the num- 
ber of sheep, phis 12, equals the number of ccws, and \ of the 
number of cows, plus 12, equals the number of horses. 

Ana. Sheep, 66 ; cows, 40 ; horses, 32. 

23. Divide the number 90 into 4 such parts that the first in« 
creased by 2, the second diminished by 2, the third multiplied 
by 2, and the fourth divided by 2, may all be equal. 

^7w. 18; 22; 10; 40. 

24. A general drawing up his army in the form of a solid 
square, finds he has 44 men over ; then increasing the side of 
the square by 1 man, he finds he lacks 225 men to cotnplete the 
square ; what was the number of men in the army ? 

Ans, 18,000 men. 

25. Said Mary to William," Our purses contain the same 
sum of money, but if you give me $60 and I give you $20, I 
shall have 3 times as much as you;" how much had each? 

Ana. $80. 

26. A lady bought a number of eggs, half of them at 2 for a 
penny, and half of them at 3 for a penny ; she sold them at tie 
rate of 5 for twopence, and lost a penny by the transaction ; 
what was the number of eggs? Ans. 60. 

27. There are three sisters, the sum of whose ages is 4^ 
y^jars, and their birth-days are 2^ years apart, respectively: 
what is the age of each ? Ans. 12 yrs. ; 14^ yrs. ; 17 yrs. 

28. At an election ^ of the votes were cast for A, \ for B, and 
ihi remainder for C, and A's majority over C was 800 ; how 
many voted for each ? Ana. A, 1200 ; B, 800 ; C, 400. 

29. A had twice as much money as B ; but after each had 
spent J of his money, and A had paid B $600, B had twice as 
much as A : how much had each? Ana. A, $1500: B. $750. 
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JWX A, B and C can do a piece of work in 24 hours ; ham 
long will it take each to do it if A does ^ as much as B, 
and B ^ as much afi C ? 

Am, A, 168 hrs.; B, 84 hrs. ; C, 42 hr«. 

31. If 10 men, 20 women and 30 children receive $424 for a 
week's work, and 2 men receive aa much as 3 women or 5 chil- 
dten, what does each child receive for a day's work ? 

Ans. 80 rts. 

32. Said E to F, My age is 9 years greater than yours , bnt 
12 years ago my age was f of what yours will be 7 years hence ; 
what was the age of each? Ans. E's, 27 yrs.; F's, 18 yrs. 

33. From one end of a line I cut off 3 feet more than J of it> 
and from the other end 6 feet less than ^ of it, and then there 
remained 25 feet ; how long waa the line ? Ans. 40 ft. 

34. In a bag containing eagles and dollars^ there are 4 times 
as many eagles as dollars ; but if 6 eagles and as many dollars 
be taken away, there will be left 6 times as many eagles as dol- 
lars ; how many were there of each ? 

Ans, Eagles, 60 ; dollars, 15. 
36. A bright young lady being asked her age by a gentleman 
who was ** not very smart at figures," said, "Twice my age 2i 
years ago will et]ua] 3 times ^ of my i^e 2} years hence ;" what 
was her age ? Ans. 17} yrs. 

36. An English lady distributed 20 shillings among 20 per- 
•ons^ giving 6 j)ence each to some, and 16 pence each to the 
rest ; how many persons received 6 pence each ? 

Ans, S persons. 

37. A mason receives S450 for building a wall ; if he had 
received SI J more a rod he would have received for the entire 
WDrk $540; how many rods of wall did he build? 

Atis. 75 rods. 

38. A man loans S82.')0, part at 5% and part at 6%; how 
nmch did he loan at each rate if he receives equal sums of 
interest for each part ? Ans. $4500 ; $3750. 

39. An army lost ^ of its number in killed and wounded and 
WKK) prisoners: it was then reinforced by 10,000 men, but 
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retreaimg, it lost ^ of its number on the march, when there 
remained 60,000 men ; what was the original force ? 

Ans. 80,000. 

40. Find two consecutive numbers, such that the fifth and 
the seveuth of the first taken together shall equal the sum of 
the fourth and the twelfth of the second taken together. 

Alls, 35 and 36. 

41. A person being asked the time of day, replied, "It is be* 
l«veen 3 and 4 o'clock, and the hour- and miuute-hauds of my 
watch are exactly opposite each other;" what was the time? 

Ana, 49^ min. past 3. 

42. A colonel forms his regiment into a solid square, and then 
sending out a picket-guard of 295 men and re-forming the square, 
finds there were 5 men less on a side ; what was the number of 
men in the regiment at first? Ans, 1024. 

43. A person being asked the time of day, replied,** The 
number of minutes it lacks of being 4 o'clock is equal to ^ of 
the number of minutes it was past 2 o'clock f of an houi ago ;" 
what was the time ? Ans, 25 min. of 4. 

44. A regiment consisting of 1296 men can be formed into a 
hollow square 12 men deep; required the number of men in the 
outer rank of a sida Ans. 39. 

45. A boatman who can row at the rate of 12 miles a.i hour 
finds that it takes twice as long to run his boat a mile up the 
river as to run the same distance down the river; what is the 
rat^ '^f the current? Ans. 4 miles an hour.* 

11 
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SIMPLE EQUATIONS, 
CONTAINING TWO UNKNOWN QUANTITIES. 

177. Independent Equations are such as cannot He d& 
rived from one another, or be reduced to the same form. 

178. The er|uatious 4a;+2y-6 and 6a;+3y-9 are not ind©' 
pendent, since both can be reduced to the form 2a;+y — 3. 

170. Simultaneous equations are those in which the un- 
known quantities have respectively the same vahies. 

180. To find the value of any unknown quantity in two 
equations of tw<j unknown quantities, we must derive from them 
a single equation containing this unknown quantity. The pro- 
cess of doing this is called Elimination. 

181. Elimination is the process of deducing from two or 
more simultaneous equations a less number of equations contain- 
ing a less number of unknown quantities. 

• iSH. There are three principal methods of elimination : 

1. By Substitution ; 2. By Comparison ; 

3. By Addition and Subtraction. 

Note. — There w a fourth method of elimination, called the method ol 
fndetemiinate MvUipliers, due to the French mathematician BezoiU, The 
three methods given above, however, are all that are generally uned in thf 
•oAutior of equations. 

CASE I. 

ELIMINATION BY SUBSTITUTION. 

183. Elimination by Substitution consists m finding an 
expression for the value of an unknown quantity in one equa- 
tion, and «iib«titntinjf it in another 
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1. Given the equationa 22;+3y - 12 and Zz+y - 11, to find th« 
values of X and y, 

OPERATIOH. 

Solution. From e(][Qation (1), by trans- Za?+4y"-l^ W 

posing 3^ and dividing by 2, we have eq. ^-^ ' 

(3). Subfttituting this value of a; in eq. (2), x- ^^~^^ 8) 

we have eq. (4). Clearing of fractions, ^® «^ q, ^ 

have eq. (5). Transposing and uniting — Z^^-^^Xl (4)i 

terms, we have eq. (6). Dividing by —7, 1 

we have .y-a Substituting this value of y 36-^+2y-22 (5) 

in e^. (3), we have eq. (8). Hence, in the "^^ ^^ W 

given equations, a; ■= 3 and y — 2. y — 2 (7) 

x-'^-Z (8) 

Note. — In explaining, the pupil may read the equation instead of giv* 
ing its number, as above. 

Rule. — I. Fifid an expressimi Jot ike vulue of one of iheun- 
hnown quantUiea in either equatio7i, 

II. SubMute this value for the same unknown quaiM/y in the 
other equaiion, and redtuee, 

N0Ti58. — 1. U«e first the e«] nation which will give the simplest expres- 
Mon for the value of the unknown quantity. 

2. This method is especially appropriate when the coefficient of one of 
t]^ unknown quantities is 1. 

BXAMPI4KS. 

2. Oiiren \ 2^+3^=12 [ *^ fiiid « ancl y. Ans. a;-3; y-2. 
8. Given \ ^ F^^.^ \ to find x and y. Ana, a;-4; y-2. 
4. Given \ o^^q^'jo [ ^^ ^^^ ^ *°^ V- -^^- ^"2; y-5. 
5 Given \ ^ "> to find a; and y. -4r?.«. «» 5; y-4. 
' ^' ^^^®" ] 3^_4^Io [ to fiind a; and y. ^wAa; = 7;y-3L 
7. Given | ^~^"^ I to find a? and y. Jrw. «- 11; y -7. 
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«. Given J^^j*3j|tofind»»iidy. Ani.x-12;y-i 



9. Qiveu 



ivcD < > to 

V 2 3 J 

L Given < ^ > to 

If-T-'J 



findo^and]^. ^rw. a; - 8 ; jf - <t. 



find a; and «. 

Ans. a;-* 15; 8«i2i 



CASE IL 

ELIMINATION BY COMPARISON, 

184, Elimination by Comparison consists in finding an 
expression for the value of the unknown quantity in each equa- 
tion, and placing these values equal to each other. 



1. Given 1 2;;^- J|{ to find a; and y. 



Solution. TranRposing 3y in equation (1), 
•nd dividing by 2, we obtain (3). Trangpos- 
ing 2y in (2), and dividing by 3, we obtain (4). 
Quantities which are equal to the same thing 
are equal to each other ; hence, we have (5). 
Clearing of fractions, we have (6). Transpos- 
ing terms,, we have (7). Uniting terms, we 
have (8). Dividing by —6, we have y-2. 
Hiihstitnting the vahie of y in (3), we have 
(10), Reducing, we have a; » 3. 



OPERATIOH. 

3a;-f2j/==.lS 



13-5 



3 



12-3y 13- 



2 3 

36-8^-26 -4y 
-^+4^-26-36 

y-2. 

1 2-6 
2 
a;=3. 



«-- 



(1) 
(2) 

(3) 
(4) 

(5) 

v6) 
(7) 

:») 

C9) 
(10) 

(11) 



Rule. — I. Find an expresdon for the value of the aaine wi*- 
hiimun quantify ?>, each equniUm.. 

II. Pkuie these valua equal to each other, and reduce the rerA 
tng equation. 
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KXAAIPLKA. 

2. Given J^;|^^2*^| to find « and y. ^iM.«-4;y-2. 

8. Given T^]^ ^"^ I to find a? and y. ^n«,a?-5;y-a 

1 Given |2^|^^*J|tofinda?andy. ^n«.a;-8;y-& 

6. Given l^gjclyyls}*^*^^ «»«»* y. AnB.x^l; y-1. 

6. Given |^;|;^"~*|tofinda;andy. 4n«.a;-6;y-9. 

7. Given ^ >to finda;and«. ^lu. «-6: s-6. 

8. Given -^ j^ 2^ V to find jb and y. 

(7~Y--lj ^n«. «-12; y-16. 



9. Given - 

Ans. a;-5; y-5 



6 3 



1 
10. Given < ^ ""^jx-lv \^^^^ and y. 

( y 3^-7 J ^n^. a,. 6; y-li 

CASE IIL 

ELIMINATION BY ADDITION AND SUBTRACTION, 

18«S. Elimination by iiddition and subtraction conBists 

in adding or subtracting the equations when the coefficients 

of one of the unknown Quantities are alike or are made 

alike. 
11 • 
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L Givem i f 1^^!^ I to lind * and y/ 

2a;+3y-12 (1) 
SCLxmoN. Mnldpljing equation (1) bj 3, and 3a; +^ — 13 (2) 
equation (2) by 2, to make the coefficientn of x aiike, 6x4-9i/=-36 (3) 
we have equadouB (8) and (4). Suburacting (4) from 62;+4i/ — 26 (4) 
(3), we have 6g^ -10, from which y »2. Substituting 6</ — IC (5\ 

ihe value of ^ in equation (1), we liave (7), from « ^(i\ 

f Uith we find 3:-8 2r-f6-12 I?) 

a;-3 (8) 
Role. — L MvMply or divide one or hatii eqtuUions if neceS' 
mryy so that the eoeffieients of one unknotffn qiumtUy shaU be the 
iame in both. 

YL Add iJiese etpuitions when the signs of the equal coejffldenta 
are unlike^ and subtract the equations when Oiey are alike, 

Notes. — 1. If the coefficientB to be made alike are prime to each other, 
multiply each equation by the coeflScienl of that quantity in the other 
equation. 

2. Thii) method in generally preferred in finding the vahie of one qoai^ 
tity, the value of the other quantity being found by substitution. 

KXAsmjsa, 

2. Given j ZlJ^'^e \ ^ ^^^ * *°^ ^' '^^' * " ^ ' ^ " ^' 
J^ ^ ^ to find a; and y. ^rw. a;-4; y-3L 

4. Given ] ^" t to find a; and y. -4n«. a;-5; y-2. 

5. Given < _« Zo [ to find a; and y. Ans. rc-T; y-5c 

6. Given \ ^ ^ "^^^ V to find a; and y. J.n«. a;-8; y-9. 

( 9!y+3a;-=105 j ' ^ 

7. Given { Z^l'^l | to find « and y. 

Ans. X — ; y--r— 

8. Given j ^ax-^ZbU'^^^ X ^ ^°^ ^ *°*^ ^' 



4«-«-^;y-| 



« + 8 



•• OWen < > to find x and «, 

^\zxUy2y\6 1 to find a: and 3f. 
(—3— +—3 Hj Ans.X'- 



Ana. «-4; jf-8. 
UK Given 



MISCELLANEOUS EXAMPLES. 

180. In the following examples the pupil will exercise hin 
judgment which method to use : 

1. Given {f^y-^}. Am. {""J 

2.Given-jf-?'-Ll. ^n.. j^'J 

(3a;+3y«24j ly-3. 

». Given -!^* r ^««- {"' 

10. Given 1^-?^^. ^n. {^ = 21, 

1 7a;- 62/ - 75 i U = 12. 



3a. 
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12 Given ^ ' 

11 

IB. GiTeo 



^« y ^ V^ a-b 

14 Given f^-^^-^1. ^^ |^-« 

r ^"^^^ 

la»-6y-2»j •*'* ^ m-n 

{3- ao-6d 
qrf-6o 
*~ a»-6« ■ 

17. Given j I"" ft"^ } . Ans. i'-*^ 

(.bx-oif-o) (.y-6. 

18. Given If ^^-«l. ^h,. j""^ 
'^j.*— ^"^ r^ be- ad 



aO. Oiven 



21. Givenj(«^")^-^-^l. ^ns i"" 



ad 

mo — na 



-6 

a 
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PRACTICAL PROBLEMS. 

1^7. Several of the problems in Art. 176 contained more 
than cue unknown quantity, but the condi turns were such ihat 
Uiej were readily solved with one unknown quantity. 

1 88. In the following problems the solution is most readily 
effected by using a separate symbol for each unknown quantity. 

180. In such problems the conditions must give as uiau> 
independent equations as there are unknown quantities. 

CASE L 

1. A drover sold 6 lambs and 7 sheep for $71, and at the 
same pric^ 4 lambs and 8 sheep for $64 ; what was the price of 
each? 

OPERATION. 

SoLirnoN. Let x - the price of the '^t x- the price of lambh 

lambrt, and y-the price of the sheep; and j/ - the price of sheep, 

then, by the firBt condition we have eqiia- &i;+7y — 71 (1) 

tion (1 ), and by the second condition we 4a; -h 8^ '■64 (2) 

have eq. (2). Multiplying eq. (1) by 2, 12a; + lAy - 142 (3) 

we hare (3). Multiplying (2) by 3, 12a;4-24y 192 (4) 

we have (4). Subtractmg (3) from (4), lo^ - 50 (5) 

we have (5). Dividing by 10, we have ^ ^ 5 (6) 

(6). From which we find a; - 6. 6a; + 35 - 71 (7) 

a^-6 (8) 

2. A farmer hired 8 men and 6 boys one day for $36, and at 
the same rate next day he hired 6 men and 1 1 boys for $40 
what did he pay each per day? Ana, Men, $3 ; boys, 82. 

3. A man paid 81.14 for 12 oranges and 13 lemons; but the 
piici falling \, he received only 62 cents for 9 oranges and 11 
lemons ; what was the price paid for each ? 

Alls. Oi-auges, 3 cts. ; lemons, 6 eta. 

4. A man hired a men and b boys for $77i, and at the samt 

price e men and d boys for 8n; what price did he pay each ? 

M -KM ^ wwi - nh , <an - nie 

Am, Men, S — ; — — ; boys, *-— — —• 

ad- be ad be 



CASE XL 

1. There is a firaction such that 1 added to it& Dumerator wiD 
make it ^, aud 1 added to its denominator will make it ^ ; what 
It the fracdcm? 



Hoisirtiom. 

Let 
if 



Let --^the fhkctioii. 



X + 1 1 
Then, bj the l«l ooodition, --, (1) 

X 1 
mnd by the 2d ooDdiUon, — — . (8) 



Cleariiig (1) of fractions, 2x+2-^ 


(8) 


clearing (2) of fractiona, aac - j/ + 1. 


(4) 


Subtracting (8) from (4), a; - 2 - 1 ; 




transposing, af-3; 








hence the fraction it --c-. Ana, 

y 8 





2. Find a fraction such that if 2 be subtracted from the 
numerator the fraction will equal ^, or if 2 be subtracted from 
the denominator the fraction will equal \. Ans, -f^, 

3. If 4 be subtracted from both terms of a fraction, the value 
will be \, and if 5 be added to both terms the value will be | ; 
what is the Auction ? Ans, 1^, 

4. If 1 be added to both terms of a fraction, its value wilJ 
be } ; and if the denominator be increased by the numerator, 
and the numerator be diminished by 1, the value will be ^ ; re- 
quired the fraction. Ans. ^, 

6. Required the fraction such that if the numerator be in- 
creased by a the result will equal — > and if the denominator be 

n 

^creased by a the result will be — • A%a. ^ -, 

m an {m-n) 
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CASE IIL 



1. Inquired the number of two figures which, added to the 
number obtained by changing the place of the digits, gives 77| 
and subtracted from it leaves 27. 

Solution. 
Let x^the tenfl* digit, 

and y — the units' digit ; 

then 10x-(-^* the number, 
and 1 0)^ + a; — the number with digito inverted. 



Then, by lut condition, 10a;-»-y-f 10^+a;-77, (1) 

and by 2d condition, lQy+a;-"(10a;+y)-27; (2) 

aniting terms in (1), lla?-»- 1 ly - 77 ; (8) 

dividing by 11, a;-l-y-7; (4) 

uniting ternu of (2), 9|y - 9x - 27 ; (6) 

di viding by 9, y - x - 3 ; («) 

from (4) and (6), x>>2, and y-6; 

hence the number is 2 tens and 6 units, or 25. 

2. Required a number of two figures which, increased by the 
number obtained by inverting the figures, will equal 132, and 
which diminished by that number will equal 18. Am, 75, 

3. A number consisting of two places being divided by the 
sum of its digits, the quotient is 4 ; and if 36 be added to it, 
the digits will, be inverted ; required the uumber. Arm. 48. 

4. Tliere is a number which equals 5 times the sum of its two 
digits ; and if three times the sum of the digits, plus 9, be sub- 
tracted from twice the number, the digits will be inverted ; re- 
quired the number. Ans, 46. 

CASE IV. 

1. The amount of a certain principal at simple interest, for a 
certain time, at 5%, is $260 ; and the amount for the same time, 
at 8^. is $296; required the princifia] and tim» 
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SoLunoii. 

Let a; — the piiii<*ipdl, 
and y • the time. 

Then, bj the Ul condition, xy x +2;-280 (1) 

g 
Bj the 2d ocnditicm, xj^x +2-296 (2) 

Whence, x— 200, the principal, and y-6, the time. 

22. A certain sum of money on simple interest amounts in • 
oertftin time, at 6%, to t310, and at 10%, for the same time, to 
iS'^O ; required the time and principal. 

Ans, Prin., $250 ; time, 4 yrs. 

3. The amount of a certain principal for 7 years, at a certain 
rate per cent, is $810, and for 12 years, at the same rate, is 
$960 ; required the principal and rate. 

Ans. Prin., $600; rate, 5%. 

4. A certain sum of money, put out at simple interest, amounts 
in m years to a dollars, and at the same rate, in n years, to b dol- 
lars ; required the sum and rate per cent. 

. „ . an-im ^ 100(&-a) 

Ans, Prm., ; rate, ; 

n — m an — b^n 



CASE V. 

1. There are two numbers whose sum equals twice tbaii 
product, and whose difference equals once their product; re 
quired the numbera 

SoiiUnoir. 

Let a; — the greater number, 
and y — the len number. 
Then, by the Ist condition, a; +y - 2a:y (1) 
and by the 2d condition, x—y^'xy (2) 

Adding (1) and (2), 2x- daisy 

Dividing by a:, 2 "-Sly 

Whence, y ~ | 

and «-8. 
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2. There are two numbers whose sum equals thr«)e times their 
product, aud whose difference equals once their product ; what 
are the numbers? Ans. 1 aud ^. 

3. There are two numbers such that twice their sum equals 3 
times their product, and twice their, difference equals once their 
product ; what are the numbers ? Ans, 2 and 1. 

4. There are two numbers such that their sum equals 4 timef 
their quotient, and their difference eciuals twice their quotient j 
what are the numbers? Ans. 9 and 3. 

6. There are two numbers whose sum equals a times their 
product, and whose diiference equals b times their product; 

2 2 

what are their values? Ans. -; -• 

a—b a+0 

MISCELLANEOUS PROBLEMS. 

1. A person buys 8 lbs. of tea and 3 lbs. of sugar for S2.64, 
and at another time, at the same rates, 5 lbs. of tea aud 4 lbs. 
of sugar for S1.82; find the price per pound of the tea and 
sugar. Ans, Tea, 30 cts. ; sugar, 8 cts. 

2. If the greater of two numbers be added to ^ of the less, 
the sum will be 30, but if the less be divided by \ of the greatei, 
the quotient will be 3 ; what are the numbers? Ans. 25 ; 15. 

3. A said to B, " Give me $200 and I shall have 3 times aa 
much as you ;" but B replied, " Give me S200 and I shall have 
twice as much as you ;" how much had each ? 

^rw. A, J520; B, J440. 

4. A lady having two watches bought a chain for $20 : if 
the chain be put on the silver watch, their value will equal \ of 
she gold watch, but if it be put on the gold watch, they will Ije 
worth 7 times as much as the silver watch ; required the value 
of each watch. Ans. Gold, $120- silver, $20. 

5. Find the fraction which becomes equal to ^ when the 
numerator is increased by 1, and equal to ^ when the denomi- 
nator is increased by 1, Ans. ^. 

6. Mary and Jane have a certain number of plums : if Mary 
had 4 more she would have 3 times as many as Jane, but if she 
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luul 4 leiw she would have ^ as man} as Jane ; how many hiu 
each ? Ans, Mary, 6 ; Jane, 3. 

7. A bill of £120 was paid in guineas (21s.) and moidores 
(278 ), and the number of pieces of both kinds was just lOO ; 
required the number of pieces of each kind. Ans, 50. 

8. A l)oy expends 30 cents for apples and pears, ouying hit 
Apples at 4 and his pears at 5 for a cent, and afterward accom* 
modates his friend with half his apples and one-third of hia 
pears for 13 cents at the price paid ; how many did he buy of 
each ? Am. Apples, 72 ; pears, GO. 

9. A person rents 26 acres of land for £7 12s. per annum : 
for the better part he receives 8s. an acre, and for the poorer 
part, 58. an acre ; required the number of acres of each sort. 

Ana. 9 ; 16. 

10. If 9 be added to a number consisting of two digits, the 
two digits will change places, and the sum of the two numbers 
will be 33 ; what is the number? Ans. 12. 

11. Said A to B, " If you will give me $20 of your money, I 
will have twice as much as you have left ;" but says B to A, "If 
you will give me $20 of your money, I will have thrice as much 
as you have left ;" how much had each ? Ans. A, $44 ; B, $52. 

12. A and B laid a wager of $20 : if A loses, he will have aa 
much as B will then have ; if B loses, he will have half of what 
A will then have ; find the money of each. 

^rw. A, $140;B, $100. 

13. There is a number consisting of two figures which ia 
double the sum of its digits ; and if 9 be subtracted from 5 times 
the number, the digits will be inverted ; what is the number? 

Anjf. 18. 

14. Several persons engaged a boat for sailing: if there had 
oeen 3 more, they would have paid $1 each less than they did , 
if there had been 2 less, they would have paid $1 each more 
than they did ; required the number of persons and what each 
paid. Ans. 12 persons ; $5 each. 

15. A and B ran a race which lasted five minutes: B had a 
vtan of 20 yanls, but A ran 3 yards while B was running: % 
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wad won by SO yards ; find the length of the course and the 
•peed of each. Am. 150 yds. ; A 30 yds. and B 20 yds- a min. 

16. If a certain rectangular fieid were 10 feet longer and 5 
feet broader, it would contain 400 square feet more ; but if it 
were 5 feet longer and 10 feet broader, it would contain 450 
square feet more ; required its length and breadth. 

An8. 30 ft. ; 20 ft 

J 7. A market-woman bought eggs — some at 3 for 7 centS) 
and some at two for 5 cents, paying t2.62 for the whole; she 
afterward soid them at 36 cents a dozen, clearing 62 cents ; how 
many of each kind did she buy ? Ana. 48 ; 60. 

18. A and B ran a mile, A giving B a start of 20 yards at 
the first heat, and beating him 30 seconds ; at the second heat 
A gives B a start of 32 seconds, and beats him 9-]\ yards ; at 
what rate per hour does A run f Ana. 12 miles. 



SIMPLE EQUATIONS, 

CONTAINING THREE OR MORE UNKNOWN QUANTITIEa 

190. Equations containing three or more unknown quan- 
tities may be solved by either of the methods of elimination 
already explained. 

1. Given < a;+2y+325-14 >to find «, y and «. 
(2a:+3.y+ «-ll ) 

OPERATTON. 

«+ y+ «-6 (1) 

Solution. Siibtractinfj: equation (1) from a;+2y+32-14 (2) 

iqaUioD (2), we have e<piation (4). Multiply- 2a?+3y+ g»ll (8) 

h^if U) by 2y and subtracting from (3), we have y+22; — 8 (4) 

(6) ; subtracting (5) from (4), we have (6) ; di- y— g^ — 1 (5) 

Tiding (6) by 3, we have g«3; subntitating the 3g>'9 (6) 

value of z in (4), we have 8. Transposing^ we « « S (7) 

have y — 2 ; substituting the values of z and y in y + 6 -> 8 (8) 

(1), we have (10^ ; from which we have a; — I. y «2 (9) 

t:'»-2+3-6 (10) 

s-l 01) 
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Role. — I. ElimituUe niocemvely the mme unknmvn quantity 
from (ntch of the equaiions ; this will give a nwnber of equations 
and of unkruAon qwiiiiities one less than the given number. 

II. In the same way eliminate one of the unknown qiumtitie$ 
from each of the derived equfUions^ and tlitu cwitinue until an 
equation is found containing one unknaijon quanMty, and thenjmd 
Ihe value of the unknown quatUity in this Uist equaJticn, 

III. SubstittUe this value in one of the equations containing h«« 
unknown quantities, and find the %falue of a second; suhstttuie 
these values in an equation containing three unknown qua7iiUieSf 
wnd find tlie value of a third, and thus continue until all are 
found. 

Notes. — 1. The pupil will exercim hiF judgment which quantitj to 
eliminate firHt, and also what method of elimbiation to use. 

2. When one of the equations contaiuR hut one or two of the nnkn^wB 
quantities, the lui'thod of suhstitution will often be found the shortent. 

EXAMPL.JSS. 

2. Given ^ x+ y+32-15y. Ans. ] y-i. 

(2a;+3y + 22-22) («-3. 

3. Given < a;+3y-+2«- 23 v. Ans. ^ y = 3, 

(3a;-6y+48-17 J (2-6. 

4. Given } 4a;-2y+5e- 18 V. Ans, } y-7, 

(ecc+Ty- «-633 («-4. 

r2a: + 3y-2-27 \ ( i:-7, 



b Given -< Sx 



(4a:+S^ 



4y+3e-12 V. Ans, s y-». 

S^-6e-15) (2-5. 



6. (liven | Ja;+iy + i2r = 15 >. Ans. < y-ao. 

rx-^y-t2-24^ (a;-7, 

7. Given I a?-y+«-8 V- Ans. ] y-8. 
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Given -< a;+y-«-6 V ilrwi. s y-i(«-o)i 



9. Given -{z+«-6^. iliM. -J y-i(a+o-6), 

-i(6+o-a). 



(«-i(a-6). 



ilna. 






ilfM. 



jlfW. 




ilru. 






^tu. 



Note. —There are certain arti6<.e*» which may be employed to simplify 
*lie Bolution of oeveral of these problems. In the 9th, tvke the siim of 
(he three equations, and subtract twice each equation from it In the 10th, 
eliminate without clearing of fractions. 

In the 13th, let the sum of the four quantities be represented by 8 ; thek 
we shall have «— w-12; «— «— 13; «— y-14; »--a;-16.: Ctwn which 
ire can find 8. and then readily find the other quantities. 
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PROBLEMS 
moDcronfQ bimpije sqitations oontainino thbsk or mobi 

UNKNOWN QUANTITlBa 

1. A bin contaiiiB 47 bushels of wheat, rye and oats ; then 
IK 7 bushels less of oats than of wheat and rye, and 17 busheb 
tesb of rye than of wheat and oats ; required the quantity : f 
fiach. Ans. Wheat, 12 bu.; rye, 15 bu.; oats, 20 bu. 

2. A, B and G have S1800: the sum of ^ of A's, \ of B'b 
and \ of C's equals $600, and the sum of 4 times A's, 3 times 
B's and tunce Cs is 15000 ; required the fortune of each. 

Ann. A's, MOO ; B's, J600 ; C's, $800. 

3. A drover bought 230 animals: the number of horses, 
added to ^ of the number of sheep and cows, equals 145 ; the 
number of cows, plus \ of the number of horses and sheep, 
equals 110 ; how many were there of each ? 

An», Horses, 60 ; cows, 80 ; sheep, 90. 

4. Divide the number 150 into 3 such parts that twice the 
first part increased by 35, 3 times the second part increased by 
5, and 4 times the third part divided by' 5, may all be equal to 
each other. Am. 23^^ ; 25| ; 101^. 

5. Three men. A, B and C, were discussing their ages, when 
it a})peared that the sum of A's and B's was 94 years, the sum 
of B's and C's was 98 years, and tlie sum of A's and Cs was 
96 years ; what was the age of each ? 

AvA. A's, 46 yrs. ; B's, 48 yrs. ; C's, 50 yrs. 

6. A man has $82 in one, five and ten dollar bills ; his ones, 
plus \ of his fives and tens, amount to S47 ; and his fives, plus 
\ of his ones and tens, amount to S43 ; how many has he of 
wch 7 Ans. 12 ones ; 6 fives ; 4 tens. 

7. A boy bought at one time 3 apples and 4 peaches for 11 
cents; at another time 4 apples and 5 pears for 19 cents; at 
another, 4 pears and 5 oranges for 32 cents ; and at another, 6 
apples and 7 oranges for 34 cents ; what was the price of each ? 

Ans, Apples, 1 ct. ; peaches, 2 cts. ; pears, 3 cts. ; 
oranges, 4 cts. 
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8. Divide the number 27 into 4 such parts that if the first 
part is increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, the results will be 
equal. Ans. 4; 8; 3; 12. 

9. A and B can do a piece of work in 12 days, A and C in 
15 days, and B and C in 20 days ; how many days will it takf 
each person to perform the same work alone ? 

Jrw. A, 20; B, 30; C, 60. 

10. The sum of 3 fractions is 2\ : the sum of the first and 
third equals twice the second fraction, and the difference between 
the first and third is ^ of the third fraction ; what are the frac- 
tions ? Ana. ^, f , f . 

11. In a naval engagement the number of nhips captured was 
7 more, and the number burned was 2 less, than the number 
sunk. Fifleen escaped, and the fieet consisted of 8 times the 
number sunk. Of how many ships did the fleet consist? 

An^ 32. 

12. A cistern has 3 pipes opening into it If the first be 
closed, the cistern may be filled in 20 minutes ; if the second be 
closed, in 25 minutes; if the third be closed, in 30 minutes. 
How long would it take each pipe alone to fill it ? 

Ans. 1st, 85^ min.; 2d, 46^ min.; 3d, 35^ min. 

13. I have 3 watches, and a chain which is worth S60. The 
first watch and chain are worth ^ as much as the second and 
third watches ; the second watch and chain are worth | as much 
as the first and third watches ; and the third watch and chain 
are worth 3 times as much as the first and second watches. 
What is the value of each watch ? 

Am. 1st, $20 ; 2d, $60 ; 3d, $180. 

14 There is a number consisting of 3 digits : the sum of the 
Jigits is 9 ; the digit in the tens' place is half the sum of the 
vther 2 digits ; and if 198 be added to the number, the result 
will be expressed by the figures of the number reversed ; re- 
quired the number. Ans. 2o4. 

15. A sum of money consists of quarter dollars, dimes and 
half dimes. It is worth as many dimes as there are pieces of 
money ; it is worth as many quarters as there are dimes ; and 
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the numbe^* of half dimes is one more than the number oi 
dimes. What is the number of each ? 

A71S. 3 quarters ; 8 dimes ; 9 half dimes. 

16. Three boya, A, B and C, were playing marbles.- First 
A loses to B and C as many as each of them has ; next, B losei 
U) A and G as many as each of them now has ; lastly, C loset 
t/) A and B as many as each of them now has ; and it is then 
fonnd that each of them has 16 marbles. How many had eaek 
at first? Ana. A, 26 ; B, 14 ; C, 8. 

17. Some smugglers discovered a cave which would extu;tly 
hold the cargo of their boat, which .consisted of 13 bales of 
cotton and 33 casks of liquor. While they were unloading, a 
custom-house cutter hove in sight, and they sailed away with 9 
casks and 5 bales, leaving the cave } ^1 ; how many bales 01 
casks would it hold ? Aris. 24 bales ; 72 casks. 

18. A person has 2 horses and 2 saddles: the better saddle 
cost S50, and the other SI 5. 1£ he puts the better saddle upon 
the first horse, and the worse saddle upon the second, then the 
latter is worth $50 more thao the former ; but if he puts the 
worse saddle upon the first, and the better saddle upon the secona 
horse, the latter is worth 1| times as much as the former ; what 
is the value of each horse? Ans. 1st, $165; 2d, $250. 



REVIEW QUESTIONS. 

Define Independent ElquationB. Give an example of them. Define 
SimultaneonH Equations. Give an example of them. Define Elimina- 
tion. What ifl the use of Elimination ? How many methods are there 1 
State the methodn of elimination. 

Define Elimination by Substitution. State the rule for it Define 
Elimination by Comparison. State the rule for it Detine Elimination 
by Addition and Subtraction. State the rule for it Is there any other 
method of elimination ? Which method of elimination is preferred ? 

What etfect has transposition upon the signs of terms? Why does 
transposition change the sign of a term 7 Why does changing the signa 
ut all the termR of an equation not afifect the equality of the members? 
In solving problems when should % separate symbol be used iar eiic^ 
anknown quantity 7 



SUPPLEMENT 

TO SIMPLE EQUATIONS. 

191. This Supplement to Simple Equations embracee the 
loiiowing subjects: jZero and Infinity^ Oeneralizfition, Negative 
Solutiona, Discussion of Problems, and Indeterminate Problems. 

Note.— *Teachen desiring a short oourae may omit this Supplement to 
aimpie equations. 

ZERO AND INFINITY. 

193* Zero and Infinity oHen occur in algebraic expren- 
sions. Such expressions may be interpreted by the following 
principles: 

Prin. 1. 0x^-0; that is, if zero be multiplied by a Jiniie 
tpiantity the product is zero. 

For, multiplied by 2 is 0, multiplied by 3 is 0, eta ; hence, mul- 
liplied by cmy number ir 0, or x ^ is 0. 

Prin. 2. •- - ; that is, if zero be divided by afnite quantity 

ike quotient is zero. 

For, divided by 2 is 0, divided by 3 is 0. etc ; hence, divided 
by am^ rmmber is 0, or <«- ^ is 0. 

Prin. 3 j: " -^ J that is, if zero be divided by zero the quotient 

W any finite quantity, or is indeterminate. 

For, if in Prin. 1 we divide both members by 0, we have ~ — A in which 
' 

J is any finite quantity. 

Pru9. 4. ^"^y t^^t ifl) (f a finite quanJtiby be divided by 

wro the quotient is infinity. 

To prove this, nippope we have the fraction - • Now, if a reokains con- 

6 
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fuuit, the suiftller 6 is, the greater will be the quotient, hence, if 6 
beoomee v^inueiy tmaU^ the quotient will become tfi/SvMte^ iatyt; benoe, 
when b is faro, the quotient is infimty, 

Pkin. 5. X GO — ii ; that is, if zero be multiplied by infinHij/t 
tile product is a finite quantity. 

boTf clearing the equation in Prin. 4 of fractions, we have x oo —it 
n which A is any finite quantity. 

Pbin. 6. ^ -" ; that is, tf a finite quantity be divided b$ 
w^inity, the quotient is zero. 

For, diyiding both niembers of the equation in Prin. 5 bj co , we ha?« 
equals A divided by intiiiiiy, which proves the principle. 



GENERALIZATION. 

193. Generalization is the process of solving general prob- 
lems, and intfirpretiug tj;ie results. 

194. A General Problem is one in which the quantities 
are represented by letters. 

19«1^. A Formula is a general expression for the solution 
of a problem. A formula expressed in ordinary language gives 
A rule by which all the problems of a class may be solved. 

CASE L 

1. The difference between a times a number and b times the 
iiiiml)er is e ; required the number. 

Let X — the number. 

Then, oa; — 6a;— o; 

whence, x 



a-b 



Expressing this formula iii ordinary language, we have the 
following rule : 

Rule.— -Divide the difference of the producte by the difference oj 
the nmUipliera. 



Apply this furmula to the following problemii : 

2. The differeuce between 5 times a number and 3 timetf th« 
number ia 12 ; required the number. 

3. Thie difference between 9 times a number and 6 times a 
number is 162; what is the number? 

CASE 11. 

1. Find a number which being divided by two given num« 
bers, a and 6, the sum of the quotients may be e. 

Ltt X » the nimiber. 

Theii,-+?-o; 
a o 

. abo 

wheuce, a? — - 



This formula, expressed in ordinary language, gives the 
following rule : 

Rule. — Divide the prodwA of the three given quarMiea by the 
eum of the divisorn when the ttum of the qwMents is given, wnd by 
the difference of the divisors toheti the difference of the quotienJts u 
given, 

. Apply this formula to the following problems : 

2. Find a Dumber which, being divided by 4 and by 6, the 
difference of the quotients is 4. 

3. Find a number which being divided by 3 and by 7, th« 
difference of the quotients is 16. 

CASE 111. 

1. A can do a piece of work in a days, and B in & days ; ii 
what time can they both do it? 



Let a; — the number of days in which both can do il. 

1 

X 

ab 



Then, i+i-i. 
a b X 



wtience, « — - 

a + 6 
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TLiB forniula, expressed in ordinary language, gives the foi 
lowing rule : 

Bole. — Divide the product of the numbers expressing the time 
in tohieh each can perjorm the work by their sum. 

Apply this formula to the following problems : 
2 A can do a piece of work in 4 days, and B in 8 days ; in 
what time will they together do it ? 

3. A can reap a field in 6 days, and B in 9 days ; in what 
time «an they together reap it ? 

4. A pound of tea would last a man 12 months, and his wife 
^ mouths ; how long would it last them both ? 

CASE IV. 

1. The sum of two numbers is a, and their difference is b ; 
what are the numbers ? 

Let z — the greater number, 

and ^ » the Bmaller number. 

Then, a;+y — a, 

and a?— y-6. 

.,,. a + 6 

Whence x . 

2 

. a-b 

and y— ^• 

These formulas, expressed in ordinary language, will giv* 
the following rules : 

Rule. — I. To find the greater number^ add half the difference 
)p half the sum, 

II. To find the less number, subtraet half the difference from 
half the sum. 

A pply the formulas to the following problems : 
Required the numbers whose — 

2. Sum is 20; difference is 4. 

3. Sum is 62 ; difference is 14. 

4. Sum is 221 ; difference is 29. 
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MISCELLANEOUS PROBLEMS. 
lUtl. The pupik will obtain the formulas in the following 
problems, and derive rules from them : 

1. Divide the number a into two parts, so that one part shall 

be fi times tlie other part Ana, ; — - • 

n+1 n+1 

2. The sum of two numbers is o, and n times one number 
equals m times the other ; what are the numbers ? 

. nia na 

Ana. ; 

w+n w+n 

8. The difference of two numbers is a, and n times one num- 
ber equals m times the other ; what are the numbers ? 

. ma na 

Ana, 



m — n tn — n 

4. The sum of two numbers is a, and n 'times their sum equals 

m times their difference ; what are the numbers ? 

. (w+n)a (m-n)a 

Ana, -^ ; ^^-— — ^ • 

2m 2m 

5. Divide the number a into two such parts that one part 

increased by b shall be equal to m tunes the other part. 

ma — b a+6 

Ans, ; . 

m+1 m+1 

6. A is m times as old as B, and in a years he will be n timet 
M old ; what is the age of each at present ? 

m — n m — n 

7. A courier starts from a place aud travels a miles a day ; 
it days after he is followed by another, who travels b miles a 
dAj ; ia what time will the second overtake the first ? 

A7ia, days. 

b~a 

8. I bought two kinds of sugar — one at a cents a pound, and 
the other at b cents a pound ; how much of each kind must I 
lake to make a mixture of m pounds worth e cents a pound ? 

m(e - b) ^ m(« - e) 



Ana, , 

0-6 



ift 
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NEGATIVE B0LUTI0N8. 

197* In the solution of a problem the value of the unknoim 
quantity is sometimes a jisgative quantity. 

19^« A solution of a problem which gives a negative quaa 
tity 18 called a Negtdive SolvJtion, 

1. What number must be added to the number 12 that the 
raiiltshallbed? 

Soi«UTioii. Let X equal the nnmber ; then, ofebation. 

12-1- a; -8 or a?= -4. Now, the result -4 b Let x = the number, 

■aid to HalUf J the q uestion in an algelrraic sevue, Then, 1 2 + x =» 8 
ainoe ~ 4 added to 12 equals 8 ; but the prob- x^ —4 

lem is evidently impossible in an arUhmeticcU 

mnte. Since, however, adding —4 gives the same result as subtracting 
+4, the negative result indicates that the problem should be, What num- 
ber miLst be BubtracUd from 12 that the result shall be 8 ? 

2. A is 45 years old, and B is 15 years old ; how many years 
hence will A be 4 times as old as B ? 

Solution. Let x-» the number operation. 

of years; then, solving the prob- Let a? — the niunberof yeara 

lem, we have a;- -6. This re- Then, (45+ a:) -4(15 -I- x); 
suit, -5, indicates a reckoning of whence, »— —6 
time backward iimiead of forward ; 

hence, it was 5 yearn ago instead of 5 years Kenwie, The problem should, 
therefore, be modified to read, "How many years nnett** instead of " Uow 
many years hence" 

3. A is 45 years old, and B is 15 years old ; at what timt 
from the present is A 4 times as old as B ? 

Solution. Solving this problem by supposing the date to be in th« 
fiilure, we find a?— — 6. Had the result been -»- 5, it would have indicated 
6 years heiMse. The problem is stated in general terms, so as to admit 
either result, and need not be modified in its statement This result, --5^ 
therefore indicates 5 years ainee, or 5 years ayo, which, by examining tb« 
problem, we see is the correct time. 

4. There is a fraction sunK that if 1 be added to it« numerm- 
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tor the result is ^, and if 1 be added to the deuominator the in- 
tuit is ^ ; what is the fraction ? 

_4 
SoiiUTiON. Solving this problem, we find the fraction to be — ~ Thii 

— V 

can be verified algebraically, but is absurd arithmetically considered. Th« 

problem can be made coiwislent, however, by changing the word " added " 

lo ** 8ubtract«d" 

199. From these examples and illustratioiis we derive the 
foilDwing coDclusioiis : 

1. The negative soliUion indiecUea wme ineonsigteney or cJh 
gwrdUy in the statement of the problem, or a wrong tiuppositi^m 
respecting soiive eo^idUion of it. 

2. A problem which gives a negative solution can usvAiUy bt. so 
modified that U will become cansistetU, and the result will be 
positive. 

3. The negative solvtion sometimes merely indicates the direction 
in which the resuU is to be reckoned. 

^00. The pupils will solve, interpret, and modify the enun- 
ciation of the following problems : • 

5. What number must be added to 18 that the result may 
be 16 ? Ans. - 3. 

6. What number must be subtracted from 12 that the result 
may be 15 ? Ans. — 3. 

7. Eequired a number such that f of it shall exceed f of it 
by 2. Ans. -24 

' 8. A man was born in 1825, and his son in 1855 ; find at 
what time the father's age is 4 times the son's age, dating from 
1870. Ans. -5. 

9. A man labored 10 days, his little son being with him 8 
days, and received $18; at another time he labored 14 days, 
hiB son being with him 12 days, and received S25 ; required the 
wages of each. Ans. Father, $2 ; son, - 25 cts 
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DISCUSSIOl^ OP PKOBLEM& 

901. The Discussion of a problem is the process jf assign 
tng diiferent oouditioiis to a problem, and interpreting the resulti 
which thus i 



I. If we subtract 6 from a, by what number uiust the result 
be multiplied to give a product of e? 

OPERATIOM. 

DiscuasiON. Iiet x represent the number ; Let x — the number, 
then we shall have (a— 6)x>-c, from which we (a— 6)a;*c 
find the value of x et^oal to o divided by a— 6. j.^ c 

a -b 

309. This result may have five different forms depending 
on the values of a, 6 and e. 

L When a is greater than 6. 

In thifl case, a — 6 ia pontwe; and c being pontivej the quotient is potUive; 
hence, the required number is poniwe, Thid Ib aa it should be, for the 
problem then in, By what »haU we multiply a positive quantity to produM a 
ponUve quantity f Evidently the multiplier should be positive, 

II. When a is less than b. 

In this case a — b is negative, and consequently c divided by a—b is 
megatvoe; bence the required number is negative. This is as it should be^ 
lor the problem then is, By what shall we multiply a negcUive quantity to pr<h 
duoe a positive quantity f Evidently the multiplier should be negaHve, 

III. When a is equal to 6. 

lnthisca8ea-6-0anda;----oo(Prin. 4,Art 192); that is, fio jSnOt 

fwmiUy will answer the conditions. This is correct, since the problem 
then becomes, By what must we multiply 0, nothing, to produce c, something 
Evidently by no finite quantity. 

IV. When c is 0, and a is either greater or less than 6. 

In this case we have X'^ -• which equals (Prin. 2; Art 198) ; thai 

a—b 

!■( the multiplier is sero. This is correct, for the problem then is, By wkat 

imust we multiply a — b, something, to produce nothing f Evidently the mul> 

tipUer shon'id be mto. 
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v. When #-0 and 0-6. 

In this case we have a;-^ — • or amy fuaTUiiy whateyer (Prir. 3, Art. 192) 

This is correct, for the problem then is, By whcU ahaU we multiply to pnh 
duee 07 Evidently the multiplier may he any qitantity, 

IToTE. — Let the pupils illustrate each form bj using particular Tii'iei 
Jr r a, 6 and c. 



PROBLEM OF THE 0OURIEK8. 

S03. The Problem of the Comieni is a fine il1iif»tration 
>f the subject uDder consideration. It was originally pro|)()8ed 
by Clairaut, an eminent French mathematician. 

1. Two couriers start at the same time from two places, A and 
JB, a miles apart, the former traveling m miles an hour, and the 
latter n miles an hour ; where will they meet? 

There are evidently two cases of the problem. 

Case 1. When the couriers travel toward each other. 

Discussion. Let A and £ represent the two operation. 

places, and P the point at which they meet a p B 

AB^a. Let a:— -4P, the distance which the first I— — — — L— ^ 
travels; then a—x^PBy the distance which the a^AB 

second travels. Then — — the number of hours ^* x^AP; 

m then a-x^PB. 

Q^ /p 

the first travels, and —the number of hours ^ a— x 

m ft 
am 



the second travels. They both travel the same 

time ; hence, we have — — » from which we * "" iw -i. « 

m n mtn 

find the values of a: and a — 2. q j;* ^^ 

1st Suppose 7n — r»; then, by substituting, we m-\-n 

find a; « - • and a - a; — - ; that is, if they travel at the iome rate, each will 
2 2 

travel hcdj the distance. This is evident from the nature of the problem. 

2d. Suppose n— ; then a; — a and a— a; — 0; that is, if the second does 
not travel, the first travels the whole distance^ and the second no distanee. 
This is evident &om the conditions of the problem. 

8d. Suppose rn^O then a; — and a -x -va ; that is, the first trav«l» 
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no diaUmee, and the second travels the whoU dtBtanes, This ia erident from 
die conditions of the probleuL 

Note. — Let the pupil make the suppositiona m- 2n, m - |n, etc^ and 
interpret the results. 

Case II. When the couriera travel in the same direction. 



DiacTTSSiON. Let A and £ represent the two operation. 

places, and P the point where they meet, each A B F 

krmyeling in the direction of P. AB=^a, Let '—— — L— — J 
£ " APf the distance the first travels; then a^AB. 

x— a— jBP, the distance the second travels. The Let x^AP] 

times they travel are equal; hence we have then « — a — ^P. 

— — . from which we find the values of x x x — a 



m n 
am 



m—n 



m n 
and x — a. 

1st Suppose m>n; then x and x—a will be m—n 

pmitive, _ _ an 

That is, they will meet at the right of B, This 
is as it should be by the conditions of the problem. 

2d. Suppose n>m\ then x and x—a are both negaivoe. 
That is, the point of meeting must be at the ^ of Ay instead of at the 
right. Hence, if the second courier travel faster than the first, that they 
may meet, the direction in which they travel must be changed. This is 
evident from the conditions of the problem. 

3d. Suppose m^n: then x — « or oo , and x — a— — . or oo , 

*'*' ^ 

That is, if the couriers travel at the same rate, they can meet at no fimi€ 
distance from A ; in other words, the one can never overtake the other. 
This is evident from the circumstances of the problem. 

4th. Suppose a—0; then x — . or 0, and x — a— . or 0. 

m—n m-n 

That is, if the couriers are no distance apart, they will have to travel no 

liaiaryce to be together. This is evident from the circumstances of the 

problem. 

6th. Suppose m—n and a — 0; then x — - and x—a — —. or anything. 

That is, if the couriers are no distance apart, and travel at the fame, rate, 
they will always be together. This is evident from the nature of the 
problem. 

6th. Suppose n — 0; then x— — a and x—a— 

m 

That is, if the rate at which the second travels is xero. the fimt connef 
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trmvelR the whote distance, and the aeoond no diatanoe. Thin ia evident 
from thd circumstaDoes of the problem. 

7th. Snppoee m -* 2n ; then x — — 2a and x-a-a. 

m 

That IB, if the rate at which the first travels is twice the rate at which 
the aeoond travels, the first courier travels twice the distance from A U> B^ 
overtaking: the second a miles from £. This is evident from the circiim* 
iit>nry>« of the problem. 

8tL. Suppose m is plus and n is minus; then 

am . —an 

x- and X— a — 

m-k-n m-^n 

FTere the value of x is positive, and the value of x — a is ntgnJtivt; henoe^ 
they meet at the right of A and at the lefl of £, or between A and B. Thii 
is evident, since minus n indicates that the second courier travels toward 
A ; hence they must meet between A and B. 

Changing the signs of the last expression, we have a — x — — '■ — i which 

m-\-n 

is the same as the expression for the distance the second coiurier travela, 

obtained in the first case of this problem. Ca^e I. is therefore but a special 

jMie of the general problem just discussed. 



PROBLEMS FOR DISCUSSION. 

1. Required a number that, being sucoessively multiplied 
by m and n, the difference of the products shall equal a. 

a 



Ans, 

m - n 

When will the result be negative? When indeterminate? Wher 
{nfinite? Illustrate with numbers. 

2 B is a years old, and A is m times as old ; at what time 

will A b#» n times as old as B? Ans, x-^ ^. 

n-1 

Interpret the remh when m>n; m<n; when n<l. 

3. The hour- and minute-hands of a watch are a minute 
apuTAfl apart betwefm m and m + 1 o'clock ; what is the time? 

An^. 12^^ — • 
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INDETERMINATE AND IMPOSSIBLE PROBLEMS. 

904. An Indeterminate Problem is one whose conditioDf 
can be satisfied by difierent values of the unknown quantity. 

I. A problem giving only one equcUion containing t'^o urJenmoH 
quafdiii^ is indeterminate. 

Thus, the equation a;+y— 12 is indeterminate; for, by trannposing, fr« 
hayea;— 12— j^; and this equation can be verified by any number of yaloei 
of X and j/, 

• II. A problem whith gives only two eqiuitiona containing three 
unknown quantities is indeterminate. 

Problem. — GKven a!+3y-2«8 and aj+2y- 2z-2, to find x 
and y, 

Solution. By elimination, we find y+2— 6, which may be verified by 
any number of values of ;v ^nd z, and is therefore mdeterminate. 

III. A problem is sometimes indeterminate when it eontaina 
only on-e unknown quxintity. 

Pboblem. — What number is that whose |, diminished Sy it& 
|, will equal its ^ increased by its i^^? 

Solution. 
Let X — the number ; 

^, 5a; 3x x ^ x 

then — y — . 

6 4 20 30 

Clearing of fractions, we have 50a;— 45a: -3a; -»- 2a;; 

tranflposing, 5a; — 5a; = ; 

factoring, (5-6)a? — 0; 

whence, x x — 0, 

and ^"=r' 



«lie value of x thus found is indHermiruiJU (Prin< 3, Art 192); the 
problem is therefore indeterminate. 

20«S. An Impossible Problem is one whose conditions are 
impossible or contradictory. 

I. A problem is impossible when its wndiiiontt art onntradictory. 



PBOBLEMS FOB DIBOUB8ION. IbS 

TnoBUEM. —Given the equations «-fy-7,»-y-l and xy — 16, 
to find tho values of z and y. 

SoLunoR. Uniting eqnationi* first and neoond, we find x^i and j/ — & 
But the third equation requires their product to be 16, which is impoHibU 
ft>r those values of x and y. Hence the problem is impossible. 

II. A problem thai e4yrUains only one unknown quantity ia mms 
imes impossible. 

Problem. — Required a number whose J, plus its \^ dimiii 
bhed by 3, equals its ^, increased by 5. 







Solution. 


Let 




X' 


- the number. 


Then 


5^? 

3 4 


-3- 


■§-■ 


whence, 7a:- 


36- 


•7a;+60, 


and 





XX- 


-96, 


or 




X* 


^ ^ 
.__«,. 



This value of a; is vnfiniU^ which shows that no finite number will 
the ccmditions of the problem ; it is therefore m/pouible, 

Note. — When a problem contains more conditions than unknown quao- 
dties, the conditions which are unnecessary are said to be redundant. 



KXAHPI^BS. 

3« + 5 ai?~6 



1. Find the value of x in the equation 



SouTTTOH. Reducing the second member, 1^T¥ " r. — ^ ^^' 
me have equation (2) ; clearing of fractions, 

fr« ha ve (3) ; transposing terms and factoring, ""~To "" ^ ^^ 

we have (4) ; dividing by the coefficient of a;, ga; + 5 - ax -f 6 (9) 

we have a? — - . or 00 , which indicates that no (3 _ 3) jp — 6 — 5 (4) 

6nite value will answer the conditions. x a; — 1 

jc-l-oo (S) 



«+2 


X- 


2 


OPRBATTON 


IST. 


3a;+6 
x+2 


_3a 

X- 


-6 
-2 


3a: -^5 


-3 
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SonmoN 2d. Clearing the equation of opkbatioh to 

fractiooB and reducing partly, we haye(2); o ^ aa; - o ^^^ 

tranRpofling and uniting, we have (3) ; whence ^ ■*" ^ x — 2 

wt have (4). Thin apparent value of a; can- 8x« - a; - 1 - ar» - 12 (2) 

not be verified, as the pupil may see by sub- - a; — — 2 (3) 

■iUntion. r - 2 (4) 

2. Required a number such that its J, increased by iu j[, d 
Bqual to its |^, diminished by its ^. 

Ans, Ix"-], Indeterminate. 



H 



8 Required a number whose f , diminished by 4, is equal to 
tbe sum of its | and ^, diminished by «i. 

Atm. (a; — 00 ). Impossible. 

4. A and B dug a ditch for S20, A receiving $2, and B $3, a 
day; how many days did each labor, if they did not labor the 
same number of days? Ans. Indeterminate. 

6. Twenty years ago, A was 40 years old, and his son was 
only ^ as old ; now the son is ^ as old as the father ; gaining 
thus, when ^vill the son be as old as the father ? Am. (a; » cx> ). 

6. Find a fraction such that if 2 be subtracted from the 
numerator, or if 3 be added to the denominator, the resulting 
fractions will equal }. Ans. Indeterminate. 

7. Required a number such that 4 times the number, dimin- 
ished by 12, divided by the number minus 3, may equal 4 
times the number, plus 9, divided by the number plus 3. 

Ans, Impossible. 

NuTE. — The 6th reduceR to the indeterminate form, although f , |, ^ 
itc, will answer the oondillons of the problem. 



REVIEW QUESTIONS. 

State the principlep of Zero and Infinity. Define Generalizatioo. A 
General Problem. A Formula. A Negative Solution. State the prin- 
eiples of negative solutions. Define the DiftcuRaion of a Problem. An 
Indeteminate Problem. An Impomible Problem When if a prohlen 
hidet««rminAto 7 Wb«»n inpomibleT 



SECTION YI. 

IN70LUTI0JS, EVOLUTION AND RADICALS 

INVOLUTION. 

306. Involution is the process of raising a quantity to any 
given power. 

307. A Power of a quantity is the product obtained by 
using the quantity as a factor any number of times. 

SON, An Exponent of a quantity is a number which indi- 
cates the power to which the quantity is to be raised. 
Thus, let a represent any quantity ; 

then, a'^a}, is the fird power of a. 
cui — a*, is the second power of a. 
ooa - a*, is tlie third j>ower of a. 
aacM - a*, is the fourth power of a. 
When the exponent is n, as a", it indicates the nth powwr 
of a. 

909. The Exponent (called also the Lidex) indicates how 
many times the quantity is used as a factor. 
*The First Power of a quantity is the quantity itself. 
The Second Power of a quantity is called its square. 
The Third Power of a quantity is called its cube, 

PRTIfClPLRS. 

1. Tne square of a quantity is the product ohtmned by uting ^Kt 
quantity as a fo/ctor twice, 

2. The cube of a qujaniiiy is the prod^iirt obtmnM by unng the 
quantity as a foct/tr three times, 

3. AH the poivers of a positive quantity are positive. 

For, the gquare of a poeitive quantity is poRitive, flince it ip the product 
of two poeitive qnantities ; and its cube w prwitive. 8ino« it iw also ibe 
lirodact of two poAitivf quantitien. etc. 
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4 The EVEN powen of a keqatiye qiumtUy aire pobititb, 
and the odd powers are negative. 

Tlie square ifl positive, since it is the product of two negatiye quantities; 
the cube is negaiivCy since it is the square, wnich is pontive, multiplied by 
the quantity, which is negcUive; the fourth power is pogUivCf since It is th« 
cabe, a negaivot, multiplied by the quantity, a negative; etc 



CASE L 
210. To raise a monomial to a i^iven power. 

1. Raise 4a'6 to the third power. 

OFEBATIOH 

Solution. Multiplying 4a"6 by itself we have 16a*6*, ^j^ 

and multiplying the square by 4«'6, we have 64aV>'. Ex- ^ jt 

amining the result, we see we have the cube of the coefficient, -- ^.| 

and the leilers of the given quantity with three times the 
exponents which they have in the root 



4a«6 



64a«6» 

Rule. — I. Raise the eoeffident to the required power ^ and mxd- 
\iply the exponent of each letter by the index of the power. 

II. When the quumJbUy is positive^ the power will be positive; 
when the quantity is negcUive, the even powers w-Ul be positive aiUi 
the odd powers negative. 



2. Square of Sab\ Ans, 9a'6\ 

3. Square of 5a*c*. Ans, 25aV. 

4. Square of - 6oV. Ans, 36a*a:». 

5. Cube of 3a'«. Ans. 27aV. 

6. Cube of - 4aV. Ans. - 64aV. 

7. Fourth power of 3a*6*. Ans. 81a^6". 

8. Fourth power of - 2a-(f. Ans. 16a*-c*'. 

9. Fifth power of -o*6V. Ans. -a"6"(j*». 

10. Fifth power of 2a-»6V. ' Ans. 32a-»6«c*'. 

11. Sixth power of 2aV. Ans. 64a"c". 

12. Seventh power of - 2aV. Ans. - 128aV* 
18. Eighth power of -a^'ft^c'V— . Am. a^^b^e-^^d-^ 
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14. nth power of a^b^c\ Afui. a**6**<3^, 

15. nth power of - 2a:'j/ "V. Ana, =*= 2*a;**y "■*»*•. 

16. Value of (-2a?6»)*. Ana. -32a"6". 

17. Value of ( - aVc)*. Ans. a"6**c*. 

18. Value of (-26-»m-y. Ana. - 1286-"m-^ 

1 9. Value of ( - o-fc**)*, Aiia. =fc o-'^**'. 

20. Value of ( - a^b-^(r)\ Ana. =*= a^^b -*'*c-, 

CASE IL 
211. To raise a fracliou io a glTeo power. 

1. Find the third power of —- • 

Solution. Using the quantitj three timeB as a operation. 

. ^ , a" a* a* «• a" a* a" cfi 

fcctor, wehave -jx-jx — =— • "3" ^ TT ^ "^^ " TJ 

c^ c^ <^ <^ c^ c^ c^ <^ 

Btde. — iSaise 6o£A num^ator and denominator to the required 
power. 



2. Square of — Ana. -— -• 

3 Square of — -• Ana. — — -• 

^ 4c* 16c* 

4. Cube of — --• -4.IW. — — • 

of c"cP 

Cube of —■ , ' -Atw. --- — 7 

3a:* 27a^ 

6, oquara of — - — -• Aria. ^ ^ ^ 
^ 4aV 16a*»-* 

7. Fourth power of — -• Atia. — -- 

^ 2c» 16c" 

\L Fifth power of -■^. -4rw. -•^^• 

9. Sixth power of Ana. ^ „, ■ ' 

14 
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10. Second power of ?^- An, ^^J*!!. 

8A*-' • 94V' 

11. Third power of -^^^^. AiU. *^'*' 



a»6-c-' ^-•^•■-.« 



12. Find value of /-^*. Am, ^^ 

18. Fiud value of / - -^H^W j «. _ *»*'^ 






.6«L-6« 



o»*6 



1 1 Find value of J ^T Aris. ^^^'^ 



1 9 whciD m 



la even. ^n«. 






<r<- « 



— |» when m is odcL 

Aiu.-- 



17. Find the square of the fraction — ^^ . 

18. Find the cube of the fraction ^= ^ • 

o'-5a«+6a 

(a-3)« 
CASE ILL 

213. To raise a polynomial i/O auy giTeii power. 

1. Td find the square of a +6. 

Solution. (a+6)'-(a+6)(a+6), which by multiplying we find to 
be equal to a"H 2a6+6*. 

Rule. — Find the product of the quantity tak&n as a faetor at 
many iinie» as there are units in thp. eacpfmffnt of the pnwer. 
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2. Square of « - 1. Am. s^ -2» + l. 

3. Cube cf o-e. ilm. a* -3o*c-f3ac»-(^. 
4 Square of 2a"-3«. iln*. 4a*-12a"c + 9o". 
6. Cube of !-«. ^»w. 1 - 3a; + Sa?" - re*. 

6. Cube of 2a - 6*. Am. 8a* - 12a»6*+ , eUj. 

7. Fourth power of a -6. -4.n<j. a*-4a*6+6aV-, etc. 

8. Fourth power of 2o - c". Am. 16a* - 32aV+ , etc. 

9. Square of 0-6 + C. i4rw.a'-2a6 + 6*+2ac-26c+c". 

10. Square of o«- 26 + c». JLn«.a*-4a«6 + 46*+2aV-4A<j»+d*. 

11. Cube of a-^b+e. 

^tw. a»+ 3a"6 + 3a6*+ 6*+ 3a'c-h 6a6c+ 36*0+ 3a<j"+3W+c'. 

12. Cubeof 2a-36*-hc". 

Am. M - 36a''6' + 64a6* - 276* + 12aV - 36a6V f 276V 
+ 6a<^-96V + c». 



CASE IV. 
21S. Special methods of sqnariiiff a polynomial. 

1. Find^the square ofo+6-»-o+A 

Solution. Squaring the polynomial by operation. 

actual malti plication, and arranging the (n.^^^b + r-^d^^^ 

terms, we shaU have the square an written a«+6«+c"-^d» + 2a6T2ao+ 

rn the margin. Examining this, we see a 2ad+ 26c+ 26d-^ 2cd. 
Oeitain law which may be stated aa fol- 
Wwb: 

Rule. — The sqttare of a polynmmal eqwil* the sq\uire of ea/ok 
term arid twice the product of the terms taken two amd two. 

NoTKB. — 1. The role may be briefly stated thoB : The 9quare <^ every one^ 
tmioe the prodmet (^ eeery two. 

2. The pupUfl will readily aolve the giyen prohlemii mentally vy i 
ol thiB rale. 
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2 Square of a+i+e. AnM. a*+b*+t^¥2ab-\-2ao-^*ib6, 

8 Square of a-^i-ci•</. 

il/M. a*+6*+c»+d»+2a6-2ac+2ac<, «to. 

4 Square of u-a:+y-«. 

Anit. u'+«*+y*+«*~2«a; + 2tty-2i«, eta 

5 Square of o-t^J+c+ci+d. 

Ant. o"+6*+c*+<f +c'+2a6+2ac, etc. 

6. Square of a-»-6+c+d-«-«+/+^. 

Am. o*+6'+c +<f -♦-c'-^/'h-^, eta i 

7. Square of 2a+36+4«+cI. ' 

iiiM. 4a*+96'+16c«+<f +12a6-hl6oc, eta 

8. Square of / — m + n - +p - 9 +r. 

Ans. r+m"+n"+o*+p*+g*+r*-2^m, eta j 

9. Square of o+6-o-d+6+/-^-^+t+/ I 

Afi8, o*+6*-«-c*-»-<r+«*+/'+^, eta I 

10. Square a poljnomial consisting of the letters of the alpha 
Bet to m. Ans, a'+6*+c*+cP-f e'+Z^ + ^j eta 

S14. Second Method. — Arranging the terms in anothei 
order and factoring, we have the following : 

Stating this in ordinary language, we have the following 
rule: 

Role. — The square of a polynomial equals the sqwire of Ae 
fmi teraiy phis twice the product of the firgt term into the 9eoondf 
plug the 9quare of the second^ pluh twice the earn of the firBt tw4 
iermB into the thirds plus the square of the thirds etc. 

tf l«l. Third M trrnoD. — Still another form is the foUowin[]^ 
which pupils may translate into common language : 

(a^* + c-^d/-o*+(2a-h^6)6-i-[2(a+6)-r-c]c+[2Ca+ft+o)-'-rf]A 
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CASE V. 

216. Special met liod of cnbing a polynomial. 

1. Find the cube of a-^-b-^-c. 

Solution. Cubing the poly- operation. 

Domial by actual multi])lication, (a + 6 + c)* — 

wehavetheexpre8Bion(l). Fac- (1) a*+8a«6+3a6«+&»+3a*c+6Q6o 
loring a part of this expression, + 36«o + 3ac' + 36c" + c* ; 

we have the cube in the form of (2) a»+3a*6+3a6*+ 6» + 3(a + 6)»o 
expression (2). Examining the + 3(a+6)c«+c». 

last expression, we perceive a 
law in its formation which may be expressed aa follows: 

RtQe. — The Cfuhe of a polynomial equals the cube of the first 
term^ plus three times the square of the first into the second, 
plus THREE times the first into the square of tJie second, plus 
the CUBE of the second; plus three times the square of the 
SUM of the first and second into the third, plus three times 
the SUM of the first and second into Uie square of the third, 
plus the CUBE of the third, etc. 

EXAMPLES. 

2. Cube6+c+(i. Ans. 6»+36'c+36c»+c"-i-3(6+cy(i+,etc 

3. Cube«+y+«. Ans. a:'+,etc., +3(a;+y)*«+3(a?+y)2'+2*. 

4. Cube a-\^h-^e-\-d. 

Ans. a*+,etc., +3(a+6+c)*(i+3(a+6+c)cP+(P 
6. Cube a+6+c+ci+c. 

Ans, a*+,etc., +3(a+ft+c + c£)*c+3(a+6+c-i-d)c*+«*. 

6. Cube a + 6-c+ci~«. -4.rw. a'+,etc., h3(a+6-c+d)«* — ^, 

7. Cubefc'-^y+g*. 

Ans. a:«-6x*y+12a?y-8y* + 3(a:»-2y)yf,etc 

KoTE.— In solving the 7th, expand a-\-b-\-Cy and then substitute ar* fot 
a, —2j/ for 6, and 2* for c, or involve it directly. 

217. Another Form. — ^The formula for cubing a polyio- 
mial may be put in another form, which is sometimes more con- 
venient, as follows • 

(o + 6 + c)"-a»+(3a"f3a6 + 6*)6 + f3(a + 6y+3(o+6>-^cnfl- 
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THE BINOMIAL THEOREM. 

S18. The Binomial Theorem expresses a general method 
of raising a biuoiuial to any power. 

919. This theorem affords a much shorter method of raising 
binomials to required powers than the tedious process of multi- 
plication. 

Note. — The Theorem was discoTered by Sir Isaac Newton, It was oon- 
nidered of bo much importance that the formula expreasing it was engraved 
upon his monument in Westminster Abbey. 

330. To derive the binomial theorem, we will raise two 
binomials to diiferent powers by actual multiplication, and 
then examine these powers to discover the law of their 
formation. 

Let us raise a+6 to the 2d, 3d, 4th and 5th powenu 

a ^b 
a -^b 



M power, 


ab + lf' 
a'+2ab + b' 
a +b 


8d powsr, 


a +b 




a' + Sa'A + So'ft'+oA' 


4th power, 


a +6 







Ml power, a* -^ 5a*6 + lOa'6' + 10a V + 6a6* -r y 
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Babing a - i to the 2d, 3d, 4th and 5th powers, we have- 
Co- 6)* - a'- 2a6+fc* ; 

(a-6)*-a*-4a«6 + 6a»fc'-4afc»+6*; 
(a-fc)*-a*-5a*fc + 10a''6«-10aV+6a6*-6». 

In deriving a law from these examples there are fiye thingp 
to) be considered : 

Ist. The number of terms; 2d. The signs of the terms; 
3d. The leUers in the terms ; 4th. The expotienta of the letters ; 
5th. The coefficients of the terms. 

I. Number op Terms. — Examining the results in the given 
examples, we see that the necond power has three terms, the third 
power four terms, the fourth power Jive terms, the Jiftfi power 
six terms ; hence we infer that 

The number of terms in any power of a binomial is one greater 
than the exponeid of the power, 

II. Signs of the Terms. — By examining the signs of 
the terms in the different powers, we infer the following 
principles : 

1. When both terms of the binomial are positive^ all the terms 
urill be positive. 

2. When the first term is positive and the second negative, all 
the ODD terms, counting from the left, will be positive, and all 
the EVEN terms will be negative. 

III. The Letters. — By examining the letters in tlie diffe^ 
ent powers we infer the following principle : 

The first letter of the binomial appears in all tlie terms excepx 
t/te lad ; the second letter appears in all except the first ; and theif 
product appears in aU except the first and the lasL 

IV. The Exponents. — By examining the exponents of 
the terms in the different powers, we infer the following 
prihcipks : 
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1. The &jH)ncnl of the leading letter or quantity in the fini 
ierm is the same as the exponent of the power^ and decreases by 
unity in each successive term toward the right 
' 2, The exponent of the second letter or quantity in the second 
term is one, and increases by unity in each successive term toward 
Ihe right, until in the last term it is the same as the exponent of *hs 
power. 

3. The sum of the exponents in any term is equal to the expo- 
nent of tlie power. 

V. The CoEFFicTENTS. — By examining the coefficients of 
the terms in the different powers, we infer the following prin- 
cifles : 

1. The coefficient of (Jie first and the last term is 1. 

2. Tlie coefficient of the second term is the exponent of the 
power. 

Thus, in the second power it is 2 ; in the third power, 3 ; in the fourth 
..lOwer, 4 ; and in the fifth power, 5. 

3. The coefficient of any term, multiplied by the exponent of the 
leading letter in that term, and divided by the number of the tfirmy 
squats the coeffi/cient of the next term. 

Thus, in examining the powers of a+ 6 or a— 6, we see that in the 4th 
power the coefficient of the second term, 4, multiplied hj 3, the exponeni 
of a in that term, and divided by 2, the number of the term, equals 6, 
the coefficient of the following term ; in the 5th power we have 5, the 
coefficient of the 2d term, multiplied by 4, the exponent of a in that 
term, and divided by 2, the number of the term, equals 10, tlie coefficient 
of the 3d term ; also 10, multiplied by 3 and divided by 3, equals 10^ 
the coefficient of the 4th term, etc. 

Notes. — 1. We see that the coefficients of the last half of the terms 
when even, or the terms after the middle when odd, are the same as tlie 
coefficients of the preceding terms, inversely; hence we may write 
the coefficients of the terms after the middle term without actual cal- 
culation. 

2. The above method of deriving the Binomial Theorem is by observa- 
tion and induction from particular cases. For a more rigid demonstration 
see 8u|»pl«fiiieiii. pat^t* HH<> 
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BXAMPUSa. 

1. Raise a;- 2^ to the fourth power. 

Solution. 

Letters and exponents, a;* a;*y 7^ ay* y* 
Coefficients and signs, 1 —4 +6 —4 -1 1 
Combining, a;*— 4a;*y+6a;y— 4a:y'+y* 

Note. — ^In practice, we fint write the * literal part of the deye1o]fraent) 
and then, commencing at the first term, insert the coefficients with their 
rigns. 

2. Develop (a+a;)\ Am. a*+3a*a:+3aa:*+a:*. 
8. Develop (a+c)*. Ans, o*+4a*c+6aV+4a(j^+c*. 
4. Develop (a -6)*. 

An». a*-5a*6 + 10aV-10aV + 5a6*-6*. 
6. Develop {x-yf. 

Ans. a^-6a:*y+15«y-20:c»y" + 15a:*y*-6ay-fy*. 

6. Develop (a +6)'. 

Am. a' -f 7a«6 + 21a*6' + 35a*6» + 35a»6* + 21oW + 7ai« 

7. Develop (a-a;)*. 

ulna, o* - %a'x + 28aV - 56aW + 70aV - 56oV 
+28aV-8aa;'-faj». 

8. Develop (!-«)•. 

^iM. l-6a; + 15a:'~2aa:» + 15a^-6«»faj». 

9. Develop (a-c)*. 

^7M. o»- 9a»c -h 36aV - 84aV + 126aV - 126aV 
+84aV-36aV + 9(wj«-A 
10. Develop (a+c)". 

ulrw. o«^ + lOa'c + 45aV + 120aV + 210aV + 252aV 
+210aV+120aV-i-45aV+10ac'^<?»« 
11« Develop (a+a;)". 

A ^ .1 *^(^-l)_« t^ n(n-l)(n-2) . ,^ 
2 S13 

+....naaf"*+a^. 
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BINOMIALS, WITH COEFFICIENTS AND EXPONENTS. 

321. The Binomial Theorem can also be applied to biuo 
mials when one or both terms have coefficients and exponents. 

1 Raise 2a'-f 36 to the fourth power. 

Solution. 
Let 2a' -m and 36 -n; then m-f n will equal 2a*+36. 
We have {fn-^n)*''m*-i- Am*n + 6w*n' + 4mn* + n*. 
Snbfltituting, (2a«)*+4(2a«)»36 + 6(2a«)»(36)>+4(2a«)(36)»x (36)*. 
Reducing, 16a»+96a«6+216a*6»+216a»6«-^816*. 

Note. — It can also he solved hy writing the second expression directli 
aod then reducing, without making the subtttitution. 

2. Develop (2a - 36)». Am. 8a' - 36a*6 + 54a6' - 276\ 

3. Develop (a* +3x)*. ^rw,a"+12a««+54aV+108aV+81aJ*. 
4 Develop (4a -3aV)». 

Am. 64a' - 144aV + 108aV - 27aV. 



6. Develop («--) 
6. Develop {«'--)< 



. Aaa^ 6aV 4a»« a* 
Am. sr + — ; T'-^—r' 



7. Develop |32--j. 

8. Develop (Ja-|€)* 



Am. a»-6a'a;+10aV-10ai!»+^^-~. 
^»M. 8l2*-1082'-f54-~f^. 



. ^ Me 5aV 20aV 40ac* 32c» 

Ans, + + • 

32 24 9 27 81 243 

9 Develop (n'-n"'/. 

Am. n"-6n*+15n*-20+15n-*-d»-«+i|-". 

10. Develop (1 4 ja;)*. 

. . 15a; 45«* 136a^ 405a^ 243a* 

Am. 1 + + + -♦ + • 

2 2 4 16 32 

11. Develop (2a'a;-4a«'y. 

Am. 64a"«»-768a"«*«»+3«40a«'a^*»'-.etc 
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APPLIED TO POLYNOMIALS. 

9S2. The Binomial Theorem may also be applierl to poly- 
nomials by regarding them as binomials. 

1. Find the second power of a+6+c+rf. 

SOMJTIOK. 

Iieta;»a + 6afid^»o+<2; Uien (a?+y)» -(«-»■ 6 +o+«l)». 

By *€ Theorem, (a;+y)«-a;'+2a3^+y*. 

SuoslitatiDg, (a + 6)*+2(a+6)(c+d) + (c+d)*. 

Expanding, aH2a6+6*+2ac+26c+c*+2ad+26<f+2od4cl'. 

2. Expand (a-6+€)«. Am. a*-2a6+6«+2(WJ-2to+«'. 

3. Expand (a + 6 - c)*. 

Ana. oV3a»6 + 3a6* + *'-3a»o-6a6c-3*»c + 8a<^ 

4. Expand (a+6-i-c-i-cO*. 

+«•+, etc. 

MISCELLANEOUS EXAMPLES. 

1. Prove that the square of the sum of two numbers exceeds 
the square of their difference by 4 times their product. 

2. Show how much the square of the sum of two numbers 
exceeds the product of their sum and difference. 

3. What is the difference between one-half the square of a 
number and the square of one-half a number ? 

4. Prove that the difference between the squares of two com- 
secutive numbers equals twice the less number, plus 1. 

6 If two numbers differ by imity, prove that the difference 
of their squares equals the sum of the numbers. 

6. Of three consecutive numbers, what is the difference be- 
tween the square of the second and the product of the first and 
third? 

7. Prove that the sum of the cubes of three conaecutivs 
numbers is divisible by the sum of the numbers. 



ADO KVOLUnON. 

EVOLUTION. 

S33. Evolution is the process of extractmg the root of m 
quantity. 

324. A Boot of a quantity is one of its several equal foe- 
tors ; or, it 18 a quantity of which the given quantit^p jb a power. 

5SS«S. The Square Boot of a quantity is 07t6 of its ^109 rquat 
fkctors ; the cube root is one of its three equal factors, eta 

236. The Symbol |/, called the radical sign, indicates the 
root of a quantity ; thus, |/4 indicates the square root of 4; -^S 
indicates the cube root of 8. 

237. The Index of the root is the figure placed above the 
radical sign to denote what root is required. 

328. A Fractional Exponent is also used to indicate a 

root of a quantity ; thus, a* indicates the square root of a ; 

8* indicates the cube root of 8. 

229. In fractional exponents the numerator indicates a 
power and the denominator a root of the quantity ; thus, 

a* - y^a*, or the cube root of a squared ; 

m 

a» - i/^a* or the nth root of the mth power of a. 

230. A Perfect Power is a quantity whose required root 
can be exactly obtained. An Imperfect Power is a quantity 
whose required root cannot be exactly obtained. 

PRINCIPLSS. 

1. The odd roots of a positive quantity are positive. 

For, the odd powers of a positive quantity are positive, while the odd 
powers of a negative quantity are negative. Thus, ^8 — + 2, and ^a* =- + a. 

2. The even roots of a positive quantity are either positive or 
negative. 

For, the even powers of either a pofiitive or a negative quantity are posi- 
tive; thus, (+3)»-9 and (-3)« = 9; hence, ^^9 - + 3 or -3; alra^ 
V^a*- +a or — a, since ( + a)* and (-a)* both equal a\ 

NoTK. — The symbol =fe means jUua or minixf ; thus, |/a'— =t a is nmA 
the square root of a* is plus or mvnw a. 
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8. The odd rootg of a negative quantity are negative. 

For, the odd powers of a negatiye quantity are negative, while all the 
powers of a ponHnfe quantity are poeitive. ThuB, ^ — 8— -2 md 

- 4. TJie even rootg of a negative quantity are impossible. 

For, the even powers of both positive and negative quantities are posi- 
tive; hence no qnantity raised to an even |K)wer can produce a negative 
quantity. Thus, |/— 4, f^' — 16 and |/--a', are all impoesible. 

Note. — The expression of the even root of a negative quantity ii called 
an IfiMginary Quantity, 

CASE L 
831. To extract any r€M>t of a monomial. 

233. The methods of extracting the roots of monomials are 
derived from those of involution, the one being' the reverse of 
the other. 

PRINCIPLfiS. 

1. To find any root of a monomial, toe extract the root of the 
numeral coefficient and divide (he exponents of the letters by the 
index of the root. 

This is evident, since in raising a monomial to any power we raise the 
coefficient to the required power and multiply the exponents of the letters 
by the index of the power. (Art. 210.) 

2. To find any root of a fraction, we extract the root of both 
terms, 

lliis is evident since to raise a fraction to any power we raise botb 
terms to the required power. (Art. 211.) 

1. Find the square root of 9a^b*. 

Solution. Since to square a monomial we square offration 
the coefficient and multiply the exponents of the let- / q «4 ^ , o^., 
ten by 2, to find the square root of a monomial we 
reverse the process, and extract the square root of the coefficient and 
divide the exponents of the letters by 2. Doing this, we have 3a6', and 
this is plus or minus (Prin. 2, Art. 230). Hence, i/9a^5^ eqnals ^ 3a6*. 
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2. Find the cube root of 8aV. 



E^LunoH. Binoe extracting the cube root of a qaan- oferatioH. 
tity is the reverse of raifling it to the third power, we ex- ySc?G^ — 2a'A 
tract the cabe root of the coefficient 8, and divide the 
exponents of cfi and 6* bj 3, and we have 2a'6 ; and the sign w plar 
(Prin. 1, Art. 230). 

Rule. — ^I. Extract tks root of the numeral eoeffidefU and Hvide 
Ae exponents by the index of the rooL 

II. Prefix the double dgn^ ^yto aB even rooter and the miniu 
mgn to odd roots of negative quantities. 



BXAMPIiSB. 




8. Square root of 16a*6*. 


Afis. ^4aV. 


4^ Square root of 25aY- 


Ans. ±6jcV. 


6. Cube root of 27aV. 


Ans. SaV. 


6. Cube root of -64a"a^. 


Ans. — 4ax*. 


7. Fifth root of -32aW 


Ans. -2a(5". 


8. Fifth root of -243a^°a^a» 


Ans. -3aV^. 


9. Cube root of 216aVy». 


Ans.6aa^. 


10. Square root of 144a'"6^A 


Ans. ±12a-6**A 


11. Square root of 64a6V. 


Ans. ±8a*6*A 


12. Cube root of 125aV/. 


Ans. 5aix*^. 


13. Value of i?^(aVa^). 


Ans. a^e^x* 


14. Value of |r(16a|-fc*'). 


Ans. ±2a*6^ 


16. Value of (a*"a*»)i 


Ans. oV, 


16. Value of (fiV)*. 


Ans. «fcia*«*. 


17 Square root of — — • 


Ans. *fc — -• 
6s« 


18. Cube roct of 

27m* 




64a^ 

19. Cube root of —• 

126<j^ 


-^ 


90. Value of ^(a^^a*^). 


• • 
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CASE JL 
SSS. To extract the fiqnare r€M>t of a polynomial. 

3*t4. The method of extracting the square root of a 
polyDomial is derived from the law for the squai^ of a poly- 
nomial. 



OFERATIOH. 



1. Find the square root of a*+2ai+6*. 

BoLimoN. The firat tenn, a*, is the square 
nf the first term of the root, hence the first term 
of the root is the .square root of a', which is a. 
Squaring a and suhtracting it from the poly- 
nomial, we have 2a6-t-&*, which equals twice the 
first term, plris the second term, multiplied by the 
second term (Art 214) ; hence, if we divide hy 

twice the first term of the root, we will ohtain the second term* Dividing 
by 2a, we have 6, the second term of the root; adding 6 to 2a, the trial 
dimsory we have 2a+6; multiplying by 6 and subtracting, there is no re- 
mainder. Hence, the square root of a* 4- 2a6 + 6* is a -h 6. 



2a 
2a-» 



2ab^b* 
2a6+6» 



2. Extract the square ro6t of o'+2a6+25'+2ac+26<5 1-«", 

Solution. Proceeding as 
in Prob. 1, we obtain the first 
two terms of the root, a+6, 
with a remainder 2ac+26c 



OPERATION. 

a"+2a6+6*+2ao+26c+c» [o + 6+o 



2ao+26c + c* 
2ac+26c + c* 



+ c«. This remainder equals ^a 2a6 + 6* 

twice the sum of the first and 2a+ 6 1 2a6-t-&' 

second terms, plus the third 2a +26 

term, multiplied by the third 2a + 26 -»■ c 

term (Art. 215); hence, if 

we divide by twice the sum of the first and second terms, we will obtain 

the third term. Twice a+6 are 2a +26; dividing the remainder bj 

2a + 2^, we obtain c, the third term. Adding c to the trial diviaor^ ^< 

have 2a + 26+c; multiplying by c and subtracting, nothing remains. 

Hence, etc. 

Rule. — I. Arrange the terms of the polynomicU toUh reference 
io the powers of some letter. ^ 

II. Eadraet the square root of the first term ; write the restUt as 
the fird term of the root ; subtract the square from the given poly* 
namioL^ and bring down the next two terms for a dividend. 
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IIL Double the rool already found, for a trial divisor; divide 
ike first term of the dividend by the remit ; annex the qvoiient tQ 
the root and also to the trial divisor for a complete divisor, Mu^ 
Uply the complete divisor by the second figure of the root, and sub* 
tract the product from the dividend, 

IV. If there are other terms of the polynomial remaining^ p?9^ 
eeed in a similar manner until the work is completed. 

Notes. — 1. If the firrt term of anj remainder, when properly arrange^ 
!■ not diviBible bj double the first term of the root, the polynomial 1b nol 
a perfect square. 

2. When the trial divisor consists of two or more terms, it is necessary 
to divide only the first term of the dividend by the first term of the 
divisor. 

Find the square root — 

3. Of a'+4a+4. Ans. o+2. 

4. Of a«-4cM5+4c». ' Ans. a-2e. 
6. Of 4a' - 12aaj+ 9«". Ans, 2a'- Sx. 

6. Of a^-xy-^-^y^, Ans. x-^y. 

7. Of a*'+2a''fc-+6*'. Ans. c^-^b\ 

8. Of a»+6'+c'+2a5+2flM5+2ftc. ^rw. o+6+c 

9. Of a*-^a^-\^z*-'2ax-2az+2xz. Ans. «-«-«. 

10. Of o'+4a6+46'-2ac-46c+c*. Ans. o+26-c 

11. Of a*-4ac-»-4c*+6a-12c+9. Ans. o-2c-»-3. 

12. Of o-2a*6+a'6»+2ai6*-2a6*+6i Ans. ai-ab-^-bi. 

13. Of m*+4m»n+10mV+12mn»+9n*. Ans.m*+2mn-^^\ 

14. Of 4a;*-16a;+16+12a:y-24y-h9y». Ans. 2aj-4+3y. 

15. Of 10n'-i-25n*-20n«+l-4n+16n«-24n*. 

Afis. l-2n+3n'-4n'e 

16. Of a*+4aV + 4aV-^a^-4a*a; + 4aV-2a»a:»-8aV+4aV 
-4a«». Ans. a*--2a'x+2aa^"sf. 
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SQUARE ROOT OF NUMBERS. ' 

93«l. The method of extracting the S^tuire Boot of Jfmv 
hers is most satisfactorily explaiueci by Algebra. 

PKINCIPLK8. 

1. The iguare of a number oormais of twice as many figures of 
Ae number, or of twice as many leas one. 

Any integral number between 1 and 10 consists of 1—1 

one figure, and any number between their squares, 1 10*— 100 
and 100, consists of one or two figures ; hence the square XOO' » 10 000 
of a number of one figure is a number of one or two i qaqj ^ i qqq qaq 
figures. Any number between 10 and 100 consists of 
two figures, and any number between their respective squares, 100 and 
10,000, consists of three or fowr figures ; hence, the square of a number of 
two figures is a number of three or four figiu*es, etc. Therefore, etc. 

2. If a number be pointed off into periods of tvjo figures ea«A, 
beginning at units* place, tlie numher of full periods, togetlier with 
tlie partial period ai tlie left, if tJiere be one, will equal the number 
of places in the square root. 

This is evident from Prin. 1, since the square of a number oontaini 
twice as many places as the number, or twice as many, less one, 

S. If we represent the ujiits by u, the tens by t, the hundreds by 
h, the thousands by T, we will have the follouring formulas : 

1. Extract the square root of 2025. 

SoLunoi*. Separating the number into 
periods of two figures each, we find there 
are two figures in the root (Prin. 2) ; hence 
the lOot consists of tevu and units, and the 
number equals the square of the tens, plus 
twice the tens into the units, fdus the square 
of the units. 

The greatest number of tens whose square 
if contained in 2025 is 4 Irtm : st^imrini; the tenn and subtracting, we ha?« 



OFERAIION. 




^ + 2ft/ + M*- 


2025 


(,40 


^=40» 


1600 


_6 


2<W-4-M»- 


425 


45 


2< = 40x2 = 80 






w- 6 






{2« + m)m-85>c 


6-425 
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425, which equals twice the tens inio the units, plue the equare ^ (^ < 
Kow, since bin/ot the tene into the wiita is generally greater than the un/Uf 
into the untis, 425 consists principally of twiee the ten» into the unite; hence 
if we diWde by twice the tens, we can asceruin the unite. Twice the tenk 
equals 40 x 2, or 80 ; diyiding 425 by 80, we find the units to be 5 ; then 
(2^i-u)ii, which equals 2iu-\-u\ equab (80-(-5)x5, or 425; subtracting^ 
Boihing remains. Uenoe the square root of 2025 is 4 tens and 5 unit^ 
I 45. 

2. Extract the square root of 104976. 

SoinnoN. Separating the number into i>eriod8 of two figures each, 
beginning at the right, we find there are three figures in the root, and the 
root consists of hundrede, tens and units, and the number equals A* ^2fU 
+ ^+(2A+0M-t-u«. 

OPERATIOH. 



A«+2A<-l-^+2(A+0w+u*- 

A»- 300»- 


10-49-76(,300 
90000 20 


2A- 300x2-600 
<- 20 


14976 4 
324 


(2h'i^f)^'' 620x20- 

2(/i+0M + tt«- 

2(A + 0- 320x2-640 
u- 4 




12400 




2576 


[2(/i+0+w]ti- (644) X 4 - 


2576 



The greatest number of hundreds whose square is contained in 1049/6 
is 3 hundreds; nqnaring and subtracting, we have 14976 remaining, which 
equals 2ht + {'-\-, etc Now, since twice the hundreds into the lens is gene- 
rally much greater than +, etc, 14976 must conaist principally of twnot 
the hundreds into t\e tens; hence, if we divide by twice the hundrciis, we can 
ascertain the tens. Twice tfte hundreds equals 300x2 — 600; dividing bj 
600, we find the tens to be 2, etc 

Note. — In practice we abbreviate the OFEfiATiON as in FRAcnom 
work by omitting the ciphers and con- 10*49*76(,324 

densing the other parts, preserving merely 3 9 

the trial and true divisors, as is indicated ^2 149 

in the margin. Here 6 is the first trial q^ ^24 

divisor and 62 the first true divisor / 64 is 
the second trUd^ and 644 the second true 
atvisor. 



2576 
2576 



From iheso exjilanatious we derive the following rule : 
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Rllle.~I. ComrtienGe at units* plcuie and separate the number 
into periods of two figures each, 

II. Find the greatest number whose square is contained in. the 
left-hand period, place it at the right as a quotient and its sq^iare 
under the lefirhand period, svhtrcust and annex the next period to 
the remainder for a dividend. 

HI. Double the root found, and place it at the left for a trial 
divisor, divide the dividend exclusive of the right-haiid figure by U, 
the q^tierd will be the second term df the root 

IV. Ayinex the second term of the root to the trial divisor for the 
true divisor, mvMiply the result by the second tenn of Oie root, suh- 
traet and bring down the next period for the next dividend. 

V. Double the root now found, find the third term of the root 
as before, and thus proceed until aU the periods have been used. 

Notes. — 1. If the product of any true divisor by the oorrespondiDg 
term of the root exceeds the dividend, the term of the root must be dimin 
ished by a Unit 

2. Wlien a dividend, exchisive of the right-hand figure, will not contain 
^he trial divisor, place a cipher in the root and at the right of the trial 
divisor, then bring down the next period and i)roceed as before. 

3. To extract the square root of a decimal, wt point off the decimal itUo 
periods of two figures ecieh, counting from unit^ plaice, and proceed as with 
whole numbers; the reason of which may be easily seen. When a number 
18 not a perfect square, annex ciphers and find the root on to decimals. 

4. To find the square root of a common fraction, it is evident that we 
extract the square root of both numerator and denominator. When thes€ 
terms are not perfect squares, tlie shortest way is to reduce the fraction to 
a decimal and extract the root. 





EXAAIFUES 


. 




]xti 


-act the square root — 








3. 


576. Ans. 24. 


11. 


5503716. 


Ans. 2346. 


4. 


1296. Ana. 36. 


12. 


4137156. 


Ans. 2034. 


5. 


2401. Ans. 49. 


13. 


11594025 


A7ia. 3405. 


6. 


56644. Am. 238. 


14. 


Bi 


Am. f|. 


7. 


119025. Ana. 345. 


15. 


164^. 


Am. 12|. 


8. 


207936. Ana. 456. 


16. 


12.96. 


A7ti>. 3 6 


9. 


321489. Ana, 567. 


17. 


.(K)t54. 


.■l/i.-. .{f>^. 


10 


6421156. Ana. 2534. 


18. 


10.6929. 


A>ui. 3.27 
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CASE m. 
8S6. To extract the cabe root of polynomials. 

337. The method of extracting the cube root of a polyno 
mial is derived from the law for the cube of a polynomiaL 

1. Find the cube root of a'+3a'6 + 3a6' + 6'. 
Solution. The fiwt term, a', operation. 



a»+3a*6-l-8a6«+6» (^a+6 



3a^+3a6«+6» 
3a«6+3a6»+6» 



is the cube of the first term of 
the root (Art 220) ; hence, the 
first term of the root Ia the cube ^t 
root of a*, or a. Cubing a and 3a»+3a6+6' 
■ubtracting it from the polyno- 
mial, we have 3a'&+3a&'+&', which equals three times the square of the 
frU term of the root into the second, pLus, etc. ; hence, if we divide the firsi 
term of the remainder by three times the first term of the root, we can 
ascertain the second term. Three times a squared equals 3a', the trUd 
divisor; dividing Sa^b by 3a*, we obtain 6, the second term of the root. 
Adding to the trial divisor three tim^s the prodMct of the first term of th€ 
root by the last term, and the sqrwre of the last term^ we have for a complete 
divisor 3a'+3a6-»-6'; multiplying this by 6, we have 3a*6 + 3a6'+6* 
subtracting this, nothing remains. Hence the cube root of the given 
polynomial is a + 6. 

Rule. — ^I. Arrange the tenna of the polynomial with reference 
tc the powers of some letter. 

II. Extract the cube root of the firgt term; write the restiH 
as the first term of the root; subtract its cube fro^n the given 
polynomial by bringing down the next three terms for a divir 
dend. 

III. Take three times the square of the root found for a triai 
divisor , divide the first term of the dividend by it, and write Uie 
quotient for the next term of the root, 

IV. Add to the trial divisor three times the product of the 
first and last terms of the root, and the square of the last term, 

for a complete divisor. Multiply the tsomplete divisor by the 
uMi term of Uie root, and suhtraei tfie produ/ct from the divi- 
dend. 
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V. If there are other terma of the polynbmial remaining, pr^ 
deed in a mmUar inanner until the work ia eompleted, 

Notes. — 1. Arrange the terms of each new dividend, when nwieanrj^ 
with reference to the powers of the leading letter of the root 

2 When there are three terms in the root, to obtain the third, wc OM 
Ihm first two terms as we did the first term in obtaining the second. 



JCXAMPI^BS. 

J-Ind the cube root — 

2. Of a»-3a*a;+3aa:*-a;». Ana. a- s. 

3. Of a»+6a*6 + 12a6*+86». Ana. a+26. 

4. Of a*-e3^-^12a^-S. Ana. «»-2, 

5. Of a'+3a*6+3a6*+6'+3a*c+6aic+36*c+3ac»+3W+c». 

Ana. 0+6+C 

6. Of af-3af+6<i»-3a-l. Ana. o*-o-l. 

7. Of fl^-6a*+15a*-20a»+15a«-6a+l. Ana. a«-2a+l. 

8. Of m*-f6m*-40m»+96m-64. Ana. »i*+2w-4. 

9. Of a*-3a«*+5aV-3af^«-o«. Ana. 9?-ax-a\ 



CUBE ROOT OP NUMBERS. 

338. The method of extracting the Oube Root of Numben 
b most satis&ctorily explained by meaoB of Algebra. 



PRINCIPI<BS. 

1. The cube of a number conaiata of three timea aa manyfigurei 
a$ the number, or of three tim^a aa mmvy leaa one or i/uoo. 

Any integral number between 1 and 10 consists of one ^ "* ^, 
figure, and any integral number between their cubes, 10* — 1000 
1 ai:d 1000, consists of one, two or three figures ; hence 100*— 1,000,000 
the cube of a number of one figure is a number of onty 
two or three figures. Any number between 10 and 100 confusts of Wta 
figures, and any number between their cubes, 1000 and 1,000,000, coni^ists 
o{ four.JSve or six figures ; hence the cube of a number of ttoo figures con- 
nsts of tkree Umes two figures, or three timee two, less one or two figofWi 
Therefore, etc 
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2, Jff a number be pointed off into periods of three fywwm 
eaeh, beginning at unUt^ place j the nwnber of full periods, together 
wUh the partial period at the left^ if there he one, wiU equal the 
number of figures in the root 

This is eyident from Prin. 1, since the cube of a number contains tktm 
Mies as many places as the number, or three times as many, leas one or <ip#, 

3. If we represenJt the units by\x,the tens by i, the hundreds by 
h, eic.| u>e will have the following formulas: 

1. (<4u)»-^-i-3<H*+3*u*+ti*; 

1. Extract the cube root of 15625. 

BOLUTIOH. Separating the number into periods of three figures ea<^ 
we find there are two figures in the root (Prin. 2) ; hence the root oonsute 
•f tent and unite, and the number equals the teTis* +3 x tens' xumte + 8 
X tens xt«ntte'+ unite*. 

OPERATION. 

^+3<H*+3<w»+u»- 16-625 (,20 

f- 20»- 8000 6 

3<«M + 3«M* + U»- 

3<«- 3x20*-1200 

3<M- 8x20x6- 300 

M'- 6»- 25 

(3^+3<tt+w«)w 1525x5- 7625 

The greatest number of tens whose cube is contained in 15626 is 2 foiM/ 
cubing the tens and subtracting, we have 7625, which equals 3 x tens' x immIs 
+3 X tens X tmite'+finite*. Now, since 3 x ^ens* x tmUa is generally greatec 
than 3 X tens X finite* +, etc., 7625 consists 

principally of 3 x tens* x vnits; hence, if ^^ PRAcncK. 

we diyide 7625 by 3x(en«*, we can ascer- 15*625 (^S6 

tain the unita. 3 xten«*-20* x 3-1200; ^" ® 



7625 25 



dividing 7625 by 1200, we find the units to 3 x 20* - 1200 
be 5. We then find 3 x tens x unite equals 3x20x6- 300 
3x20x5-300, and uniUi^ equals 5*-25; ^" 25 



7625 



7625 



taking their sum, we have 3^*+3^u + u* 1526 

—1525 ; and multiplying by the unite, we 

have (3^+ 3<w+tt*)w- 1525x6, or 7625; and snbtracting, nothing to. 

mains. Hence the cube root of 15625 is 25. 

^OTB — In practice we omit the naughts and abbreviats as is atuju m 
the margin. 
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• - 

2. Extract the cube root of 14706126. 

SHOWN BY LETTERS. A3 IN FRACTIOS. 

14-706-126 C245 14'706-12B ; M 

W=200«= 8UU00U0 



8^-8x2008 -=120000 

8M->3x2UUx4» 1^1000 

^. 4X3^^ 1000 



145600 

i<* + 0%« +8(^ + <)«» + «»= 

3(A +<)«=» 3 X 240* - 172800 
8(A + <)u=»8x 240x5- 3600 

11*- S*- 25 

176425 



6706125 



5824000 



882125 



882125 



2»- 


8 


20»x8-1200 


S706 


a0x4x3- 240 




4*- 16 

1456 


5824 




882126 


a40*X 8-172800 




240x6x3- 3600 




5»- 25 

176125 


882126 



Note. — In practice, abbreviate hj omitting ciphers and using perioda 
instead of the whole number each time. 

Rule. — ^I. SeparaXe the number into periods of three figures 
eachy beginning at uniUf place, 

n. Find the greatest number whose cube is contained in the lefir 
hand period ; place it at iJie right and subtract its cube from the 
period, and annex the next period to the remainder for a dividend. 

III. Take 3 times the square of the first term of the root re^ 
garded as tens for a trial divisor ; divide the dividend by it, 
and place the quotient as the second term of the root. 

IV. TaJce 3 times the last term of the root multiplied by the pre- 
ceding part regarded as tens ; write the result under the trial 
divisor, and under this unite the s<pmre of the last term of thi 
root; iheir sum will be the complete divisor. 

V. Multiply the complete divisor by the last term of the 
root; subtract the product from the dividend, and to the remain^ 
der annex the next period for a new dividend. Take 3 times 
the square of the root now found, regarded as tens, for a trial 
divisor, and find the third term of the root as before ; and thus 
tonlinue until all the periods have been used. 

Notes. — 1. If the product of the complete divisor by any term of ihe 
root exceeds the dividend, that term must be diminished by a unit. 

2. When a dividend will not contain a trial divisor, place a cipher in 
the root and two ciphers at the right of the trial divisor, and proceed as 
before. 

3. The cube root of a fraction et^ualR the cube root of the numeratoi 
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EVOLUTION. 



■nd dajominatoi*. When these are not perfect cabes, reduce te a 
and then ertract the root 

4. From the work in the margin we see that the 
cnbe root of a decimal of one, two or three places is a 
decimal of one place ; of foWf five or six places, is a 
decimal of tuo places, etc. ; hence^ to extract the cube 
loot of a decimal, we point off in periods of three 
figoreB each, commencing at units' place and counting to the right. 



^1-1 
^.001 -.1 
^.OOOOOi - 01 
etc etc. 



Piov. the cube root of— 
3. 24389. Am. 29. 



KXAMP1*£S. 



4. 300763. 

5. 405224. 

6. 18191447. 

7. 44361864. 

8. 82881856. 

9. 66923416. 



Am. 67. 

Am. 74. 
Am. 263. 
Am. 354. 
Am. 436. 
A7is. 406. 



10. 1879080904. Am. 1234. 



11. 41063.625. 

12. 130.323843. 

13. 95256152263. 

14. 34^. 

15. 6. 

16. 7. 

17. 9. 

18. 10, 



Am. 34.5. 

Am. 5.07. 

Am. 4567. 

A71S. ^. 

Am. 1.8171+. 

Alls. 1.9129+. 

Am. 2.08008+. 

A7t8. 2.15443+. 



NEW METHOD OF CUBE ROOT. 

S39. The method here presented is supposed to be simpler 
and more convenient in its application than those usually given. 

S4:0« In the operation, indicate the trial divisor by t. d., 
and the complete divisor by c. d., and use dots, thus, . • , to indi- 
cate the local value of the figures. . 

1. Extract the cube root of 1470612^ 

Solution. We find the number 
of figures in the root, and the first 
term of the root, as in the preced- 
ing method. 

We write 2, the first term of the 
root, at the left at the head of 
Col. 1st; three times its square 
with two dots annexed at the head 
of Col. 2d ; its cube under the first 
period; then subtract and annex 
the next period for a dividend; 



OPERATION. 



IbtCou 
2 
4 
64 
8 
725 



2d Col. 
12.. td. 



14-706125 r «4? 
8 



r 256 
1456 CD. 
16 


6706 
5824 


1728.. td. 

3625 
176426 en 


882125 
882125 
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and divide by the namber in Col. 2d as a trial divisor^ for the Beoond term 
of the root 

We then take 2 times 2, the first term, and write the product, 4, in CoL 
Inty under the 2, and a()d ; then annex the second term of the root to the 
6 in Col. Ist, making 64, and multiply 64 by 4 for a eorrectUmf which we 
write under the trial divisor; and adding the correction to the iriai diviaor^ 
we have the complete diviAor, 1456. We then multiply the complete 
divisor by 4, subtract the product from the dividend, and annex the next 
period for a new dividend. 

We then square 4, the second figure of the root, write the s^are under th* 
eompUte divisor^ and add the correrXion, the campUU divisor and the 9qtian 
for the next trial divisor, which we find to be 1728. Dividing by the trial 
divisor, we find the next term of the root to be 5. 

We then take 2 times 4, the second term, write the product 8 under the 
64, add it to 64, and annex the third term of the root to the sum, 72, 
making 725, and then multiply 725 by 5, giving us 3625 for the next cot' 
reetion. We then find the complete divisor by adding the correction to the 
trial divisor ; multiply the true diviM)r by 5, and subtract and have no 
remainder. 

SHOWN BT AliOEBRA. 
l8T GOL. 2d GOIk 

12 3A« 
256 3/*/ + <« 
1456 3A» + 3A< + <« 

16 P 
1728 3A« + 6A^ + 3<» 

3625 3AM+3/!MfM« 
176425 3/i» + 6A<4-3^+3Aw-f-3<M+u« 



Rule. — I. Separate the number into periods of three figures 
each ; find the grmtest number whose cube is contained in Oie fir 4 
period, and urrite it in the root 

il. Write the first term of the root at the head of 1st CoL, 3 
times its square, with two dots annexed, for a trial divisor, at 
the head of 2d CoL, and its cube under the first period ; subtract 
and annex the next period to tlie remainder for a dividend ; divide 
the dividend by the trial divisor, and place the quotient as the 
second term of the root. 

III. Add twice Vie first term of Uw root to the number in the 
jirft column ; annex the second term of the root, multiply Vie remU 
by the second term, and urrite the product under the trial divisor 



2 


h 


4 
64 


3A+< 


8 
72 


2< 
3/i+3< 


725 3A+3<+ti 
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BVULUTKVI. 



for a OORRBCTIOF ; add the oorr£Ctton to iJ.e trial orviBOfi, 
wnd the remit vrill be the complete divt80R ; multiply the com- 
plete divisor by the last term of the root, mbtrcust the prodxui 
from the dividend, afid annex the next period to the r&niU for a 
nau dividend, 

IV. Square the last term of the root, and take the sum of *hit 
AQUA RE, the last complete divisor and the last correction, 
mnd annex two dots, for a new trial divisor ; divide the divi' 
dend by it and obtain the next term of the root 

V. Add twice the sectnid term of the root to the last number m 
the first column ; annex the last term to the sum, muUiply the result 
by the last term, and wriie the product under the last trial dimsar 
for a CORRECTION ; add the correction to the trial divisor, 
and the result will be the complete divisor ; use this as before, 
and thus eo^Uinue until all the periods have been usecL 

Note. — A part of this metbod can be easily remembered by means of 
the following formulas, which show the formation of the trial and eomipUU 
diviaora : 

1. Trial Diviaor+Correction — Complete Divisor. 

2. Correction 4 Complete Divisor + Square —Trial Divisor. 



2. Extract the cube root of 41673648563. 



IstCou 
3 


2»00L. 
27.. td. 


«-673-648-563(34«7 

27 


6 


[-376 n 


4673 


94 


3076 CD. 




8 


16 1 


2304 


1026 


3468.. td. 


2369648 


12 
10387 


r 6156 
352956 CD. 






36 


2117736 




359148.. td. 


251912563 




'72709 
35987509 CD. 


251912563 



VoTS. — Let the pupils apply this to the problems under the pre? iooi 
iMthod. 
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RADICALS. 

S41. A Radical is an indicated root of a quantity; u |/a, 

»*, 1/24, Si/ (a -x), etc. 

S43. The GoefBicient of a radical is the quantity which in- 
dicates the number of times it is taken. Thus, in 3|/(a*a;) and 

in(a* - «') * , 3 and m are the coefficients. 

243 The Degree of a radical is indicated by the index of 
the radical sign, or by the denominator of the fractional expo- 
nent. Thus, 

l/a ; b^ ; (2aV)' are radicals of the second degree. 

y^a* ; 6' ; (aV)' are radicals of the third degree. 

\/<f ; (26) » ; {a -by are radicals of the nth degree. 

244. Similar Radicals are those which have the same 
quantity under the same radical sign ; as 1/ (a'c) and 4i/(a'c) ; 

also ay^e and ^c*. 

Note. — A quantity whose root cannot be expressed without a radical 
sign or fractional exponent is called an irraiianal qxumtity or a mird ; when 
the root expressed can he obtained exactly, it is called a rational quantity 

REDUCTION OF RADICALS. 

34«S. Reduction of Radicals is the process of changing 
their forms without altering their values. 

340. The reduction of radicals depends upon the following 
principles : 

Prin. 1. Any root of the product of two or more quantitie% 
equals the product of the same roots of those quantities. 

Thus, i/{ab) - ^/a x i/b. For, i/{ab) equals a^b^ (Art. 231), and ah)^ 
equals i/a x 1/6. In the same way we may prove that i^{ab) = {/a x i/b. 

Prin. 2. Fracti/)nal eocponents may he added, subtracted, multi' 
pliedf and dlmded the same cw integral exponents, 

Th«ii may be readily inferred from the relation of integers and fractiooo , 
It will be rigidly demonstrate<i in the artinle on the Thew-y of Exponents. 
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CASE L 

847. To reduce a radical to Its simplest fonn* 

34 H. A radical is in its simplest form when the radical part 
is integral, and contains no £u2tor of which the given root can 
be extracted. 

. Reduce i/(AMx) to its simplest form. 

Solution. Resolying the qnantity operation. 

under the radical sign into two factors, v^(48a'a;)»|/(16a*x3a«) 

one of which, 16a', is a perfect squaref and — |/(16a*)>/(3aa;) 

the other, Sax, not a perfect square, — 4av^(36u;) 
we find v^(48a»a:) equals |/(16a*x3ax), 

which (Prin., Art. 246) equals |/(16a') x ^/{Zax); which, eiiracimg the 
■qnare root of 16a\ equals 4a |/ (Sox). 

Rule. — I. Separate the quantity under the radical into two 
factors, one of which shaU contain all the perfect pofvers of the 
sams degree as the radical,, 

II. Extract the root of the rational part, and prefix it as a 
eoeffident to the other part placed under the radical sign. 

EXABIPUSS. 

Reduce the following radicals to their simplest form : 

2. i/iAa^x). Ans. 2oi/«. . 

3. |/(9a»c). Ans. Sai/(ae). 

4. v^(8aV). Ans, 2ax^(2x). 

5. 8i/(12a*). Ans, 6aV(3a). 

6. a|/(48a'6). Ans. 4aV(3a6). 

7. i/(32a«5V). Ans. 4a»6Vi/(2c). 

8. i/ \ 4a\a -b)\. Ans. 2a(a - 6)*. 

9. 2^/ 1 9(a» - a'e) \ . Ans. 6ai/(a - c). 

10. a^(,a* - a^z). Ans. ax^(l - z). 

11. 2((w» -6a:»)i. ^^^ 2x(a-6a;)*. 

12. 6av*/(54a«6V). Ans. 15abc^ (20^0). 
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18. (75aVy)*. Ans. 5a«'(Saxy)^. 

14. (24a*6V)*. Ans. 2ah(Sah'^)K 

16. |r{162a*(6»-6*c)*,. An8.Sa^\^(b-c)i\. 

16. (a-h6)(o'-2a»6+a6*)*. Am. (a*- ftOl/^. 

17. (TO-n)(2aw*+4amn+2on')*. Ans. (m*-n*)|/2a. 

18. 2av/(8a:»y+16a:*y'+8ay). Jrw. 4a(a;+y)i/(2ajy). 

WHEN THE RADICAL IS FRACTIONAL. 

349. A Fractional Radical ia reduced to its simpleat 
form by changing it to an entire quantity. 

1. Reduce 2]/f to its simplest form. 

SoiiUnoN. Maltipljing both terms of oferatjon 

the radical bj 3 to make the denominator a Sx^ 

perfect square, we have 2>/ ( ; £EU!toring, we 2|/} — ^r~^ " ^^ I 

have 2|/Jx6, which equals 2}/^ x |/6 (Art 

246), which, extracting the square root of -2/Jx6-2> ix/6 

^ and multiplying, equals fi/6. - 2 x J|/6 - }/« 

Rule. — ^I. Multiply bo^ terms of ths fraction by suck a quantity 
as wUl render its detiominaUyr a perfect power of the degree 
indicated. 

U. Besolve (he quantity under the radical i7iU> two factors, one 
of which is a fraction and a perfect power of the degree indicated^ 
and proceed as before, 

BXABIPI^BS. 

Reduce the fbllowing to their simplest forms : 
2. i^f Ans.ii/5. 



8. |/f Ans. ii/U. 

^' 2\/"T~' Aris.-r\/ba. 

^6 6 
in* 



6. 2i/f Ans. Ji/ia 

7. 2^^. Am. |^12«. 

S- ^K\^' Anjs.2a^MK 

'■-(^' , 

Ans, 2xt(2Axyhy. 



iS6 BADIUALA. 



CASE IL 

850. To reduce a rational qnantlty to the foriH 
of a radical. 

1. Beduoe 2a*a; to the form of the cube root 

8oL€noH. Since way quantitj ifl equal to the operatiok. 

cnbe root of its cube, 2ahc is equal to the cube root 2a^ » ^(2a*a;)'. 
a^ (2a'x)', which equals the cube root of 8a^. . ^ ISaV) 

Rule. — ^JBatse the quantity to the power indicated by the given 
footf and pkuse the remit under the eorreeponding radical sign, 

Note. — The coefficient of a radical or any factor of a coefficient may be 
placed under the radical sign hj raising it to the power indicated by th« 
cndical, and multiplying the quantity under the sign by the result. 

EXABIPLES. 

2. Reduce 2a'c to the form of the square root Ana. |/(4o*«*). 

8. Reduce 3aV to the form of the cube root 

Ans. i?/(27aV). 
4. Reduce a +26 to the form of the square root 

Ans. |/(a"+4aA+46'). 

6 Reduce 2a'6»c* to the form of the fourth root 

Ans. ^(IMh^e). 

6. Express 2ai/b without a coefficient Ans. i/(4a*b). 

7. Express 3a'|?^(2ac*) without a coefficient. 

Ans. ir(54a»(5»). 

8. Express (aj+y)|/» without a coefficient 

Ans. |/2(a;+y)". 

9. Express f|/(3<u;) without a coefficient Ans. ^ • 

10. Express Sa\/(ex) with a coefficient of 2. Ans. 2|,/(9a'ca:). 

11. Express — i/(2at^) without a literal coefficient 

* Ans. 2|/(2a*6> 

12. Express -r\/-— - without a coefficient Ans. \ 

4 \ 9ff' \ 16 
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CASE OL 

SKIlo To rednce radicals of dlflTerenl defrrees t« 
a eemmon radical index. 

1. Reduce a^ and 6^ to a common index. 

a 11.1 1 i OPERATION. 

BoLiTTTON. \ equals J; henoe a* — a», 

which eqiwlR (a»)4, which equals ^a». J ai -a* -(a»)i, or ^o" 

equals | ; hence fti - ^l , which equals (6«)i , 6* - 6* - ( 6*)* , rr f 6» 
which equals ]^6'. 

Rule. — I. Reduce Ike exponents to a common denominalor. 

II. Raise each quantity to the pmoer indicated by the numeraiof 
of its reduced exponeni, and indicate the root denoted by the ooin* 
num denominator, 

BXAMPL.BB. 

2. Reduce a* and c* to a common index« An8. ^<f\ ^ft. 

3. Reduce 4> and 6^ to a common index. 

itnjr. iri6; 1/216. 

4. Reduce a» aud 6* to a common index. Ans. y^a* ; y^ft*. 
6. Reduce y^a, v'6* and iy& to a common index. 

6. Reduce "|/3, i?^4 and |?^5 to a common index. 

^rw. {^729; i?^256; 1^125. 
7 Reduce 2|/6, S^VO aud 5y^8 to a common index.. 

^rw. 2|r216, 3i'/81; 5^? 8. 
8. Reduce |/2ai |?3? and |?^4a^to a common index. 

- Am. {?X64a«); ir(27a»); 1^(1 6a«). 

ADDITION OF RADICALS. 

953. Addition of Radicals is the process of finding the 
aum of two or more radical quantities. 
1. What is the sum of 2^/8 and 3|/18 ? 

Solution. Factoring and reducing, we operattoh. 

limTe2>/8 equal tc 4 1/ 2, and 3>/18 equal to 2>/8 -2i/(4x2) -4|/2 

9i/2; 9 times i/2 plus 4 times i/2 equals 13 3v/18 = 3|^(9x2)»9/2 

iiines |/2. 13i/9 
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BAUIOALS. 



2. What 18 the sum of i/(2a»aj) and |/(8a*aj). 



OFERATIOir. 

v/(2a»a;)-i/(a'»x2aa;) - a^'{2ax) 

i/ (8a»x) - i/(4a'' X 2aa;) - aoj/ (2aa?J 

Say^(2ax) 



SoiUTioir. Reducing the radi- 
mIb to their simplest form, we 
have |/(2a*a;)-a|/(2aa;); and 
l/(8a"a)-2ai/(2ax); 2a/(2aa;) 
plus ay{2ax) equals 3av/(2cu;). 

Rule. — I. Reduce the radicah to their simplest farm. 

II. If the radicals are then similar, add their coefusients ond 
annex the common radieaL 

III. If the radicals are not similar, indicate their sum by l\e 
proper signs. 



BXAHPUES. 

Find the sum — 

3. Of i/12 and i/27. 

4. Of i/20 and |/45. 

6. Of 6|/(a»6) and ai/V. 

6. Of i/(a»6) and ai/b\ 

7. Of 3v^(3a'a;) and ay^(27ax). 

8. Of av/(18aa:') and V(32a»). 

9. Of oi/Coc*) and c/Ca'c). 

10. Of 2|r(16a) and 3v^(54a). 

11. Of i/50, |/72 and |/128. 

12. Of i/(28oV) and cyXn2a*e). 

13. Of v/2 and 2^/^. 

14. .Of 2|/3 and Si/^. 
16. Of 4|?^i and 6^^. 

16. Of i/(2dfa;) and i/(2b'x). 



An8.&y/S. 

Ans, b\/b. 

Ans. 2ahi/b. 

Ans. (o+a6)i/6. 

Ans. 6av/(3a«). 

-4rM. 7axi/(2a), 

Ana, 2ac|/(ac). 

itrw. 13^(2a). 

u4n«. 19^/2, 

ilrw. 6ac|/(7c). 

Ans. 2|/2, 

^rw. 3i/3. 

^n.s. iv? 2. 

-4rM. (a-f 3)|/2iB. 

^rw. a(|/m+|/n). 

Ans. (a+6)*|/a 



17. Of >/(a*m) and |/(a»n). 

18. Of i/(a*c), 2i/Xa'b'c) and i/(6*c). 

19. Find the sum of 2a;i/(50a*c), 3|?^(24aV), ta|/(72aca;»> 
and 2x|?/(81^*). ^rw. 12aa;(|/5S3+i?'lS). 
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SUBTRACTION OF RADICAIA 

3«S3. Subtraction of Radicals is the process of finding 
the difference between two radicals. 

1. Subtract 3|/8 from 2i/32. 

BoiiCnoN. Bedacing the radicals to their operation. 

amplest form, we have 2/32-8/2, and 2/82-2|/(16x2)-8i/2 

8/8-6/2. 6/2 subtracted from 8/2 3/8 -3/(4 x2)-6/2 

ieayes 2/2. 2/2 

Rule. — I. Reduce Ihe radicals to their simplest form. 

IL If the radicals are then similar^ sybtract the coefficient of 
the sybtrahend frvin the coefficient of the minuend^ and annex the 
eommon radical. 

III. If the radicals are not similar, indicate their difference hff 
the proper sign. 

:) • 

KXABIPJL£S. 

2. From |/(20a) take i/(5a). Ans. i/(6o). 

3. From i/(49aa;») take i/(25aa*). Ans. 2xy^(^ax). 

4. From 3i/(12a») take ai/(27d). Ans. 3ai/(3a). 
6. From ^(125a') take ^{Sa"). An6. S^a\ 

6. From 2\/(a*c) take o^/cP. Ans. (2a-ac)|/c 

7. From i/(12a) take ^Jy • Ans. |/3a. 

8. From |?^(250a*a:) take ^(,d4a'x). Ans. 2a^(2az). 
9 From 3i/f take 2^/^. Ans. ||/3. 

10 From 41^32 take 4|ri. Ans. 6^? 2. 

11. From |/(af + o«a;) take i/(9a6«+96«a?). 

Ans. (a-36)|/(a + a;). 

12. From i/(2a» + Aa'b + 2a6') take i/(2a» - 4a'b + 2a6'). 

^7M. 25|/(2a). 

13. Find the value of 7bj/((^x) - ai/(9ab*x) + di^(a*(^xi 
^8ci/C9a'aj). Ans. 4a(6 -c)/^ 
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MXJLTIPLiCATION OF RADICAIA 

394. Multiplication of Radicals is the process of fin^iVLi 
the product of two or more radicals. 

9SSm PRiNCTPiiB. — The product of the same root of twt 
fjantities is equal to the same root of their produ^st. 

For (Art 246, Prin.), i/a6 = |/ax|/6; hence, transpofling, |/a x y'i 
-« l/(a6). Bimilarly, we may prove that i^a x {^6 — y' (ab), 

CASE L 
256. To mnUlplj' radicails of the same degree. 

1. Multiply 2ai/(ah) by 3v^(oc). 

Solution. We multiply the coefficients opera noN. 

together, and the radical parts together. 2a 2a|/ (a5) x3|/(ac) — 
multiplied hj 3 equals 6a ; |/ (a6) multiplied ^^ (^ij^j _ ^,^ (^j 
by i^(ac) equals i/id'bc) (Art. 256); hence, 
the product is 6a>/(a*6c), which, reduced, equals 6a V(^)« 

Rule. — Multiply (he coefficients together for the coeffictent of the 
product, and the quantUies under the radical sign for the radiccU 
part of the producL 

Note. — ^We may reduce to the form of fractional exponents and add 
Ihc exponents of the similar letters as in simple multiplication. 



fiXAMPLKS. 

2. Multiply 3v/(a(5) by ^i/(acx). Am. 12ac|/«. 

3. Multiply 2v/6 by 3|/8. Ans. 2V3. 

4. Multiply 2\/x by 3|/(cw;). Ana. ^x\/a, 

5 Multiply 3i/(2a) by 2/(3c). Ans. 6i/(6ac). 

6 Multiply 2|/(3a) by v/(6aa;). Ans. 6a|/(2«). 

7. Multiply 2i/27 by 3|/3. ^tm. 54. 

8. Multiply b^(ia) by Z^{2a). Ans. ^i\^a\ 

9. Multiply 2i/i by 2i/f. iltwL i/& 
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10. Multiply 3^^ by 2^^. Ans. aV% 

11. Multiply SiTCa'a;) by i"/(a«'). ^rw. Z^{iix% 

12. Multiply i?^(a-^d*+0 by v^(ac*). An^. at^^/t. 

13. Multiply air(6**+^c^-0 by !?'(«"'' V). ^n«. a^hc^iabtT). 
1 4 Multiply |/a + ^/ft by ^/a - ^/ft. iln«. o - 6. 
16. Multiply i/(o+ 6) by i/(a - 6). ^n^ |/(o' - 6*). 

16. Multiply (wi+n)* by {m-n)^. Ans. (w*~n*)*. 

17. Multiply (o+c)^ by (a-c)». il/w. (a»-c»)». 

18. Multiply (o+6)^ by (a+6)'. ul/w. (o+6)». 

CASE XL 
S57. To multiply radicals of ilifferent degrees. 

1. Multiply r/a by ^h. 

OPESATIOir. 

Solution. We reduce the radicals to a oommon index, -Ja^^cH^ 
and then multiply, /a equals ^a»; ^6 equals ^6»; ^, «,,, 
#^a* mulUplied by ^6» equals i^(a»6«). (Case I.) ^ "}^^n 

Rule. — L Bediiee the radicals to a common indeac, and multiply 
us in Case L ) or, 

n. Beduce the radicals to the form of fractional exprnienis^ 
and mvUiply as in simple mvMiplicaMon, 

kxajuplbs. 

2. Multiply a* by c* Ans. aW, or y^(aV\ 
8. Multiply |/o by ^a. Ans. a*,or|^a*. 

4. Multiply 3a* by 4(a6)i Ans. 12a6*. 

5. Multiply ov^6 by fcy'c ^tw. a6v^(fc"*c^). 



•! + • 



6. Multiply 3i7a by 4]?'a. Ans. 12o"^" 

7. Multiply a|/ c** by a^/i^l^x). Ans, aV^V*. 

8. Multiply v'(«+0 by v^(a+c). iiTw. i^(o+c/. 

9. Multiply 2^{a-c) by 3|/a. Ans. 6v^ja'*(a- c)«}. 
10. Multiply V (w*+») by i^'Cwi- n). 

ulna. i^'Cwi* --n"y(m + h). 
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DIVISION OF RADICALS. 

3S8. Diyision of Radicals is the prooees of diyiduig 
when one or both terms are radicals. 

SffO. Principle. — The quotient of the same roots of two 
fuantUies is equal to Vie same root of their quotienL 



For, hj Art 231, I/5f-l^ ; 

heooe, traoBposing, 7~-*/-. 
y'6 \6 



CASE L 
2410. To dlTlde radicals of tbe same degree. 

I. Divide 6|/(24a«) by 2|/3a. 

Solution. We first divide the coefiScients, and operation. 

Ihen the radical parts. 6 divided by 2 equals 3; 6]/(24aa;) .^^ 

V^(24aa;) divided by i/3a equals \/Sx, according 2i/Sa "^ 
to the principle above ; hence the entire quotient is »6/2x 

Zy'Sz, which, reduced, equals 6^2x. 

Rule. — ^L Divide the coejfficient of the dividend by the ooef* 
fkient of the divisor ^ and the radical part of the dividend by the 
radieal part of the divisor. 

II. Annex the latter quotient to the former, and reduce Ai 
rm i d t to its simplest form. 

KXAMPLBS. 

% Divide 6|/(aa;) by 2|/a. Ans. 3|/«. 

3. Divide 4|/27 by 2|/3. Ans. 8. 

4. Divide 6|/(27ac) by 3v/(3a). ^tw. 6|/c 

5. Divide 6|/54a by 3/27. Ans. 2j/(2a). 

6. Divide 3i/(72a6) by 2i/(66). Ans. 3|/(3a). 

7. Divide 6i/(20a) by 2i/(30a). Ans. i/«. 
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8. Divide 2|/ai by |/2a*. Ant. ay/% 

9. Divide 16(aW)4 by 3(a6«)*. Ant. 5aft|/J. 

10. Divide 5|^(16aV) by 2|^(2aa?). iliw. S^a 

11. Divide J^i by J^|. Ant. l|/5. 

12. Divide (1 - a*)* by (1 - o)*. Ant. (1 +a)« . 

CASE IL 
261. To divide radicals of different de^reeft. 

I. Divide 4|/(aa;) by 2^' a. 

SoLunoH We reduce the radlcab operatxon. 

i« a common index, and then divide 4|/(ag) A{<(aW) o«^/ „^ 
4i/(aa;) equals 4^(aV); 2^a equals 2^a " 2^a* " ^^^"^^ 
2^a*; A^(c^7*) divided by 2^a* equals 
2^{ax^), according to Case L 

Bule. — I. Reduce the radical parts of the dividend and divisor 
to a common index, and divide at in Cote L ; or, 

II. Eedtux the radiccUt to the form of fractional eacpcnenJtt^ and 
divide as in simple division. 

BXABIPLBS. 



2. Divide S^ia'e) by i/o. 


Atu. Z^(Mf^. 


8. Divide 6i?'foV) by 2v/(a«). 


Am. 3|?'(aa»). 


4. Divide 2^(,ab) by 2i?'(a6). 


Am. iTCoft). 


5 Divide 8i/(ox) by VCoaO. 


^n«. 2|/ar-». 


6. Divide 6/3 by S|^3. 


Ant. 2,r3. 


7. Divide 12 by v/3. 


6/ J 


8. Divide 4i?((») by 6v/(a«). 


^- W7c- 


9. Divide oy'ar by ey'x. 


6 



10. Divide t^/" by J^ Jw. J J^- 

It 
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INVOLUTION OF RADICAIA 

1M9. Involation of Radicals is the process of imismg 
ndical quant'.ties to any required power. 

1. Find the cube of 2>/a. 

SoLunoN. Expreasing the radical with a frao- opksatioh. 

lional exponent, we have (2a* )' ; raising it to the (2i/a)' » (2 x a')* 

third power, we have 2*xas ; which reduced gives — 2'xa> ^S/o* 
Sai/o. ^Sai/a 

Rule. — Raise the rational pari to the required power, and miiA 
tiply the fractional exponent by the index of the power ; or, 

Raise the rational and radical parts to the reqtiired power^ 
and reduce the result to its simplest form. 

Note. — IHMing the index cf the radical by any mmber raises the radiM 
to a power denoted by the munber. Thus, the square of ^a is ^o. 
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Find the— 

2. Square of 3|J^(ac»). 

3. Cube of 2x/(ax). 
4 Cube of 3i/(2a;). 

5. Square of ^i/(2a). 

6. Cube of 4J^. 

7» Fourth power of 3-J-- 

8. Fourth power of 2a^-' 

9. nth power of a]^x. 

10. Third power of ^2a*x^(^a3ir). 

11. Square of y/a- i/x, 

12. Square of |/2 + a|/2. 



Ans. 9c^(a^e). 
Ans, Saxi/(ax). 
Ans. 54xi/(2x). 

Ans. — - 
2 

Ans. 16a:*i^(4a*«). 
Ans. M, 

Ans. 16o»ar|^(a««). 

Ans. a»|^af, 

Ans. 2a*xi/(ax\ 

Ans. a-2^(aa;)+x. 

Ann. 2^ia^'2a\ 



EVOLUTION OF RADICALS. 
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EVOLUTION OP RADICAI^. 

S63. Evolution of Radicals is the process of extmctiug 

viy required root of radical quantities. 

1, Find the cube root of o^i^A 

BoLirxiov. Beducing the radical to the form OFKRAXXOVr 

rf a fractional exponent, we have a*e« ; extract- ^a* jj^c* — ^(o^ol) - 
Ing the cube root by dividing the exponents by 3, l „jj^ 

we have ac«, which equals a^a 

Rule. — Exirtui the required root of the rational part, and 
divide the fractional exponent by the index of the root; or, 

JExtract the required root of the rationed and radiccd parts, and 
reduce the remit to its simplest form. 

Note. — Multiplying the index of iKe radical by a nwnber extnicU a root q/ 
the radical denoted by the nuTnber. Thus, the square root of ^a is ^a. 



Findthfr— 
2. Square root of 4^a\ 
8. Square root of 9^(^^x^. 
4. Square root of IQ^iBx). 
6. Cube root of 2|/(aa;). 

6. Cube root of 2ai/(2a). 

7. Fourth root of ^a^(^a). 

8. Fourth root of i\/(2a). 

9. Fifth root of 4c*v^(2c). 

10 FiflJi root of 4a;ir(4a:). 

11 Cube root of --v-* 

Jt ^ ^ 

12. .Square root of -\/-' 
o ^ o 

18. Fourth root of ^ J J. 



KXAMPLB8. 



Ans. ^2^ a. 

Arts. ^S^(2x). 

Ans. =fc4|?^(3«). 

Ans. y^(4ax). 

Ans. i/(2a). 

Ans. i^(3a). 

Ans. iTCJa). 

Ans. i/(2c). 

Ans. |r(4a:). 

Ans. iv/(2a). 

Ans. iir(3a«). 

Ans. i^{2a). 
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RATIONALIZATION. 

SS^l. RationaUzation is the process of removing die nA 
i sign from a quautitj. 



»i^A. Aanonauzanc 
oal sign from a quautitj. 



CASEL 
S69. To rationalize any monomial snrd* 

1. Rationalize |/a^ also a^. 

SoLTTTioH. Multiplying -^a by -^ct, we haTe c^ a opxRATionL 
vational quantitj. ^^t x ^a ^ a 

8oLT)TiOH. Multipljing a^ hj ai, we haTe a» a a^ x a' -a 
lational quantity. 

Rule.- -MvMply the surd by the same guantUy with a froo- 
Honal expenent which added to the given exponent ehaU eqfwd 
unity. 

BXAJHPLBS. 

2. What ikctor will rationalize a^ 7 Ana. ah 

3. What fiictor will rationalize |^(a'c)? Ana. i^ouP. 

4. What fiwjtor will rationalize 2|X(a6)? Ana. ^{(ofV)* 

5. What factor will rationalize 3|;^(a»6)? Ana. ^(aV). 

CASE IL 

266. To rationalixe a binomial aurd of tbe second 
degree. 

1 Rationalize y/a - 1/6. 

BOwUnoN. Since the product of the sum and difierenoe opkr atiox. 

of two quantities equals the difference of their squares, if -^a — -^b 

we multiply -/a—y^b byi/a+>/6, we obtain a— 6, a ^a+|/6 

rational quantity. a — b 

Rnle.— Multiply the given binomial by the aamje biiwmial^ wiA 
ike »igmi of wie of the fpnri^ rhanged. 
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Wluit fiujter will— 

2. liationalize i/a+i/sf Ana. |/a-y^«. 

8. RatioiialisBe |/2 - 1/8 ? Am. i/2 + 1/ 3. 

4. Rationalize 2y^a 4- 1/ 5 ? Ana, 2|/a - 1/& 

5. Rationalize a +|/6T Ana. a-^/k 

CASE in. 

967. To rationalize eitlier of tbe terms of a frac> 
ilonal surd. 

1. Rationalize the denominator of — • 

SoiiUnoH. Multiplying both temiB of the fraction operation. 

by i/aj, we have ^ » in which the denominator is »£L x i^ . ^^^ 

rational, and the value of the fraction is not changed. 

Rule. — MvMply hoik terma of the fraction by a factor that will 
render either term rational which may be required, 

KXAMPI^BS. 

2. Rationalize the denominator of — • Ana. 4v^2. 

|/2 **^ 

8. Rationalize the denominator of • Ana. — !— • 

2i/3 6 

4. Rationalize the denominator of • Ana. ^ • 

l+l/3 2 

5. Rationalize the denominator of -^ — • Ana. ^ • 

8-i/3 2 

6. Rationalize the denominator of 



j/x-i/y 

Ana. <V-^Vi) , 

7. Rationalize the denominator of ^ ^« 

ya- |/c 

It* 
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DfAGINARY QUAinTTIEa 

368. An Imaginary Quantity is an indicated even root 
of a negative quantity. 

S69. Imaginary quantities, though they represent impos- 
sible operations, are of use in some departments of mathematice 

Principle. — Every imaginary qwintity may be reduced to the, 
farm of aV-l ; or a|/-l. 



A\bo, |/— n — i/nx — 1 — ± |/nx y^^—i ; or, pitting a — >/fi> we 

have iai/^. 
In all higher powers the form will be =*= ay^ — 1. 



BEDUCTION OP IMAGINABY QUANTITIES. 
Reduce to simplest form — 

6. |/-4aV. ^rw. ±2acV^. 

7. ir-16a'6\ 



1. i/^^. -4»M. ^ni/'=lL, 
4. |/"=TS?. Ans.^icfi/'^, 



Am, ±2a*6|/^. 
8. v^-8aV. u4n«.=t2ac*|/^^ 



ADDITION AND SUBTRACTION OP IMAGINARY 
QUANTITIES. 

1. Add |/-a' and |/-6'. 

OPKRATIOH. 

SoLunoH. |/-a"-ai/^^; |/— 6'-6v'— 1; y^^^^— Of/^ 
iddlng these two quantities, we have (o+6)|/ — 1. ,/3^ — ftv'^—I 

KXAHPIES. 

2. Add i/-a' and |/-c». wAfW. (a+c)^/^. 
8. Add /"^ and ^/'^. Ani. b^^l. 
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4. Add i/^ and |/^T8. Am. V^"2. 

6. Subtract |/^ from |/=nJB. Ans. 2|/"=T. 

6, Subtract v^^^^w* from |/^=^Sw?. -4n«. mv/^^ 

MULTIPLICATION OF IMAQINAEY QUANTITIES. 
1 Multiply 8v^=^ by i/^. 

OPERATION. 

— vlxi/"^; mnltiplying, we have 8i/B ^Z^— |/^|/ — 1 
X (/^)'. which equals Sy^Sx -1, or -S/S. 8|/Bx(|/"^)«- -8^11 

Note. — Had we maltiplied the quantities under the radical sign at 
SzBt, we oould not have determined the sign of the produot 



2. Multiply i/^ by 2i/^. Am. -2|/8. 

3. Multiply ai/'^P by 2i/^^. Am. - 2ab\ 

4. Multiply 1 + v/^ by 1 - v^^^l. Am. 2. 

5. Multiply 1 + |/=1 by 1+|/^. ^n«. 2/^. 

DIVISION OF DiAGINAKY QUANTITIES. 
1. Divide 4|/^ by 2|/^. 

BotUTiON. 4i/^^-4i/Bxv/^, and operatioh. 

2^/3^-.2|/lx/^; dividing the divi- 4|/^ » 4y^x |/^^ ^ ^^^^ 
dend by the divisor and canceling the 2|/^-2i/Sxv/"^ 
oommon ftictors, we have 2^^. 

Note.— In dividing, it is not necessary to reduce to the general form, 
though it is sometimes convenient. 



% Divide 6i/=^ by 2i/"=l. Am. h^S. 

8. Divide 4|/^^ by a^/^=^ Am. 2i/2. 

4 Divide ov/^ISo by i/^^^ai -A»w. V'^ 

6. Divide 2v/^ by 1+v/^. ^««. l+i/^T- 
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PRINCIPLES. 

1. Ths PRODUCT of hoo imaginary quantities is real^ toith the sign 
h^are ike radieal ike reterre of thai given by the enmmon rule, 

Thms i/^=fl?xy^^=V--aft; and ->/^=^x -y^^=^-— wi6; but 
- K^-a^xy'"^^- +a6, etc. 

2. The QUOTIENT of two imaginary quantities is real^ wiih the 
sign before the radieal ike same as thai given by the common rule. 

t/r? — « ,to 

O 

SQUARE ROOT OP BINOMIAL SURDS. 

S70* Some binomials containing *a radical quantitj are 
squares of binomials, and will thus admit of the extraction of 
the square root 

Thus, (2+ yS)* -4+41/3+3, or 7+41^3; hence the square 
root of 7+41/3 is 2+1^3. 

371. Since the second term in the square of a binomial is 
iwioe the product of the other two terms, if we reduce the bi- 
nomial surd to the form a+2Vbj a will be the sum and b the 
product of two numbers. 

1. Find the square root of ll+6v'2. 

Solution. — 11+6V2— 11+2V18; now find two numbers whose som ii 
11 and product 18. These numbers, we see bj inspection, are 9 and 2; 
Ihen 11+21/18-9+21/1B+2, the square root of which is 3+1^2. 

Note.— The numbers 9 and 2 can be obtained bj letting x-k-y^W and 
xy " 18, and finding x and y, 

KXAMFLEiS. 

Find the 

2. Square root of 14+61/5. Ans. 3+ l/5. 

3. Square root of 28 + 10 VI. Ans. 6 + 1^3. 

4. Square root of 11 ~4l/7. Ans. 2- l^T. 

5. Square root of 15+6l/B. Ans. 3+ l/g. 
<!. Square root of 6+2 l/B. Ans. V^+ v'3. 
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7. Square root of 8-2vl5. Am. V5- VZ. 

8. Square root of 9+2vli. Ans. V^+ V7. 

9. Square root of 14-4l/B. Ana. 2V5- V2. 

10. Square root of 30+12l/6. Ans. 2l/S+3v^. 

11. Square root of 3a-2a|/2. Am, Va- 1^2i 

12. Square root of 2a^2Vc?^^. Am. Vo+J^- Va^. 

13. Square root.of m* - 2n Vwi* - n*. ilna. Vvn^-n^-n. 

14. Square root of 7+30 1/^. Jtw. 5+3 1^"^=^ 

15. Square root of 121^^- 14. ilrw. 2+3l^^=^ 

16. Square root of 241/^-23. Jn«.34 4v'^=^ 

17. Square root of 40 V^^ - 23. Am. 5+4 1/ ■^. 

18. Square root of 1^18 - 4. Ana. 1>'2( l/2 - 1). 

19. Square root of 41/3-6. Ana. 1^3(1^3-1). 

20. Squara root of 6 >/5 - 10. Ans. iV5( V^ - 1). 

Note.— In the 18th, let a?+y- VIS and ay-4; ml9th,letaj+y-4V^ 
uid, since 6-21/9, let xy^% etc 

RADICAL EQUATIONS. 

SOLVED AS SIMPLE EQUATIONS. 

373. Radical Equations are those which eontain the jn« 
known quantity in the form of a radicaL 

373. Some radical equations may be solved by the piinci- 
pies of simple equations, examples of which will now be 
presented. 

1. Given |/«-8-2, to find a. 

Solution.— Given, Vx -3-2; 

transposing, l/x — 6^ 

squaring, a;— 25. Af^ 

2. Given l/(6+2 l^x) - 3, to find x. 
SoLunoN.— Giyen, V(6+2lJ'aj)-3, 

squaring, 6+2l^'aj-9, 

transposing and reducing, 2^x — 4, 

dividing and cubing, «»S. 
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8. Given |/«T7+vS^-6, 

SoLunoH. 
Oiyen, |/a;+7 + f/x-6-6, 

transpofling, v^x+7 — 6— i/af— 5, 

■qnaring, a;+7 — 36— 12v^af— 6-f-» -3^ 

transposing and reducing, y^jc— 6— 2, 

■qnaring, a;— 6«4^ 

transposing, a;— 9. 

KXAMFUES. 

4. Given |/2i+6 - 9, to find «. ^n«. a? - 8. 

5. Given i/(a?-3)+2-6, to find a?. Ans. x^l% 

6. Given y'Ca; + 5) - \/x + 1, to find a?. Ana. x^4, 

7. Given 3 + |/(2a;+4) -7, to find x. Ans. x^6. 

8. GivenS-v'ay-i/Caj-ie), tofindaj. An8.X'2d. 

9. Given v^(6+|?'55)+5-8, to find x. An8.x^9. 

10. Given |/a; - 2 - |/(a; - 24), to find «. Ana. a?-49 

11. Given i/(«+2) -— -— > to find «;. Ana. af-3. 

|/(a:+2) 

12. Given i/(x - 9) + ]/(«+ 11) - 10, to find x. Ana. a? - 25. 

25a 

18. Given |/(a; - a) - |/a? - |^|/a, to find x. Ana. sb^-—* 

16 

14 Given ^ ^ > to find a?. J.n«. « — 6. 

l/« 3 

16. Given v^(«+4a6)- 2a- |/a;, to find*. Ana. X'^ (a -by. 

18. Givenaf+T/(a-af)-^ --itofinda;. iiiM. a;-a-l. 

\/(a-x) 

17. Given v^(a?-o)+|/(a;-6)-i/(a- 6), to find «. 

Ana^x^tL 

18. Given — ; — - ^^, to find x. Ana. x - • 

yx X 1-a 



SECTION YII 
QUADRATIC EQUATIONS. 

374. A Quadratic Equation is ope in which the second 
power is the hignest power of the unknown quantity , as, re* — 4, 
and2a:'+3x-6. 

375. There are two dosses of quadratic equations — Pure 
or Ineomplde quadratics, and Affected or Complete quadratics. 

376. The term which does not contain the unknown quan- 
tity is called the ahsoliUe term, or the term independent of the 
unknown quantity. 

Notes. — 1. A qnadratic eqaation is also called an equation of the 
weoond degree. An eqaation of the fourth degree iB caUed a bi-ipiodraiie 
eqwUion, 

2. When there are two unknown quantities, a quadratic is defined as 
an equation in which the greatest sum of the exponents in any term is 
two. 

PURE QUADRATICS. 

377. A Pure Quadratic Equation is one which contains 
the second power only of the unknown quantity ; as a;* - 16. 

378. The Oeneral Form of a pure quadratic equation, ji 

1. Given 2«"+6 - 24, to find x. 

SoLonoir. 
Given, 2x'+6-24, 

transposing and reducing, a:** 9, 

extracting the square root, a; ^ ^ 8. 

tit 
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2. Giyen oc'-fn-er'-i-m, to find«. 

SoLunoM. 

Oiven, aaj* + n-<a*+fi^ 

tnumpoBiDg, oaj"— ex*— m— n> 

factoring, {a—c)3i^^m—nf 

- , fifi—n 
redudng, «■— -, 



extractiiig square root| 






BnlOc — ^L Reduce the equaiian to the form aa^^b. 
IL Divide by the coefficient of x^, and extract the square tati 
f bath members. 



8. Given a:*+5-3«»-13, to find z. Am. «- ±a 

4. Given (a?-6)(a;+6) - -11, to find x. Ans.te^ ^5. 

5. Given x'+o* - 5a:*, to find x. Am. a; - =*= ii/(a6). 

6. Given 2iB»-3 +12, to find a?. ^n«.a?-±a 

3 

7. Givena:"+o'+6'-2a5+2a:»,tofinda?. Ans. x^ ^(a-b). 

8. Given 4«+8 - (a;+2)», to find a?. Am. a? - ± 2. 

9. Given -^-^z -3, to find a;. Ans. x^ ^WB. 

1-x l+« 

4 4 1 

10. Given --»tofind«. Ans. a?-=*=9. 

x-B a; + 3 3 

11. Given 2a;+6a?-*-3a?-lla?-Sto find x. Am. a?- ^4. 

12. Given ^+^ -3i, to find a?. Am. z^ ±8. 

a;-3 a; + 3 ^ 

13. Given -+ --1, to find a;. Ana. a?- ^^2. 

x + l a? + 4 

14. Given -+---+-^ to find x. Am. a?- ±^(a6). 

a a; 6 a; 

15. Given (n - a:y+ (n-^ a;)' - 3n', to find as. Ans. « - «Ai J^/ft. 
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it79* Radical EquationA sometimeB beoome pure quid 
Katies when cleared of radicals. 

1. Given y(»«+9)-|/(2a^-7), to find as. Ans. a?- ^4.. 

2. Given|/(a;"-4)-2i/(a-l),tofind«. Aiu.x^^2^a. 



X. Am. x^ ^^. 



8. Given ^//15?LJ\- ^», to find 

4. Given (rc+a)'- -i to fiaid x. Ans. «- *a|/2. 

(«-a)i 

6. Given •|/(a;+m)-|/{a?+|/(n'+«^}, to find*. 

6. Given i/(t-^o) > to find as. 

7. Given |/{a:'+2aa:+/(«»-4)| -a+aj, to find as. 

^iM. aj-:fc>/(o*+4). 

8. Given i/{«*+i/(a?*-n*)| -n, to find x. Am. «- :i=n. 

9. Given >/(a?+in) -|^(a:*+n'),tofind x. An8.x^ — - — • 

2m 
2a* 
10. Given a;+>/(o'+«0 -— tt-t — r » to find x. 



PRINaPLES OF PURE QUADRATICS. 

380. The Principles of Pure Quadratics relate to the form 
of the equation and Uie relative value of its roots. 

PRINCIPUSS. 

1. Every pure quadralie equation may be reduced to the form 

Tot, it is evident we can reduce all the terms containing x* to one term, 
■0 rtx^, and aU the known terms to one term, as 6 ; hence the form will 
beoome ooy'^ 6. 

2. lA}ery pure q^Mdratie eqtiaiion has two roots, equal tn 
Humerieal valve, hitl of irftpoitifp ^igjiM. 
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Dnc In. The general fimii of a'pore quad- 
ratic Is tfio^— 5; diyiding by a, we haTe a^^b 
divided hy a; representing the quotient by fn\ 
we have T^'^m*; extracting the sqnaie root, we 
have x^ ^m. Therefore^ etc. 

Dem. 2d. From the equation 7^ » m\ hy 
transposition, we have x*— fn'— 0; fiMtoring, we 
have {x+m){x—m)^0. This equation can be 
satisfied by making x—fn equal 0, or by making 
x^ m equal 0, and in no other way (Art. 192, 
Prin. 1). Making a;— fn^O, we have x^ -f m; 
making z+m »0, we have x-> —tn. Therefore^ 
etc 



OFKRATIOH. 

a 

x^ ^m 

(a;+m)(aj-m)-0 
X— f»— 



PROBLEMS 

PBODUdNO FUKB QUADRATICS. 

1. The product of two numbers is 48, and the greater is 8 
times the smaller ; required the numbers. 

Solution. 

Let X — the smaller number, 

and Sz— the larger number; 

then &rx2;-3z*<-48; 

whence, a5*-16; 

then x^^if 

and 3a;-=i=12. 



2. The sum of two numbers 
required the numbers. 

Solution. Let 6+ a; represent 
the greater number, and 5 — a; the 
smaller number ; their sum will be 
10, which satisfies the first con- 
dition of the problem. By the sec- 
ond condition, (6+a;)(5-a:)-24, 
or 25 — a:* — 24. Reducing, we have 
x* :^ 1. Using the positive value, 
we have 6 or 4 ; using the negative 
value, we have 4 or 6. 

3. The sum of two oumbcrs 
v«quire<1 the numbers. 



is 10^ and their product is 24 

OPERATION. 

5 + a; — the greater number ; 
5— a;— the less number. 
(6+r)(5-a?)-24 
26-a:«-24 
a;«-l 
x-^1 
6+a;— 6or4 
5-x-4or6 

is 15. and their product is 54 ; 
Ana, 9; ft. 
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4. The Bum of two numbers is 12, and the sum of iheix 
squares is 74 ; required the numbers. Ans, 7 ; 5. 

5. The difference of two numbers is 5, and their product if 
8-1 ; required the numbers. Ana. 12 ; 7. 

6. Divide the number 24 into two such parts that their 
product shall be 140. Ans. 14; 10. 

7. The difference of two numbers is 4 and the sum of tlieir 
squares is 208; what are the numbers? Ans. 12; 8. 

8. Required a number whose square is 432 more than the 
square of ^ the number. Ans, 24. 

9. What number is that which, if multiplied by ^ of itself, is 
72 greater than the square of its f ? Ana. 36. 

10. What two numbers are to each other as 4 to 5, and the 
difference of whose squares is 81 ? Atu, 12 ; 15. 

11. Required two numbers whose product is 48, and the quo- 
tient of the greater divided by the less, 3. Ans 12 ; 4. 

12. There is a rectangular field containing 4 acres whose 
length is to its breadth as 5 to 2 ; required its dimensions. 

Ans. Length, 40 rods; breadth, 16 rods. 

13. There is a number whose third part squared and sub- 
tracted from 170 leaves a remainder of 26 ; what is the number T 

Ans. 36. 

14. f of the square of twice a number is equal to f of the 
square of | of the number, increased by 28 ; what is the number T 

Ans. 6. 

15. A man has two cubical bundles of hay, one of which 
contains 999 cubic feet more than the other; what are the 
dimensions of each, if the smaller is f as long as the larger ? 

Ans. 12 ft. ; 9 ft. 

16. A merchant bought a piece of cloth for $216, and the 
number of dollars he paid for a yard was to the number of 
yards as 2 to 3 ; required the price per yard and the number of 
yards. Ans. 18 yards at $12 a yard. 

17. A man bought a field whose length was to its breadth as 
5 to 4; the price per acre was equal to the number of rods iu 
the length of the field, and 5 times the distance around the 
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field equaled the number of dollars that it coBt; fequiied th€ 
length and breadth of the field* 

Ans. Length, 60 rods ; breadth, 18 rods. 
18. Prom a cask containing 81 gallons of wine a vintner 
draws off a certain quantity, and then, filling the cask with 
water, draws off the same quantity again, and then there re- 
mains only 36 gallons of pure wine ; how much wine did he 
draw off each time? Ans. First, 27 gals. ; second, 18 gals. 



AFFECTED QUADRATICS. 

381. An Affected Quadratic Equation is one that con- 
tains both the second and fiist powers of the unknown quantity ; 
a8,fl^+4a;-12. 

383. The Gteneral Forms of an affected quadratic are 
<u^+&i;-0, andfl^+2/>a; -9. 

1. Given 0^+60; - 16, to find the value of «. 

Solution. If the first member of this equation operatioh. 

were a perfect square, we oould extract the square a;'+6a; —16 
root of both members, and find the value of x from a;' -f 6a;+ 9 — 25 
the resulting equation. Let us, therefore, see if we a;+8--^5 

can make the first member a perfect square. a;— — 8 ^ 6 

7%e square 0/ a binomiaL w equal to the square of X^ -t-2 

the first termf plus tmce the prvduet 0/ the jkvttann into a;—— 8 

the second, plus the sqtuire 0/ the second. If now we 

consider 2;'+6x as the first two terms of the square t^ a (inomtal, the first 
term of this binomial will be the square root of a:* or a; ; and 6a; will be 
twice the first term of the binomial into the second ; hence, if we divide 
6a; by twice the first term, 2a:, the quotient, 3, must be the second term of 
the binomial, and its square, 9, added to the first member of the equation, 
will render it a perfect square. 

Adding 9 to the first member to complete the square, and to the second 
member to preserve the equality, we have a?*+6a;+9 = 25. Extracting 
the square root, we have a;+3 — =^ 5 ; from which, using the positive value 
ftf 5, we have a; » 2 * and using the negative value, we have a; — — 8. 

Rule. — I. Reduce the given equation to the general form 
l^ + 2pa;-^. 
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n. Add to both members the aquare of ene^alf the eo^ffieierU 

in. Extrad the square rod of both memberB^ and 9ohe ike 
reeuUtng simple equation. 

2. Given a^-8aj- -7, tofinda?. 

Solution. Completing the aqnare by adding ofebatiov. 

flte tqaxre of half the ooeffident of a; to both a:*— 8a;— —7 

membefBy we haye a;*— 82;+16-9. Extracting a:>— 8a;+16i-9 
d>e square root of both membera, we haye a;— 4i-^8 



ap— 4— ^3. Using the positiye yalue of 3, we a;— 7 

haye x^7; using the hegatiye yalae, we haye x^l 

Verifigation. 
7«-8x7--7; or 49-56- -7; 
also, l«-8xl--7;or 1-8- -7. 

8. Given a^+4a; - 32, to find x. 

SoLimoH. 
Giyen the equation, a;'+4a; - 82, 

completing tiie square, a:* + 4a;+ 4 - 36, 
extracting the root, a;+2— ± 6 

whence, «-— 2+6-+4^ 

and a;--2-6--8. 

Both of which will verify the equati<Mi. 

4. Given a;»-12a?- -20, to find x. 

BoLimoN. 
Given the equation, a;* — 12a; — — 20, 

completing the square, a:" — 12x +36-16, 
extracting the root, a;— 6— ±4; 

whence, af-6+4— IC^ 

and a;-6-4-2. 

6. Given «*-5a?-6, to find x. 

SoLimoN. 

Giyen the equation, a;* — 6a; — 6, 

completing the square, a;* — 6a;+ (f )' — 6 + (|)*, 

^ which reduced, equals a;*-6a;+(f)'-6+y-V» 

extracting the root, ^~ t *" =^ i i 

whence^ a;- f+J— +6, 

and jc— j— 1-— 1, 



a) 

(2) 
(3) 

(5) 
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& Oiyen 3x^ -7s-66, to find s. 

SOLUTIOH. 

QiTen the eqnatioiiy Sx*- 7a;-66; 

diyiduig by the ooeffident of x", «■ — r— 22; 

o 

oompletiiig the ■qnure, s*-|2;+(|)*-22-K (^)*, 

whidi reduced, equals 9^-^^ ({)*- W> 

extnctiBg the root» a;-|— aJLsV; 

whence, »-*-»■ y-+«, 

«nd a.-i-y--V. 

Reduce the following eqnatioBB : 

7. «"+2a?-24. -4»w. af-4, or -6L 

8. a!*+2a;-35. Aru. a?-5, or -7. 

9. «"+4flf-32. -In*. a?-4, or -8. 

10. «"-6a?-16. iin«.«-8, or -2. 

11. «"-3aj-18. ^n«.a?-6, or -i 

12. «"-6a?-84. -4n«.«-12,or-7. 

13. «*-ll«-60. -In*. a?-15, or -4. 

14. aj»-13aj-140. ilfw. a? - 20, or - 7. 
16. «*-14a?--24. iin«.«-12,or2. 

16. a!*-4aj-l. iin«.«-2=fci/5 

17. 3a;»-4a?-.39. -4n«. «-4J, or -3. 

18. («-l)(a;-2)-20. -In*, a? - 6, or - a 
19 aj»-&r--13. iin«. «-3±|/^^ 

20. 4(«»-l)-4a?-l. -An*, a?-}, or -i. 

21. (2«- 8)»-8«. iin«.a?-4i,ori. 

22. «»-3-^. ilrw.a?-li,or-ll. 

6 

23. a^^2px-^q. Ans. a?- -l>=^"l/Cp'+9). 

24. ««-a«-6. -4n«.a?-i(«=^l/?+^)- 

25. »"-2na;-m*-n". ilna. a;-n=tni. 
%. af*-a«-ft»- -a6. iln«. a; - a, or 6. 



krwEorsD 
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27. «+-^-5. 
x-S 




ilfli. «-4 


28. *-2+-^ 
4k 




Ana. »-2i,or.-J. 


29. ^+2»-12. 
x-S 




^n«. a;-6y or 3)). 


80 2 +- + 3_10, 
« + 3 2 3 




Am. 8,or-2f 


81. Vo^2-2. 




Ant. z^2. 


32. T+ — T- 




Am. ««2, or-8. 


33. + 2« + l 13 
a?-hl «-h2 6 




Am. «-l, or -4 


3d ^-^1 ^~2^» 
aj-1 a? + 2 5 




Am. »-3, or-f. 


35. «"+2a«-a'. 




Am.x-ai-l^l/^). 


36. 3a'«-»-»-~2a. 




Am.x^Sa,OT -a. 


37. aj«-2a«-6*-a*. 




Am. »-a+J, or a-i. 


38. a;>-(a-J-i-c>-(k- 


-a> 


iln«.«-a-6, or +«. 



383. The roots of a complete quadratic may be directlj 
written by the following rule : 

Side. — ^I. Reduce the quadratic to (he form st?-\-2pX'^q. 

IL TahCf imih a contrary sign^ one-half of ihe coefficient of x, 
plus or minus the square root of ihe sum obtained by adding Ihe 
square of half the coefficient of ^ to the second member. 

The reason for thiB rule may be shown as follows: Solving the genend 
quadratic, a:*+2pa;-g, we find that a?— —p =t i/(^+i>*) ; comparing the 
root with the general equation, we see that —p is } of 2p with the sign 
changed, and >/(9+p*) lb the square root of the second member plus the 
square of half the coefficient of x. 

Note. — Pupils should be required to solve some of the pretiooi 
ides by this rule. 
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8E0OND METHOD OF OOMPLETINQ THE SQUABEL 

284. A BBCOKD METHOD of Completing the square enableg 
Ofi to avoid fractions in the solutions of all forms of quadratics. 

38S. The method already given involves fractions when the 
coefficient of a; is an odd number or a fraction. 

Note. — ^This method Is Bometimes called the Hindoo Method of aoMog 
qnadratica, 

1. Given a«"-»-J»-c, to find the value of a. 

Solution. To complete operation. 

the square without oaing ax'+6a;— o (1) 

fractioDfl, it iB eyident that 4aV'¥4abX''Aao (2) 

the fiigt term most he a 4a*a:'+4a&a;+&'— 4ao+&* (8) 

perfect sqaare and the sec- 2aa;+&— ak:|/(4ao+&') (4) 

ond term must he diviaible 2ax— — &^)/(4ac+&') (5) 

b7 2. -6^i/(4ac-fy) ,. 

To make the first term a 2a 

perfect square and the second 

term divisible bj 2, we multiply both members hj 4a, which gives eq. (2). 
If now we consider 4aV-\-Aabx as the first two terms of the square of a 
binomial, the first term of this binomial will be the square root of 4aV, 
or 2ax ; 4abz will be twice the product of the first term hj the second; 
hence, if we divide 4abx by two times 2ax, or ^ax, the quotient 6 will be 
the second term of the binomial, and its square, b\ added to both mem- 
bers of the equation, will complete the square. 

Extracting the square root and reducing, we have the values of x ex* 
. in equation (6). 



Rule. — ^I. Reduce theequation to iheformaa!?-\-bz'^e,in uhieh 
ihe three terms are integral and prime to each other. 

II. Multiply the equation by 4 tim^ the coefficient of x* ; add ih€ 
$quare of the coefficient of 'x.to both members, 

III. Extract the square root, and find {he value of t. in (he r^ 
waiting simple equation. 

Notes. — 1. A quadratic may also be solved by multiplying by th* 
coefficient of 7^, and adding the square of one-half the coefficient of x. 

2. Let pupils make a rule from the formula which expresses the root 
■C the genend quadratic, ca^-VbX'^o, 
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% Reduce aE'+Sa;- 22. 

SoLxmoH. 

Given the equation, 8x*+5aj-22, 

multiplying by 4x3 or 12, 36a;*+602;-'264^ 

completing the square, 36^' + 60x + 25 - 264 + 25, 

extracting the root, to + 5 - =*= 17, 

transposing and reducing, to — — 5 ± 17; 

whence, »— +2, 

and »--3|. 



EXAKPLBS. 



8. Seduce 

4. Reduce 

5. Reduce 

6. Reduce 

7. Reduce 

8. Reduce 

9. Reduce 

10. Reduce 

11. Reduce 



12. Reduce 



13. Reduce 

14. Reduce 

15. Reduce 

16. Reduce 



3«'+8a;-28. 
4a;*+7a?-ll. 
5«"+2aj-88. 
5a;'-4a;-156. 
4a;»-45a:-36. 
8a;'-7«-165. 
9««-7«-116. 
2«'+aa?-6. 
a?- 3a 9(6 -o) 
6 " « ' 
«"+3a?-.5. 
«»+2«-5. 
*"-8aj--8. 
5«'-4a?-2. 



ilfu. s-3, or -IJ. 
An$. a?-2, or -4J, 
iljw. » - 1, or - 2}, 
Ans, a?-4, or -4J, 
An8. a? - 6, or - 5J< 
ilfu. fl;-12, or -J, 
^Ana. aj-5, or -4^. 
iln«. a?-4, or --3f 
j1»m. aj-i{ -a=ti/(a'+86){ 

-An*. »-3i, or3(a-6), 

il»M. 1.1925+,or -41925+ 

iin«. 1.449 +, or -3.449+ 

-4rw. 6.828+, or 1.172+ 

iin«. 1.148, or -0.348 



THIBD METHOD OF COMPLETING THE SQUARE. 

386« A THIRD METHOD of Completing the square is stated 
in the following rule : 

Rule. — I. Mahe the coefficient of the first term of (he quadratie 
a posiHve square. 

IL Divide the second term by twice the sqaare toot of the firsts 
and add the square of the qvotient to both members. 
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EQUATIONS IN THE QUADRATIC FORM. 

S87. Any equation which is in, or may be put in, the quad* 
ratio form, may be solved by the following methods. 

388. An equation is in the quadratic form when it con 
tains but two powers of an unknown quai'.aty, and the index 
of one power is twice that of the other as^ js^+cuf — 6, or 

GASEL 

289. Wlien the unknown term of tlio qnadratio 
IB a monomial. 

1. Given a^-6a;»- -8, to find a. 

Solution. 
Given the equation, a;* — ftc* « — 8^ 

completing the Bquare, «* — ftr" + 9 — 1, 
extracting the square root, a^^Z^ ^ 1, 

transposing and reducing, a;* — 4> or 2, 

extracting the square root, a; — db 2, or ^ ^% 

2. Given a;^-4aj' - 32, to find a?. 

Solution. 
Giyen the equation, a^ — ia;* — 82, 

completing the square, a^— 4a^+ 4 - 36, 
extracting the square root, a;* — 2 — ± 6, 

transposing and reducing, a;* i- 8, or — 4^ 

extracting the cube root, a;— 2, 

and a;-^(-4). 

Note. — Since the odd roots of a negatiye quantity are real, by extradi 
ing the cube root of 4 and prefixing the minus sign we find the approxif 
■late value of the second root of the above equation. 

BXAMPIiBS. 

8. Given a^+4a;»-32, to find x. 

Ans. af- ±2, or «t2i/(-2). 
4. Given a^--5a:'-36, to find x. 

Ana. x^^Z,oi ^2v/(-l), 
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6. Given a^- 7a^ - 8, to find x. Ans. a: - 2, or - L 

6. Given a^-^-ix'* - 5, to find a. Ana. a; - =*= 2, or =*= 1. 

7. Given x-tSi/x - 18, to find x, Ans, a; - 9, or 36, 

8. Given x* +4a;» - 5, to find x. Ana. « - 1, or — 126. 
9 Given a:** -aa:*- 6, to find a;. -4n«. aj-(^=t^6+ia")». 

10 Givena:*'+4a^-12, tofinda?. Ana. x ^ y^ 2, or y" ^ 6. 

11- Given a^+7a;* - 3f , to find x. Ana. x - ^^2, or ^^450. 

12. Given |?'a?+2|?'a;'-|, to find a^ Ana. a?-^, or -fj. 

13. Given«*-a«5-6,tofinda;. Ana. x^Qa^y^b-^^^^. 

14. Given ^'^^ ; — - — 7— » to find a?. iln«. a; - 64, or 4. 

4t-\-yx yx 

CASE n. 

290, Wlien the unknown term of the quadraiic 
to a polynomial. 

391« When a polynomial becomes the basis of the quad- 
ratic form, we may consider it as a single quantity, and proceed 
as in the previous case. 

1. Given (a;'+2a;)*+4(a;'+2a;) -96, to find x. 

Solution. 
QiTcn the equation, (a;«+2a;)«+4(a;»-f axj-Oa^- 

oompleting the square, (a:»+2a:)*+4(x"-f2a;)+4-100; 
extractiug the sq. root, 2;*+2a;+2— ^s^lO; 

tiansposing, a;"+2a; — 8, or —12; 

completing the square, «•+ 2a?-f 1 — 9, or — 11 ; 

extracting the sq. root, a?+ 1 — at 3, or :t |/( — H) • 

whence, a? — 2, or — 4, 

and a;--l±|/(--ll). 

Note. — ^This problem may also be solved by placing a;*+2a;— y, giving 
Ihe equatior, y*+ 4^ — 96, which may be solved and the value of y thus 
firand placed equal to a;'+27, from which thie va|u^ of x can readilj 
be found. 



816 QUADBATIC EQUATIONS. 

2. Given («"-2)V2«'-67, to find x. 

Solution. 

Given the equation, (a;* — 2)' + 2a:* - 67 ; 

Bubtracting 4, (x»-2)»+2x*-4-63; 

fiuAoring, (a:* - 2)« + 2(a:« - 2) - 63 ; 

completing the square, («»-2)»+2(a;"-2) + l-64; 

extractiiig the Bq. root> (a;*— 2) + l - =*= 8 ; 

whence^ a;* — 9, or — 7, 

and a?- ±3, or =t ^—7. 

Note. — ^The 4 was subtracted to put the equation in the quadratic 
form. Sometimes this can be done by transposing a term or bj adding oi 
nibtracting some quantity. 

KXAMPliES. 

3. Given (a;'-3)*-»-4(a;'-3)-5, to find x. Arts, a?- ±2. 

4 Given (ai"+3a;)*-6(a;»+3a;) -216, to find x. 

Ans. a;-3, or -6. 

5. Given (a;'-4a;)U(a;'-4a?) -3f, to find x. 

Ana. «-4J, or -J. 

6. Given i/(5+a?)+^(5+a;) -6, to find x. 

Ans. X - 11, or 76. 

7. Given (-+«) +6 (-+«) -40, to find x. 

\* / \* / Ans. X'2,0T -5^1/(21). 

8. Given aj-|/(aj+5) -1, to find x. Ana. af-4, or -1. 

9. Given (a;-4)*-6v/(a;-4) — ^» to find x. 

*~^ iin«.a;-8,or4+ir4. 

10. Given (a;'+2a?-3)«+7(a;»+2aj-3) -60, to find x. 

Ana. «-2, -4, or -l=fc2v (-2). 

11. Given («* - 9)" - lla;»+40 - 21, to find x. 

Ana. aj- =t5, or ±2. 

12. Grfen (a^-4a;+6)»+4a;*-16a;- -8, to find x. 

Ana. a?-3, or 1, or 2 ±|/(-7). 

Note.— Add 59 to both members of Ex. 11 ; add 20 to both memben 
of Ex. 12. Seyeral of the problems in Art 290 have other results thaa 
ihose gi^en. 
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PBOBLEMS 

PBODUCINa AI'FECTED QUADBAHOS. 

1. Find two numbers such that their sum is 16 and iheii 
product is 60. 

Solution. 
Let X — one number ; 

then 16 — a; — the other number, 

by the oonditiona, (16 — z)z — 60 ; 
which gives a;"— 16a;— —60; 

whence^ x — 10, or 6, 

and 16-a;-6, orlO. 

Hence the two numbers are 10 and 6. 

2. A man sold a watch for $24, and lost as much por cent 
as the watch cost him ; what did the watch cost him? 

Solution. 
Let a;— the cost of the watch; 

then a;— the loss per cent, 

and -—-xa;---—— the loss; 

100 100 

therefore^ «-— -24; 

whence, a; — 60, or 24. 

Both of these values will satisfy the conditions of the problem. The 
pvipil will show this hf verification. 

8. A lady divided $144 equally among some poor persons : 
if there had been two more, each would have received $1 less ; 
required the number of persons. 

Solution. 

144 
LeA a;— the number of persons; then —what each received 

X 

144 

and ——what each would have received if there had been two more: 

a5+2 • 

144 144 

then -•— 1; whence a;— 16, or —18. The number of persons 

a;+2 a; ' ^ 

was therefore 16 ; the n^;ative result will not satisfy the proolem in an 

■rithmetiral sense. 

Note. — I^ in the problem, 2 more be changed to 2 2eM, and $1 Uu to 
SI more, the correct result will be 18. 
19 
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4. A gentleman divided $50 between his two sons in snch a 
manner that the product of their shares was 600 ; what was 
the share of each 7 Ana. $30; $20. 

6. The wall which encloses a rectangular garden is 128 yards 
long, and the area of the garden is 1008 square yards ; what is 
its length and breadth ? Am. 36 yds. ; 28 yds. 

6. An officer wishes to arrange 1600 men in a solid body, so 
that each rank may exceed each file by 60 men ; how many 
must be placed in rank and file? Ana, 20 ; 80. 

7. A merchant bought a number of Bibles for $50, which he 
sold for $5.50 a piece, and thus gained as much as one Bible 
cost; how many Bibles did he buy T Ana, 10. 

8. The perimeter of a room is 48 feet, and the area of the 
floor equals 35 times the difference of its length and breadth ; 
what are the dimensions of the room ? Ana, 14 ft. ; 10 ft. 

9. Two boys, A and B, bought 10 oranges for 24 cents, each 
paying 12 cents ; if A paid 1 cent more apiece than B, how 
many oranges did each buy? Ana. A, 4 ; B, 6. 

10. A lot of sheep cost $180, but on 2 of them being stolen, 
the rest averaged $1 more a head than at first ; find the number 
of sheep. 

11. A man walked 48 miles in a certain time: if he had 
gone 4 miles more per hour, he would have gone the distance in 
6 hours' less time ; how many miles did he travel per hour? 

Ana. 4 miles. 

12. In an orchard containing 180 trees there are 3 more trees 
in a row than there are rows ; required the number of rows and 
the numbei of trees in a row. 

Ana, 12 rows, and 15 trees in a row. 

13. In a purse containing 52 coins of silver and copper, each 
silver coin is worth as many cents as there are copper coins^ 
and each copper coin is worth as many cents as there are silver 
coins, and the whole is worth $2; how many are there of 
each ? Ana. 2 silver ; 50 copper. 

14. A person distributed $6 equally among a number of 
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paopera; and as there were 6 less than he suppoeed, they each 
received 10 cents apiece more than they otherwise would ; how 
many paupers were there? Ans, 15. 

15. The expenses of a party amount to $10 ; aud if each 
pays 30 cents more than there are persons, the hill will be set- 
tled ; how many persons are there? A.t8. 20. 

16. There is a number consisting of two digits whose sum is 
10 and the sum of whose squares is 52 ; it is required to find 
the number. Ans, 46, or 64« 

17. Mr. Leslie sold his horse for $171, and gained as much 
per cent, as the horse cost him ; what was the first cost of the 
horse? Ans. $90. 

18. A person laid out a certain sum of money for goods, 
which he sold again for $24, and lost as much per cent as the 
goods cost him ; what was the first cost? Ans. $40, or $60. 

19. A yacht sails 90 miles down a river whose current moves 
3 miles an hour, and is gone 16 hours ; required the rate of 
sailing. Ans. 12 miles an hour. 

20. A &rmer bought a number of sheep for $80 ; if he had 
bought 4 more for the same money, he woiud have paid $1 less 
for each ; how many did he buy? Ans. IS sheep. 

21. A man bought a quantity of meat for $2.16. If meat were 
to rise in price 1 cent per pound, he would get 3 pounds less for 
the same sum. How much meat did he buy? Ans. 27 lbs. 

22. The plate of a mirror, 18 inches by 12, is to be set in a 
frame of uniform width, whose surface is to be equal to the surface 
of the glass ; required the width of the frame. Ans. 3 inches. 

23. Todhunter gives the following beautiful little problem : 
Find the price of eggs per dozen when two less for 12 cents 
raises the price 1 cent per dozen. Ans. 8 cts. 

24 A and B start at the same time to travel 90 miles ; A 
travels 1 mile an hour faster than B, and arrives 1 hour earlier ; 
at what rate per hour did each travel ? 

Ans. A, 10 mi. ; B, 9 mi. 

25. A person bought cloth for $72, which he sold again at 
$6} a yard, and gained by the bargain as much as one yard cost 
him ; required the number of yards. Ans 12. 
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QUADRATIC EQUATIONS 

CONTAININa TWO UNKNOWN QUANTITIES. 

293* The Degree of an equation containing two or more 
unknown quantities is determined by the greatest sum of the 
exponents of the unknown quantities contained in any term. 
Thus, 

2cu;+ Szy - 4a is anequation of the 2d degree ; 

Sxy-\-4a^''12 is an equation of the 3d degree. 

393. A Homogeneons Equation is one in which the sum 
of the exponents of the unknown quantities in each term which 
contains them is the same. Thus, 

3a;'+2a:y+y*-31 

and ie»+3«V+3a:y'+y*-27 

are each homogeneous equations. 

394. A Symmetxical Equation is one in which the un« 
known quantities are similarly involved, or one in which they 
can change places without destroying the equation. Thus, 

aj»+y*-13, and?+5^-2i 

y « 

and a;'+y*-a;y+3«+3y«22 

are each symmetrical. 

395. Quadratic Equations containing two unknown quan« 
titles can generally be solved by the rules for quadratics if they 
oome under one of the following cases : 

I. When one of the equations is simple and the other 
quadratic. 

II. When each equation is homogeneous and quadratic. 

III. When each equation is symmetricaL 

NiOTE. — Two quadratics containing two unknown quantities osnally pro- 
duce a biquadratic in elimination ; hence all quadratics containing twt 
unknown quantities cannot be solved by the rules for quadradcB. 
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CASE L 

206. When one of the equations Is simple and Uie 
oilier quadratic. 

397. Equations of this case can generally be solved by sat - 
Btituting in the quadratic equation an expression for the yalil 
of one unknown quantity found from the simple equation. 

I. Given |J;|;^,-^^3|,tofinda;andy. 

Solution. 

82;+y-9, (1) 

a:»-fy«^13. (2) 

From(l), y-9-3a:; (3) 

Bquaring(3;, y'-81-64a?+9a;»; (4) 

Bubrtituting in (2), «*+81-54a;+9a;*-13; (6) 

redncing (5), «•— ^x — — V i 
completing the aqnaFe, a?* - V^+ (H)* - ^ » 

extracting aq. root, «~H"^A; 

whence, a;-2,or3{, 

and y-3, or — IJ. 

kxampl.es. 

Find the values of x and y in the following equations : 

(.a^+y'-20j (y-2,or4. 

(.4j;-3y-10j ly-2,or-6J. 

6. Given {2. "''."?}• ^"'•{'"J"+S' 

l?y-2x-12j ly-6kOr-S. 

19* 
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8. OiTen 



xCl-"} 



\x -^y ~6 



Ana. 









(»-±7ar±6v'(-l)k 



10. GWen J''-*'-^^'-*) 



iln«. 



5,ord=7|/(-l). 
or4« 






CASE n. 

898. Wben each equation is homogeneoiui and 
quadraUe. 

399. Equations in this case are nsnallj most conyeniently 
■olved by substituting for one unknown quantity the product 
of the other by a third unknown. 



1. Given {^;^2'-24} ' ^ find a: and y. 



Babrtituting in (1), 
■absdtating in (2), 

from (4), 
from (6), 

equating (6) and (7)| 

dearing of fractions, eta, 
iolving (9), 

sabstitating in (6), 

and 

whenoe, 
and 



SOLUTTOH. 

ay-H2y«- 



va'+2vV- 

10 ^ 

l+v" 

10i;*-7v- 

V- 
X' 



10, 
2i. 
vx, 

10, 

24, 

10 

24 

v+2t;*' 
24 

v+2t;»' 

12, 

ior-|. 

1+f ^ 

1^.60; 
1-* 

■=t2,or=t 
■±3, or i 



(1) 

(3) 
(4) 
(5) 

(6) 
(7) 

(8) 

W 
(10) 



4/2. 
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(*'-y-i2j '*'* (y-±2, ±1/00. 

•• «»T«i 1,.+ y._i3|- -int. jy.±3,„^j^2. 

CASE IIL 
800. When eaeli equation i» symmetricaL 

301. There is no general method for the solution of equa* 
tions in this case. The various expedients employed depend 
upon the powers of binomials and principles of factoring. 

1. Given \ ^".jn f i *<> ^^ « M^d y. 

SoLunoH. 

avy-24, (1) 

g->-y-10. (2) 

Squaring (2), «» + 2a^ +y* - 100, (3) 

muldpljing (1) bj (4), 4x1/ -96 , (4) 

Bobtracdng (4) from (3), a:*-2a3^+y»-4, (6) 

extractmg square root| x—y^ st 2, (6) 

uniting (6) and (2), 9-6, or 4^ 

wud y-4^or6» 



S34 



qvAJOLArcia equatiosb 



a Given {^''."^^-w} • *» find » and y. 



Completing the square, 
extncdng aquBie loot^ 
whence^ 
■quaring (1), 
■abtractizig 4 timei (5), 
extracting square root, 
whence^ 
and 



SoLunoK. 

a?+y-6, (1) 

gy'-iay-lg. (S) 

«V«-4ay+4-16, (3) 

ay-2-=fc4; (4) 

ay-6,or-2, (6) 

aJ"+2xy+y«-25, 

a^-2ay+y«-l, or33, 

a;-.^-.:^!, or ±|/33; 

9-8, or 2, or 1(5 ± |/8S)^ 
y-2, or 3, or 1(5 ± »^38).; 



& Given J^;|;JJ,"JJ, to findajand y. 



SoLirnoir. 





a;+y-7, 


(1) 




ar'+y'-M. 


(2) 


Kriding (2) by (1), 


^•-ay+y'-lS, 


(3) 


■qnaring (1), 


!B«+2zy+y'-49, 


(4) 


mibtracting (3) from (4), 


8ay-86, 


(6) 


diTiding by 3, 


ay-12. 


(«) 


aabtmcting (6) from (3), 


a!'-2ay+y'-l, 




extracting iqaare root, 


»-y-±l; 




whence, 


a!-4,or3. 




and 


y-3,or4. 





Notes. — 1. Let tlie pupils see that the values of z and p in these eqn»- 
i'ms are not equal to each other; for when a;— 4, y — 3; and when a;— 9^ 
|y "4. Their values are interchangeable. 

2. The signs ^^ and :^ are equivalent when used independently; but 
when taken in connection thej are the reverse of each other. Thos^ if 
«— ia and y— ^6, then when a;— +0, y— — 6; and when x^-<^ 

fiXAMPLBS. 

4 Given {^-^1. ^n,. f^-J^^'J 

(a;-y-lj (y-4^or-5. 

!;-4,orl, 

,or4. 



5. Given {^(^^-2 1. 



.^tx. 



fx-4,( 
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7. Given 17- \; „, , „l. 

f«-8k8,<ir-l±v'(-14), 
ly-8,6,or-lTy'(-:4). 

a Given I *+i^(«3^)+y-» ]. An,.\'-^ 

9. Given } *-^-',«, } • An,. \ "'' "^ "J 

10. Given } ^-»^-;« I . ^«. } '- J "^ -J 



11. Given < y x" >> Ana. \ "l* 



or i. 



303. Equations which are not symmetrical may sometimes 
be so combined as to produce a symmetrical equation. 

303. Equations that are not symmetrical with respect to 
the unknown quantities themselves may be symmetrical with 
respect to some multiple or power of these quantities. 



y«+ay-36j ^ 



80I.UTIOH. 




«»+ay-46; 


a) 


y»+ay-36. 


(2) 


Adding, «'+2aj/+y»-81; 


(3) 


erolTing, a;+y-±9; 


(4) 


aabtracting (2) from (1), *• -j^ - 9 ; 


(6) 


diTiding (6) by (4), as-y- ± 1 ; 


(«) 


adding (4) and (6), Sv- ± 10 


(7) 


whence x—^6; 


(8) 


■ubtrmcting (6) from (4), ajf-'^^; 


(») 


whence y- ±4. 


(10) 
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Squmring (1), aJ«+4ay+V-16»; (3) 

Bubtracdng (2) firom (3), 4xy - 60 ; (4) 

Bubtracting (4) from (2), a^-4xy-\-4y*~49; (6) 

evolying, » — S^y — i 7 ; (6) 

adding (1) aad (6), 2x-20, or 6 ; (7) 

whenoe a; - 10, or 3 ; (8) 

ntbtractmg (6) from (1), 4^-6, or 20; (9) 

whenoe ^-iorS. (10) 

Note. — In Example 1, the eom of the two equations giyes a symmc 
lical equation. Example 2 is eynimetrieal with respect to x and 2y. 



-'"-{xr"}- 


ly-4,or2. 


^ «"» {7Z'-»}- 


An,. |"-?''"-J 


Cxyab ^ 
5. Given j £^.2.2 r 


ly-6. 


^ «'» {tz-j;.,}- 






Am /*-«»«''^ 




ly-6,«- ». 






lO.Oiveu{y-^--«.. 
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12, Giveu {^-2«*** }• iln*. }*">;«''>"/*• 

13 Given {'^^-^rH- ^n*. j*-;"""^ 

11 Given {^-^, 1. ^»«. {"-J^'J 

16. Given 1^-* , ,„ J. 4«<. {''-J^'-J 

16. Given { ^+2^" A(-+y)' I . ^„^ j »'- J- "' J 

\xyZ i (y-1, or3. 

17. Given {*-;:^-;-? I- ^n.. {"-J"'^ 

(a;-»+y-i-J ) (y-3, 



or 2. 



18.Given}^^^:-f„l. ^-. {"" t!'" tj 

19. Given IT"! ^j- ^r«. {^-J J°' Jj 



20. Given }^^^:\„}. ^».. j^-J'^'J; 

(a;*+y* = 257j (^-1, or4. 

PEODUOINO QUADRATICS WITH TWO UNKNOWN QUANTITIES. 

1. The sum of two numbers is 7, and the sum of their squaroi 
is 25 ; required the numbers. Ans, 4 and 3. 

2. The difference of two numbers is 2, and the difference of 
flieir squares is 20 ; required the numbers. Ans, 6 and 4. 

8. Divide 97 into two such parts that the sum of the square 
roots of those parts may equal 13. Ans, 81 and 16. 

4. The difference of two numbers is a, and the difference of 
their square roots is iy^2a; required the numbers. 

Ans. |a and |; 

5. Find two numbers whose product is 3 times their sum, and 
the sum of their squares is 160. Ans, 4 and 12. 
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6. Divide the number 10 into two such parts that the soia 
of the cubes of the parts may be 280. Ana. 6 and 4 

7. The difference of two numbers is 3, and the difference of 
their cubes is 117 ; required the numbers. Ans. 5 and 2. 

8. Find two numbers whose product is 6 times their difference, 
aiul Uie bum of their squares is 13. Aiis. 3 and 2. 

9. The sum of two numbers is a, and the sum of their cubtsa 
IS 4a' ; required the numbers. Ans. |(1 =*= |/5) ; |(1 =f |/6). 

10. Two men, A and B, can together do a piece of work in 
12 days; in how many days can each do it if it takes B 10 days 
longer than A ? Am. A, 20 days ; B, 30 days. 

11. A colonel forms his regiment of 1025 men into two 
squares, one of which has 5 men more in a side than the other; 
required the number of men in a side of each. Ana. 20 ; 25. 

12. A farmer sold 7 calves and 12 sheep for $50 ; and the 
price received for each was such that 3 more calves were sold 
for $10 than sheep for $6 ; what was the price of each ? 

Ans. Calves, $2 ; sheep, $3. 

13. Find two numbers such that their difference added to the 
difference of their squares shall equal 6, and tlieir sum added 
to the sum of their squares shall equal 18. Ans, S and 2. 

14. The expense of a sociable was $70, but before the bill 
was paid, 4 of the young men sneaked off, in consequence of 
which each of the others had to pay $2 more than his proper 
share ; how many young men were there ? Ans. 14. 

15. A merchant sold some cloth for $24, and some silk at $1 
less a yard for the same sum ; required the number of yards of 
each, provided there were 2 yards of silk more than of cloth. 

Ans, Cloth, 6 ; silk, 8. 

16. A and B run a race; B, who runs slower than A by aj> 
mile in 2 hours, starts first by 2 minutes, and they get to the 
4-mile stone together; i-equired their rates of running. 

Ans. A, 8 mi. ; B, 7 J mi. an hour. 

17. A certain rectangle contains 300 square feet ; a second 
rectangle is 8 feet shorter and 10 feet broader, and also con- 
tains 300 square feet ; find the length and breadth of the first 
rectangle. Ayis. Length, 20 ft. ; bre&dth. 16 ft 
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18. A bought two pieces of doth of different sorts ; the finer 
eost 1 dollar more a yard than the coarser, and there were 10 
yards more of the coarser than the finer ; find how many yards 
there were in each piece, provided the coarser cost $80 and" the 
finer «90. Ana. 30 yds.; 40 yds. 

19. The area of a rectangular field is 2275 square rods ; and 
if the length of each side is diminished by 5 rods, the area will 
be 1800 rods ; required the dimensions of the field. 

Ana, 65 rods ; 35 r^. 

20. There is a certain number, of two digits ; the sum of the 
squares of the digits is ecjual to the number increased by the 
product of the digits, and if 36 be added to the number, the 
digits will be reversed ; what is the number ? 

An8.4S. 

21. A person bought two cubical stacks of hay for £41, each 
of which cost as many shillings per cubic yard as there were 
yards in the side of the other ; and the greater stood on more 
ground than the less by 9 square yards; what was the price 
of each ? Ana. £25 and £16. 

22. A laborer dug two trenches for £17 16s., one of which 
was 6 yards longer than the other, and the digging of each 
trench cost as many shillings a yard as it was yards in length ; 
what was the length of each ? Ana. 10 yds. ; 16 yds. 

23. Bequired two numbers such that their sum, their product 
and the difference of their squares shall be equal to one another. 

Ans.i:^il/5; i±ii/5. 

24. Two partners, A and B, gained $18 by trade : A's money 
ivaa in trade 12 months, and he leceived for his principal and 
gain $26 ; B's money, which was $30, was in trade 16 months. 
How much did A put in trade? Ana. $20. 

25. The fore wheels of a carriage make 5 revolutions more 
than the hind wheels in going 60 yards ; but if the circumfer- 
ence of each should be increased one yard, the fore wheels will 
make only 3 more revolutions than the hind wheels in the same 
distance ; required the circumference of each. 

Ana.S and 4 yards. 
20. An English landholder received £7 4s. for a ceitain 
quantity of wheat, and an equal sum, at a price less by Is* 6d. 
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per bushel, for a quantity of barley which exceeded the qnan« 
tity of wheat by 16 buBhelet; how many bushels were there of 
each ? Ans. 32 bu. wheat ; 48 bu. barley. 

27. A and B run a race around a two-mile course. In the 
first heat B reaches the winning-post 2 minutes before A; m 
tlie second heat A increases his speed 2 miles per hour, and B 
diminishes his as much, and A then arrives at the winning-pust 
2 minutes l)efore B. Find at what rate each man ran in the 
first heat. Aiis. 10 mi. per hour; 12 mi. per hour. 

PRINCIPLES OF QUADRATIC EQUATIONS. 

304. The PRrNcrPLEB of Quadratics are the relations whicih 
exist between a quadratic and its roots. 

Note. — This subject may be omitted by young pupils, and cybd bf 
older pupils until review, if the teacher prefers. 

PRIHCIPLB !• 

Every quadratic equation has two roota, and only two. 

FiBST. The general form of the operation. 

Gomplet-e quadratic is a;* + 2px ^q, ^^ ^px — a (1) 

Completing tj,e square of the g«tt. ^+2pa;+p'-g+p' (2) 

cral quadratic, and finding the 

Talue of x, we have two values, *" -P + /^+P\ W 

-p + Vg+P^ and -p-Vq^, *" -jp-|/g+i>» (4) 

which proves the principle. 

Sboond. This proposition can also be demonstrated in another way m 
follows : 

Assume that m* — g 4-p', or m =- y/q-\p\ 

then we have a;'+2pa;+/)' = m*; 

or, in another form, (a;+/>)'-*m'; 

trans])Ofling, {x +!>)' - m* — ; 

factoring, (a;+jo+m)(a;+p-m)-0; 

making the second factor equal to zero, a?+/>— »ii=-0; 

from which we have x =- —p + m — — p + y/q-^p^ \ 

making the first factor equal to zero, X -hp -f m = ; 

fix>m which we have x — — jp - m — — jp — y^^+p"; 

■nd Since equation (3) can be satisfied in these two ways, and in these twa 
Ways only, therefore x can have but two values, and the principle is true. 
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PRINCIPIiB II. 

The tfam of (he two roots of a quadraUc of (he form a^+SSpa;— f 
19 eqiud to the coefficient of the first power of x, with its sign 
Aanged. 

For, solving the quadratic a;' +2p2;» 9, we operatioit. 

find the two roots are — p+ 1/9+jp' and a:*+2px-g 
-1 -l/^+p'; taking the sum of the two a;--p+|/gTp^ 

ffoolB, we have — 2p, which is the coefficient -•a:— — jp- >/g+p' 

of the first power of a;, with its sign changed. _2« 

Therefore, etc 

PRINCTP1.B ni, 

TA« |)rodtttrf 0/ t/l« iwo roots of a quadratic of the form 
9^-\-2px ^qis equal to the known term with its sign changed, 

OPERATION. 

For, multiplying the two roots together, 

we have the resiUt l>»-(g+p«), which, a?" -/>-i/g+l>' 

reduced, equals — g, which is the known «•— «|/o+p* 

term with its sign changed. Therefore, +Pi/g+p^-(?+p") 

309* Principles IE. and III. enable us to construct quad- 
ratic equations from their roots. 

1. Find the quadratics whose roots are 4 and 3. 

Solution. Since the sum of the two roots with operatton. 

its sign changed equals the eoefficieftU of x^ and a;'— (4+3)a;— — 4x| 
their product, with its sign changed, equals the ^c*— 7:^— — 12 

known term, the equation whose roots are 4 and 3 
must be a;*— (4+3)a;= - (4x3), which, reduced, becomes a^-lX" - 1% 



Find the quadratic whose — 

2. Hoots are 5 and 4. Ans, «* - 9« — — 20 

3. Roots are 7 and - 3. Ans, «"- 4« - 21. 

4. Roots are 4 and -9. Ans. a^+bx^S^ 
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5. Boots are -2 and -8. Am. «"+10a;- -16. 

6. Roots aie 2+i/3 and 2-i/8. Ans. a^-4x^ -1. 

7. Boots are a and b. Ans, 3i^-(a-\-b)z^ - ab, 

8. Boots are a +6 and a — 6. Am. 9?-2ax^V — €^. 

9. Boots are o+5|/c and o-6v^fl. Am. a:* - 2aa? - 6*o - a'. 



^^ PRINCIPLES IV. 

A qundraUe egtuUion of the form S!^-\-2px''q may be resohed 
into two birunnial fcustors, of tohieh the first term in each is x, and 
the second term the roots with their signs changed. 

For, mippose the two roots are r and operation. 

r*\ then (Prin. 11. and III.) we have Let z^r and r* 

a;*-(r+r')x-— rr^; transposing rr^ to 7^—{r-\-r^)x^—rr^ 

the first member, we have 7^-{r-\-r')x a;*— (r+rOaJ+rr^-0 

+ rr^-0; factoring, we have (x—r) (a;— r)(a;--r^) — 
(a;— r')— 0; which proves the principle, 

306. Quadratic equations may also be constructed from 
their roots by Principle IV. 

1. Find an equation whose roots are 3 and 5. 

OPERATION. 

Solution. Since the roots are 3 and 5, we have (a? - 3) (a;— 6) — 
(Prin. IV.) («-3)(x-5)-0. Expanding, we have »«-8a;+16-0 
i^— 8a; +15— 0; transposing, we have a;* -fix— -16. a;*-8a;— - 11 



BXAMPLBS. 

Find the equation whose — 

2. Roots are 6 and -4. An*, a:*- 2a;«24 

3. Roots are +3 and -8. Am. «"+5a?-'24. 

4. Roots are 2a and 3a. Ans. «* - 5aaj - - 6a*. 

5. Roots are -» a and — o. Ans. x* — a*. 

6. Roots are J and - J. Am. a^'\^i(n-m)x''^n. 

7. Roots are o+ 2i/n and a - 2i/n. ^ns. «' - 2o2? - 4n - a*. 
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FORMS OF QUADRATICS. 

SO 7* There are four distinct forms of the complete quad 
ratio, depending upon the sign of 2p and q. Thus, 

1st form, «* + 2px - q, 3d form, re* + 2px - - 9. 



2d form, a^-2px - q. 



4th form, «" - 2px - - 9. 



PRinCIPLK V. 

hi a quadratic of the first form one root is positive and tfu other 
negativey the negative root being tJie greater. 

For, since q is the product of the two roots with its sign changed, and 
is jHmiwty one root must he positiye and the other negative ; and since 
2p is the sum of Uie roots with its sign changed, and is positive^ the negc^ 
kboe root must be the greater. 

PRINCIPIiS: VI. 

In a qaadraiie of the second form one root is positive and the 
9ther negative, the positive root being the greater. 

For, since q is the product of the two roots with its sign changed, and 
is podUive, one root must be positive and the other negative ; and since 2p 
is their sum with its sign changed, and is negative, the positive root must 
be the grecUer, 

PRINCIP1.B vn. 

In a quadratic of (he Uiird form both roots are negative. 

For, since q is the product of the two roots with its sign changed, and fi 
fugaiiney the two roots must be 60^ negaiive or hoik positive; and since 2p 
\m the sum of the roots with its sign changed, and is posiivve, both roots 
most be negative. 

PRINCIPLES VI11« 

In a quadratic of the fourth form both roots are positive. 

For, since 9 is the product of the two roots with its sign changed, and 
IS negattvCf the roots must be both positive or both negative / an i since 2p 
is the sum of the roots with its sign changed, and is negativey both roots 
must be positive. 
90* 
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Required tbe form where the — 

1. Roots are - 8 and 5. Ans. let foraou 

2. Roots are 9 and - 6. Ans. 2d form. 

3. Roots are 6 and 7. Ans. 4th form. 

4. Roots are - 5 and - 4. Ans. 3d form. 
5 R?ots are - 3a and 2a. Ans. 1st fornu 

VALUES OF p AND q. 
308. The quantities p and q are general, and may therefore 
have any values whatever. We will now discuss the equation 
by assigning different values to each. 

First. — Suppose g - 0. 

Solving the equation x*+2px^qy and substituting for ^ in the roo^ 
we have a;— —p =*=/>, whence a;— 0, or — 2p. 

IST OPERATION. 2d OPERATION. 

«*+2px«^ a^-\-2px^q 

x^-p^i/q+p^ Let g=0 

Let q--0 a^'¥2px''0 

X'^-p^p «(a;+2p)-0 

a;-0, or —2p a?-0 

«--2p 
Making the Rame Bubstitution in the equation, we have a:*+2paj»— 0; 
fectoring, we have a:(a;+2/)) = 0; dividing by aj+2p, we have X'»0\ 
dividing by a:, we have a;+2/) = 0, or a;= — 2p. 

The third form gives the same result; the second and fourth fonni 
give z-0 and c» +2p. 

Second. — Suppose 2p - 0. 

If 2/> — C^ by substituting for 2/> in the root of the quadratic we hava 

1st operation. 2d operation. 

a:»-h2/>a;— g a?*+2pa;— g 

a;--p=t/g+]^ Let 2p-0 
Let 2p=0 a*=g 

aCakine the same substitntion in the equation, it reduces to a piiuw 
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qaadratie, x'—g. Solving thif^ we have the same resalt as befixn^ 

In the first and second forms this resalt will be real; in the third and 
fourth forms, in which q is negative, the result will be imaginary. 

Third. — Suppose |)* - g when q is negative. 

Take the quadratic of the third form, a:*+2pa;— —q. Subatitatiiig p* 
for q in the root, we have a;— — 1>+0, or — />; and a?— — />— 0, or — jp; 
hence x has two values, both of which are —p, 

IffT OPERATION. 2d OFERATTOK. 

7^^-2px^—q 7^-\-2px'^—q 

X'"-p^^p'*—q Let p'— <7 

Let p'^^q a?»+2pa?+p*-0 

aj--p+o--p (a:+jp)*-0 

a;- -p-0- -p («+p)(a?+p)-0 

a;--p 
a;--p 

Making the same substitution in the equation and reducing, we ha^e 
(a:+p)(a;+p)-=0; dividing by the first factor, we have a?-fp-0, ox 
a?— —p ; dividing by the second factor, we have a;+p— 0, or a;— —p. 

In the first and second forms the results will be different 

Fourth. — Suppose g to be greater than p* when q is negative. 

If in the third or fourth form we assume q operatiok. 

numerically greater than p*, the quantity a;*+2pa:— ~g 
under the radical becomes a n^ative quan- a;— — pi-i/p'—g 

tity, and the value of x is therefore imaginary. 

Hence, the root of an equation in the third and fourth forms is imaginary 
when q is numerically greater than p\ 

BXABIPLBS. 

1. Find a number such that its square increased by foot 
times the number equals zero. Ans, -4. 

2. Required the number such that its square, plus 6 timet 
that number, shall equal minus 9. Ana. — 3. 

3. Divide 8 into two such parts that their product shall 
be e^jaal to 20. Ans. 4 =*= 2|/^. 

Why does the root in the last equation become imaginary? Which 
supposition does Ex. 2 illustrate? What does Ex. 1 illustrate? 
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IMAGINARY ROOT. 

309* An Imagiiiary Root of a quadratic is a root which 
oontams an imaginary quantity. 

31 0. The Imaginary Root occurs in the third and fonrtk 
forms of a quadratic upon a certain supposition. 

•III. We shall now discuss the imaginary root under three 
distinct heads : 

First. — When does a quadratic give an imaginary root? 

Prin. 1. A quadraUe gives an imaginary root when the known 
tenn is negative and numerUxUly greaier Uuin the square oj half 
the coefficient of the first power of x. 

For, if g is negative and numerically operatiok. 
greater than p', tlie quantity under the radi- z^ + 2px = — 9 
cal is negative^ and we Rhall have the square x»- —p ^ i/(p* — 9) 
root of a negative quantity, which is imagin- 
ary. Therefore, etc . 

Second. — What is assumed by a quadratic which gives an 
imaginary root ? 

Pbiv. 2. A quadratic which gives an imaginary root a>ssume% 
thai the prodvd of two quantities is greater Uian the square of 
half their sum. 

For, since 2p is the sum of the two roots operation. 

with its sign changed, p* is the square of half x^ -f 2px — — g 
the sum of two quantities, and q is the prod- a;— — p :t y^(p*- q) 

uci of the two roots, with its sign changed ; 

hence, when q is negative and greater than />', the quadratic assomea 
that the product of two quantities is greater than the square of half 
their sum. 

Third. — Prove that this assumption is false. 

Prin. 3. — The product of two quantities can never be greater 
than the square of half their si:m ; hence, the abwe assumptioH i§ 
false. 
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Let 2p Kpreaent any uum- OPZBA.TION. 

ber, and let it be divided into 2p — (p + «) + (p - »)j 

two parte, p+z and p-z; Product. {p+z)(p-z)''p*'Z*; 
Ae product of the two parts (p^z)^(p-z)^2p; 

18 p"-2'; the sum of the ' ^^ / xx- / x-^ 

parte 18 2p, and the square of /5HE?y, /BEV »jp«. 

half their sum is pK Now, \ 2 /' \ 2 / 

p is greater than p'-^*; ^^^^ ^i^pi.^i. 

he&ce the product of two .„ . , 

numbers can never be greater hence, \9~ » ^ Product, 

than the square of half their 
Bum 

Prom the above discussion we see Ihat a quadratic of the fenn 
7^ ^ 2px'^ —q,in. which q is greater than p\ assumes tliat the product of 
two quantities is greater than the square of half their sum, which ifl 
absurd. When a problem furnishes stlch an equation, the problem is 
impoesible. 

CSXABIPLES. 

1. Divide the number 12 into two parts such that their 
product shall be 40. Ana, 6 =*= 2^/^. 

2. A former thought to enclose 40 square rods in rectangular 
form by a fence whose entire length shall be 20 rods ; required 
its length and breadth. Am. 5=t|/-15; S^f |/-15. 

Why do these problems give an imaginary result ? What is incorrect 
in the first? What is incorrect in the second ? 



REVIEW QUEaTIONS. 

'Define a Quadratic Equation. State the two classes of Quadratics. De- 
fine a Pure Quadratic. An Affected Quadratic Give examples of each. 
How do we solve a pure quadratic ? How solve an affected quadratic ? 
State each method of completing the square. Explain each method. 

Define a Quadratic of two Unknown Quantities. A Homogeneous Equa- 
tion. A Symmetrical Equation. What cases of quadratics of two un- 
known quantities can be solved ? Give examples. Show the method of 
solution. 

Define principles of Quadratics. State the principles of Pure Quad- 
ratics. State the first four principles of Incomplete Quadratics. State the 
four forms of a quadratic State the principles of the forms. Define as 
Imaginary JEioot. State the principles of an Imaginary Hoot. 



SEOTIOK Tin. 
RATIO AND PROPORTION. 

RATIO. 

313. Ratio is the measure of the relation of two similai 
quantities. Thus, the ratio of 8 to 4 is 2. 

313. The Symbol of ratio is the colon, :, read to, or t8 to. 
Thus, a : e indicates the ratio of a to e. 

314. The Terms of a ratio are the two quantities coio- 
pared. The first term is the Antecedent; the second term is the 
Omsequent. The two terms together are called a CoupleL 

31«S. A ratio is expressed by writing the two quantities with 
the symbol between them (Art 27), or by writing the cons** 
quent under the antecedent in the form of a fraction. 

Thus, the ratio of a to c is o : c, or -• 

310. A Simple Ratio is the ratio of two quantities. A 
Compound Ratio is the product of two or more simple ratios. 

317. A Compoimd Ratio is usually expressed by writing 
the simple ratios one under another. 

Thus, S * .\j f expresses the ratio compounded of a : 6 and 
e d. 

318. A Duplicate Ratio of two quantities is the ratio of 
their squares ; as, a' : e*. A Triplicate Ratio of two quanti- 
ties is the ratio of their cubes ; as, a' : if, 

319. A Ratio of Equality exists when the two terms are 
equaL When the antecedent is the greater, it b called a ratio 
of greaier inequality when less^ a ratio of less inequality, 

288 
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NoTis. — 1. The symbol of jrado^ :, is supposed to be a modification of 
the symbol of division. 

2. Ratio is usually defined as the relation of two numbers. This ii 
indefinite, however, for the ratio is the measure of the relation. 

3. A few authors divide the second term by the first, calling it the 
French Method, Thift is wrong in method and name, as nearly all the 
French mathematicians, like the Grerman, English, etc., divide the fint 
tsm by the second. 

PRIBICIPL.SS. 

L The ratio eguala the quotieni of the antecedent divided by the 
muequenL 

OPERATluA* 

Thus, if r represents the ratio of a to o, we have r^aio 
r-a : 0, or r equals a divided by c (Art 315). There- a 

fore^ etc "o 

2. The antecedent is eqwd to the product of the consequent and 
ratio. 

OPERATION. 

For, if r — a divided by c, clearing of fractions, we have a 

a^r.o. Therefore, etc. "o 

r.o-^a 

3. The consequent is equal to the quotient of the antecedent 
divided by Uie ratio, 

OPERATION. 

a 

For, if r — a divided by c, clearing of fractions, we have " q 

r^c^a; and dividing by r, we have 0'=^a divided by r. r.o^a 
Therefore, etc. a 

r 

4. Multiplying the antecedent or dividing the consequent riuUi- 
pKes the raitio. 

For, a ratio is ezpres:^ by a fraction whose numerator is the antece- 
dent and denominator the consequent; and multiplying the numerator or 
dividing the denominator multiplies the fraction (Art 129, Prin. 1), 
Therefore, etc 

5. Dividing the antecedent, or multiplying the consequent, divides 
the ratio. 

For, a ratio is expressed by a fraction whose numerator is the antece- 
dent and denominator the consequent; and dividing the numerator or 
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moltipljing the denominator divides the fraction (Art 129, Prin. 2). 
Therefore, eta 

6. Multiplying or dividiny hoth terms of a ratio by any number 
does not change the ratio. 

For, a ratio is expressed by a fraction whose numerator is the antece- 
dent and denominator the consequent ; and multiplying or diyiding both 
lenna of a fraction does not change its yalue (Art. 129, Prin. 3). There- 
lore, etc. 

Note. — These principles are restricted to simple ratio. Similar prinoi- 
pies may be proved of compound ratio. 



CASE L 

820. Problems which arise in simple ratio. 

1. Fiud the ratio of 4a* to 2a. Am, 2a. 

2. Fiud the ratio of 3 bushels to 2 pecks. Ans, 6. 

3. Find the ratio of a*-«* to a+a:. Ans. a-x. 

4. The ratio is 2a and the consequent 3a& ; required the ante- 
cedent. Ans, 6a'&. 

6. The antecedent is 6aV and ratio 2a' ; required the conse- 
quent. Ans. 3ac". 

a . c" 

6. The ratio is - and the antecedent is - ; required the con- 

e a ^ 

sequent Ans, — . 

7. If the ratio of a to 6 is ^, what is the ratio of 5a to 4i f 

Ans, f . 

8. If the ratio of 3a to 26 is f , what is the ratio of a to 6 ? 

Alls, f . 

9. If the ratio of 2m to 5n is |, what is the ratio of 6?7i to 2nf 

Ans, 5. 

10. If the ratio of a to c is f, what is the ratio of a+c to 
«-c? Ans. -9. 

11. The ratio of two numbers is a +5, and the consequent is 
a - 6 ; required the antecedent. Aiis, a* — h\ 
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CASE IL 
821. Problems wlilch arise in eompound ratio. 

1. Find the ratio compounded of 8 : 15 and 21 : 24. 

SoLirriON. The ratio of 8 to 15 is <]^ ; the ratio of oferatioh 
n to 24 is fj; compounding them by taking their ^"'A'^li— n 
product, we have A x } J — ^. 

2. Find the ratio compounded of a : 6 and b* : Saa, Ans, — • 

3. Required the value of— 

i8:15}'^'{c:4'^'lc«:dr ^'^ I^' iV ^^ 

4. Given the compound ratio of a; : 8 and 6 : 9 equals ^, to 
find the first antecedent. Ans, a; •* 64. 

{9* 12 ) 
* ^ [ - J, to find the second 

antecedent Ans, 6. 

6. Given the compound ratio \ m \ f * 7, to find the second 
consequent Ans. 8^. 

7. The ratio of 2 : 8^ equals the compoiind ratio ] ^ « * [ ; 
required the second consequent Ans. 32. 

8. The duplicate of the ratio m : 1 equals the ratio 27 : « ; 
required the value of x. Ans. 3. 

9. The ratio a-xib-x is the duplicate of the ratio aib; 

ah 

+ 6 
10. The duplicate ratio of a; : a equals the eompound ratio 



required the value of z. Ans, 

10. The duplicate ratio of a; : a 
I - , ' [ ; required the value of 



SI 
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PROPORTION. 

333. A Proportion is an expression^ of equality between 
equal ratios. Thus, a formal comparison of the equal ratiai 
8 to 4 and 1 2 to 6, as 8 : 4 » 12 : 6, is a proportion. 

333. The Symbol of proportion is the double colon, : : . 
Thus, a:b ::e: d is read the ratio of a to 6 equals the ratio 
of e to (i ; or, a is to 6 as e is to (2. 

S3i:. The Terms of a proportion are the four quantities 
compared. The first and fourth terms are the extremeSy and the 
second and third are the means, 

33«S. The Couplets are the two ratios compared. The fireA 
couplet consists of the first and second terms ; the second couplet 
consists of the third and fourth terms. 

336. A Mean Proportional of two quantities is a quantity 
which may be made the means of a proportion in which the 
two quantities are the extremes ; as, a : 6 : : 6 : e. 

337. A Continued Proportion is one in which each conse- 
quent is the same as the next antecedent; as,a:6::6:c::e:<i. 

338. Quantities are in proportion by AUernatwn when ante- 
cedent is compared with antecedent and consequent with conse- 
quent Thus, if a : 6 : : c : rf, by alternation, aiciihid, 

339. Quantities are in proportion by Inversion when the 
antecedents are made consequents and the consequents antece- 
dents. Thus, if a : 6 : ; c : d, by inversion, 6 : a : : c2 : e. 

330. Quantities are in proportion by Composition when the 
sum of antecedent and consequent is compared with either ante- 
cedent or consequent. Thus, if a : 6 : : c : rf, by composition, 
a \ a+b :: c : e+d. 

331. Quantities are in proportion by Division when the 
difference of antecedent and consequent is compared with ante- 
cedent or consequent. Thus, if a:b :: e: d, by division, 
• :a — 6::c:c-i 

Note. — Batio arises from the comparison of two qiuifUUieB; proportion 
from the comparison of two ratios, A proportion is therefore a compan- 
ion of the results of two previous comparisons. 
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SIMPLE PROPORTION. 

333. A Simple Proportion b an expression of equality 
between simple ratios ; ss,a:b::e:d. 

333. A Proportion may be written in the form of an eguth 
dan. Thus, a:b ::e: d becomes ^ - 3- 

334. This Equation is called the fundamental equation of 
the proportion. It lies at the basis of the principles of pro- 
portion. 

33tS. The Principles of simple proportion are expressed 11 
Uie following theorems : 

THEOREM L 

Tn every proportion the product of the extremes is equal to tVe 
product of the means. 

Let a:b::o:d; 

then (Art. 333), ?-^; 

o a 

clearing of fractions ad — 6c 

Therefore, etc. 

THEOREM n. 

Either extreme is equal to the produd of the means divided by 
ihf other extreme. 

Let aibiio: d; 

then (Theo. L), ctd^bc; 

hence, <*""^» *^d d— 

a a 

Therefore, etc. 

Cob. — EUher mean equals the product of the extremes dwhdei 
(y the oOier mean. 
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THEOREM nX 

Ij the product of two qtumtUies equals the product of two othef 
quantUieB, two of them may be made the extremes, and the oihat 
twA the means, of a proportion. 



Let 


ad^bo; 






dividing hj bd, 


b" 




■— 
d 






or (Art 333\ 
Therefore, etc 


a:b: 


ic'.a. 






THEOREM 


IV. 








A mean proportional between two 
root of their product 


quantities equals 


the 


square 


Let 


a lb I 


:6:o; 






then (Theo. L), 


6«- 


"OC, 






and 


6- 


'j/ac 






Therefore, etc 










THEOREM 


V. 








If four quantities are in proportion, they ' 


wUl be in 


proportion 


by ALTERNATION. 










Let 


a:6: 


loid; 






then, 


ad' 


-6c; 






dividing by dc, 


a 




b 






whence. 
Therefore, etc 


axoi 


ibid. 







THEOREM VL 
If four quantities are in proportion, they wiU be in proportioi^ 

Wy INVERSION. 

Let aibiicid; 

then (Theo. I.)y bo^ad; 



b d 
whence, 6 : a : : d : & 



dividing by a<i, 
Hierefbre, etc 



/ 



SIMPLE PSOPOBTION. 246 



THEOREM Vn. ' 

If four guantiiie8 are in proportion, they unll be in prqportUm 
iy ooMPoemoN. 



Let 


a:b::o:d; 


thenwiU 


a + 6 : 6 :: o-^d: d. 


For, 


a 
b'd' 


adding 1 to each aide, 


f-i*" 


redadng, 


a + 6 0+ d 
b'd' 


whence. 


a-k-bibiio+did. 


Therefore, etc 





THEOREM VIII. 
If four quarUities are in proportion^ they will be in proportum 
by DIVISION. 



Let 
then will 


a 


a:b::c:d; . 
-b:b::o-did. 


For, 




a c 
b'd' 






f-i- 


reducing. 




a- b o — d 

b - d '' 


whence, 
Tlierefore, etc. 


a- 


-b:b::o^d:d. 



THEOREM IX 
Jff four quantities are in proportum^ like powers 0¥ roots of 
Ihose qfuanlities will be proporUonaL 

Let a:bi:c:d; 

then — " — ; 

b d' 

raising to nth power, 7"""Z 5 

o* a" 

hence, o^ : 6* ; : <^ ! d»| 



Therefore, etc. 



1 i * 1 * 
flimilarlj, o» : &« : : o* : <f5. 
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THEOREM X 

EqidrMtUiplea of two quatdtties are praporhonal to ike 
ties themselves^ 



Let a and h be any two qaantities. 




Then 


a a 


moltiplying bj m. 


ma a^ 
mb^b* 


whence, ma 


: mb ::a:b. 


Therefore, etc. 




THEOREM 


XL 



If four quantities are in proportion, any equimuUiples of the 

first couplet wiU be proportional to any equimuUiples of the seootnd 

toupleL 

Let a:b::o:d; 

., a 

U,en ---. 

, ma ne 

and " — ; 

mb nd 

whence^ ma : mb iine: nd. 

Therefore, etc. 

THEOREM XIL 

If two proportions have a couplet in each the same, ike (dhes 
touplds uriU form a proportion. 



Let 


a: 6::o: c2. 


and 


a:b:ie:f; 


then, 


a c . a e 

b-d'^rj-' 


henoe^ 


e 
d'f' 


or, 


« : d : : • :/. 


Therefore, etc 
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THEOREM Xin. 

The products of the corresponding terms of two proporihni mre 
proportionaL 

Let a:b::o:d^ 

and m:n::p: q; 



then, 



a 



and 2il-«; 

n q 

multiplying, T^-fi 

bn dq 

whence, am ibniicpxdq. 

Therefore, etc 

THEOREM XIV. 

If any number of quantities are in proportion^ any anteeedent 
UfiU beta its consequent as the sum of all the antecedents is to the 
sum of all the consequents. 



Let 


aibzio: due iff etc; 


then will 


a:6::a+c+6:6+d+/« 


For Theo. L, 


ad'^bCy 


and 


of -'be; 


also, 


ab^bcL 


Adding, 


ab+ad-\-af'-ba-¥bc-¥be, 


&ctoring. 


a(6-»-d+/)-^(«+c+«); 


whence. 


a:6::a+o+e:6+<H/ 


Therefore, etc. 





ADDITIONAL THEOREMa 

336. These theorems will afford pupils an opportunity to 
exercise original thought in applying the principles of propor- 
tion. Part of them may be omitted until review. 

1. If a : 6 : : e : d, prove that amibniiemidn, 

2. If a : i : : : d, prove that a*:V::ae:bd. 
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8. If a:b::e:df prove that (fm^iiabied. 

4, If a:b::e:d, prove that a:a-b::e:e-d. 

6 If a:b::e:d, prove that a+ 6 : c+d : : o ~ 6 : c - dL 

6 If a:b::e: df prove that a : na-\-mb : : c : tuj+md. 

7 If a : 6 : : 6 : e, prove that a* : 6' : : a : c. 

8. If a : 6 : : 6 : e, prove that aiciib^ie^. 

9. If a : i : : 6 : c, prove that a* - 6* : a : : 6* - c* : c. 

10. If a : 6 : : 6 ; c, prove that o*-»-6* : o' - 6" : : a+c : a — c 

11. If a:b::b:c, prove that (a*+6*)(6' + o') - (a6+6c)*. 



PROBLEMS IN RATIO AND PROPORTION. 

337. These problems in ratio and proportion can be readil]^ 
solved by an application of the previous principles. 

1. The product of two numbers is 15, and the difference of 
their squares is to the square of their difference as 4 to 1 ; re- 
quired the numbers. 

Solution. 

Let X — the greater number, 

and y — the leas number ; 

then, a;y-15, (1) 

and a:'-y»:(a;-y>«;;4;l. (2) 

Dividing Ist couplet by a?~y, z-Yy : x-y : : 4 : 1, 

by composition and division, 2a; : 2y : : 5 : 3, 

dividing Ist couplet by 2, a; : y : : 5 : 3 ; 

hence, Theo. L, Zx^by, 

gubstituting in eq. (1), ^ - 15 ; 

o 

whence, y"3> 

•nd af-6. 

2. The product of two numbers is 24, and the sum of theif 
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BqTiares is to the square of their sum as 13 to 25 ; what are the 
numbers ? 

Solution. 
Let X and y represent the nnmbera. 

Then, ay -24, (1) 

and a:*+y* : a;'+2a:y+y« : : 13 : 25. 

B^ division, Theo. VUL, 2xy : (a;+y)« : : 12 : 25, 

substituting for 2xy, 48 : (a?+y)« : : 12 : 25, 

dividing antecedents by 12, 4 : (a;-l-y)« : : 1:25; 

extracting the square root, 2 : x-\-j/ : : 1 : 5 ; 

from Thea L, a? +y - 10. 

From which the values of x and y can readily be found. 

8. What is the ratio of 6a inches to b yards? Ans. —• . 

66 

4 Two numbers are in the ratio of 2 to 3, and if 3 be added 

to each, the ratio is that of 5 to 7; find the numbers. 

Ans. 12 and 18. 

5. Two numbers are in the ratio of 4 to 5, and if 6 be taken 

from each, the ratio is that of 3 to 4 ; find the numbers. 

Ans. 24 and 30. 

. 6. Two numbers are in the ratio of 3 to 6, and if 2 be takeu 

from the less and 5 be added to the greater, the ratio is that of 

2:5; find the numbers. Ans, 12 and 20. 

7. Find the number which added to each term of the ratio 
5 : 3 makes it | of what it would have been if the same number 
had been taken from each term. Ans. 1. 

8. Find two numbers in the ratio of 2 to 3, such that their 
difference bears the same relation to the difierence of their 
squares as 1 to 25. Ans. 10 and 15. 

9. Find two numbers in the ratio of 3 to 4, such that their 
sum has to the sum of their squares the ratio of 7 to 50. 

Ans. 6 and 8. 

10. Find two numbers in the ratio of 5 to 6, such that their 
•am has to the difference of their squares the ratio of 1 to 7. 

Ans. 35 and 42. 
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11. The sum of two numbers is 10, and the sam of theiz 
squares is to the difference of their squares as 13 to 5 ; required 
the numbers. Ans. 6 and 4. 

12. The difference of two numbers is 6, and their product k 
lo the sum of their squares as 2 to 5 ; what are the numbers? 

Ana. 12 and 6. 

13. Two numbers are to each other as 3 to 2, and if 6 be 
•died to the greater and subtracted from the less, the results 
will be as 3 to 1 ; what are the numbers? Am. 24 and 16. 

14 The product of two numbers is 12, and the difference of 
their cubes is to the sum of their cubes as 13 to 14 ; required 
the numbers. Ans. 6 and 2. 

15. There are thre^ numbers in continued proportion: the 
middle number is 60, and the sum of the others is 125 ; what 
are the numbers ? Ans. 45 ; 60 ; 80. 

16. A quantity of milk is increased by water in the ratio of 
7 : 6, and then 8 gallons are sold ; the remainder, when mixed 
with 8 gallons of water, is increased in the ratio of 7 to 5 ; how 
much milk was there at first? Ans. 24 gallons. 



REVIEW QUESTIONa 

1. Define Batio. The Terms. A Simple Batio. A Gompomid Ratio. 
A Daplicate Ratio. A Triplicate Ratio. A Ratio of Equality. Of In- 
tquality. State the Principles of Ratio. 

2. Define a Proportion. The Terms of a Proportion; Extremes; 
Means; Ck>uplets. A Mean Proportional. A Continued Proportions- 
Proportion by Alternation. By Inversion. By Composition. By 
Division. State the Foniamental Equation of Proportion. Enunwts 
the T heonuns. 



SECTION IX. 
PROGRESSIONS. 

9H8. A Progression b a series of quantities in which the 
terms vary according to some fixed law. 

339. The Terms of a progression are the quantities of 
which it is composed. 

340. The Extremes of a progression are the first and last 
terms ; the Meatis are the terms between the extremes. 

Note. — ^Tbe general term for Progreasion is aeriet. There are many 
different kinds of aeries; the only two appropriate for an elementary 
algebra are arithmetical and geometrioal progrtsnon, 

ARITHMETICAL PROGRESSION. 

341. An Arithmetical Progression is a series of quan- 
tities which vary by a common difference. 

343. The Common Difference is the quantity which, 
added to any term, will give the folloving term : thus, in 1, 3 
5, 7, the eomnum difference is 2. 

343. An Ascending Progression is one in which the 
quantities increase from lefl to right ; as, 1, 3, 5, 7, 9, etc. 

344. A Descending Progression is one in which the 
terms decrease from left to right ; as, 12, 10, 8, 6, etc. 

34 «S. The Terms considered in Arithmetical Progression 
are five, any three of which being given the other two may be 
found. 

THE FIVE TERMa 

1. The first term, a ; 3. The number of terms, n ; 

2, The last term, /; ,4 The common difference^ d; 

6. The sum of the terms, SL 

m 
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346. PRiiff. — The wmmum difference u poritive in an aaeend' 
ing aerieSf and negative in a descending series. 

CASE L 

347. GiTen the firHt term, the ooiiimon diflrer<« 
enee and ihe nuiuber of terius, to ttud llie Ixmi 
term. 

1. Given a the first term, d the common difference, n tl^e 
number of terms, to find the expression for /, the last term* 

Solution. The let term is a; the 2d 
term ifl a+d; the 3d term is a+d plus d, operation. 

ora + 2d; tlie 4th term is a+3d, aiid so Ist term-a 

on. By examining these terms, we see that 2d term — a+a 

any term equaU a, plus the product of d taken 3d term=»a+2d 

CM fnany times as the number of terms less one; 4th term — a+3d 
hence the nth term equals a+(w-l)d; .•. nth term- a+(n—l)d 

or, representing the nth term by l, we have or, i — a+(n— l)cl 

^-a-»-(n-l)d. 

Rule. — To ike first term add the product of the common differ 
enee muUiplied by the number of terms less one. 

Note. — An ascending series of n terms may be written as followi: 
a, a+d, a-»-2d, a+3d .... a+(n— l)d, 
A descending series of n terms may be written as follows: 
a, a— d, a-2d, a-3d ....a-(n-l)d, 

EXAJIIPLBS. 

2. Find the 12th term of the series 2, 5, 8, 11, etc. 

SoLiTTiON. In this problem a — 2, d — 3 and n— 12. operatiov. 

The formola for the last term is ^ =» a + (n — l)d ; substi- 2 — a + («— 1)<I 

tuting the values of a, d and n, we have ^—2+ (12— 1)3; 2-2+(12— 1)8 

and reducing, we have ^»35. 2 — 2+33—35, 

Note. — The problem may also be solved by the rule instead of sabsti- 
tating in the formula. 

3. Find the 18th term of the series 1, 4, 7, 10, etc Ann. 52. 

4. Find the 17th term of the series 3, 7, 11, 15, etc. 

Ans 67. 
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6. Find the 20th term of the series 1, 2(, 3}, 6, ete. 

Ans. 2R\. 

6. Find the 14th term of the series 29, 27, 25, 23, etc. 

Ans.S. 

7. Find the 40th term of the series 1, 2f, 44, 6, etc. 

Afu. 66 

8. Find the 15th term of the series |, f|, |, {\, etc. 

Ans. 0. 

9. Find the 30th term of the series cl, 3a, 5a, 7a, etc. 

Ana, 59a. 
30. Find the nth term of the series 2, 4, 6, 8, etc Ans. 2n. 

11. Find the nth term of the series 26, 45, 66, etc. 

Ans. 2bn. 

12. Find the nth term of the series 1, 3, 5, 7, etc 

Ans. 2n - 1. 

13. Find the nth term of the series, 2, 2^, 2}, etc. 

Ans, J(n+5). 

14. If a body fall l&j^ feet the 1st second, 3 times as &t 
*he 2d second, 5 times as far the 3d second, and so on, how 
ir will it fall the 20th second ? Ans. 627^ ft. 

15. If a body fall n feet the Ist second, 3n feet the 2d, 
5n feet the 3d, and so on, how Sblt will it fall the tlh second? 

Ans. (2t-l)n. 

CASE n. 

848. GlTen the first term, the last term, and the 
nniuber of terms, to find the sum of the terms. 

1. Given a, the first term ; Z, the last term ; and n, the numbei 
of terms, to find the expression for S, the sum of the terms. 

Solution. 
We have the aeries, 5-a+(a+d) + (a+2d)-»-{a+3d) ... -»-?, 
inverting the ueriee, <8- 1-^(1- d) + {l- 2d)-\- (l-M) . . . +a. 



A^dding the series, 2S''(a+l) + (a+l)-\-{a-\-l)-^{a+l)-\' ...4(a47y. 
That is, (a+Z) taken as many times as there are terms, or n timeik 
Hence, aS-(a+^)n; 

whence, ^~\or* ®' 5r(«+*)- 
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Bole. — Muttiply ihe mun of the extremei iy ane-haff of the 
number of termB. 



2. Find the sum of the arithmetical series whose first teim 
is 2, last term 35, and number of terms 12. 

OPERATIQV. 

Soi«unoir. In this problem, a — S, n — 12, and S" i(a-¥l) 

/ — 35. Substituting the values of these terms in £f i. y (2 + 35) 

the formula, 5-5(a+^), we have ^-y(2+35), ^.6x37-222. Ant. 
or 6x37, which is 222. 

Find the sum — 

3. When o-3, 1 -40 and n-16. An8. 344 

4. Of 12 terms of the series 2+6+10+14, etc. Ana. 288. 
6. Of 16 terms of the series 3+7+11 + 15, etc. Ans. 528. 

6. Of 12 of the odd numbers 1+3 + 5+7, etc. Ans. 144. 

7. Of 12 of the even numbers 2+4+6+8, etc. Ans. 156. 

8. Of 18 terms of the series i+H+2|, etc Ans. 159. 

9. Of 25 terms of the series | + l + lJ+2, etc. Ans. 162^. 

10. Of 12 terms of the series 20+18+16, etc. Ans. 108. 

11. Of 17 terms of the series .2 + .25 + .3 + .35, etc. 

Ans. 10.2. 

12. Of n terms of the series 1+3+5+7, etc. Ans. n\ 

13. Of n terms of the series 2+4+6+8, etc. Ans. n^-^n, 
14 Of n terms of o+3a+5a+7a+, etc. Ans. an\ 
15. Of 6 terms of (a - 56) + (a - 36) + (a - 6) +, etc. 

Ans. 6a 

16. If a body fall 16^ feet the Ist second, 3 times as far the 
3d second, 5 times as far the 3d second, and so on, how far 
will it fall in 20 seconds? Ans. 6433^ ft 

17. If a body fall n feet the 1st second, 3n feet the 2d, bn 
feet the 3d, and so on, how far will it faU in < seconds ? 

Ans. en ft. 
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CASE IIL 

M9. GiTen any three of the flTe qvantitles to And 
either of the others. 

350. The Fundamental Formulas of arithmetical pn>- 
grewion are — 

1. /-a+(n-l)d; 

2. /S-JCo+O. 

These are called Fundamental because by means of them wo 
can solve all the problems which may arise. 

3tSl. There are three classes of problems, since the four 
quantities may all be in the 1st formula, or all in the 2d for- 
mula, or part in the first and part in the 2d. 

333. Class I. When the four quantities are all contained 
in the first fundamental formula. 

1. Find the formula for d, having given a, n and L 

SoiiUnoN. The formula ; = a+(n-l)d operation. 

contains all the four quantities; we will l^n-^(n—'[\d (W 

therefore find the value of d from this for- , ^ /^ , v » /o\ 

, . . , , . . ,« 6 — a— (n— l)a (2) 

mula in terms of the other quantities. Trans- l — a 

posing, we have equation (2) ; dividing by the d — — — (8) 

coefficient of d and transposing, we have 

equation (3), which is the value of d required. 



EXAMPLES. 

2. Find the value of a, having given n, d and L 

3. Find the value of n, having given a, d and L 

4. The first term is 90, the last term 34, and the common 
dificTence 4 ; required the number of terms. An8, 15. 

5. What term of the series 2, 6, 8, etc., is 35? What term 
of the series 29, 27, 25, etc., is 3? Ans. 12th ; 14th. 

6. The nth term of a series whose common difference is 2, 
is 2n ; what is the first term ? Ana, 2. 

7. The nth term of a series whose first term is 1, is 2n-- 1 , 
required the first four terms of the series. Aiu, 1, 3, 5, 7. 
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3«S3. CiiAflB IL When the four quantities are all contained 
in the second fundamental formula. 

1. Given a, I and 8, to find n, 

Soi^unoH. The formula fi^-^(a+/) containB all opebatioh 

th<t four quantities ; we can therefore find the value 8—\{a-k-l) (1) 

Ot r. from thiB formula in terms of a, I and S. 2<S'— n(a+2) (2i 

Qauing of fractions, we hare equation (2) ; dividing 28 

by a + f and transposing, we have equation (3), '*"'a"+T 
which la the value of n required. 

BXABIPL.ES. 

2. Find a, having given n, I and 8. 
8. Find /, having given a, n and & 

4. The first term is 2, the last term 35, and the sum of the 
terms 222 ; required the number of terms. Ana. 12. 

6. The last term is 27, the number of terms 12. and the sum 
of the terms 180 ; required the first term. Ans. 3. 

6. Required the last term of the series whose first term is 1, 
number of terms n, and sum of terms n\ Ans. 2n - 1. 

7. Required the first four terms of the series whose first 
term is 1, number of terms n, aud sum n\ Ans, 1, 3, 5, 7. 

8. Required the last term of the series whose first term is a, 
number of terms n, and sum of the terms an\ Ans. a(2n - 1). 

354. Class III. When part of the quantities are in the 
first and part in the second fundamental formula. 

1. Given d, n, /, to find 8. 

Solution. The two fundamental for- oferation. 

mnlas contain one quantity, namely, a, not ^ — a -t- (n — 1 )c{ (1 ) 

involved in this problem; hence we may S^'^ia-^l) (2) 

combine these formulas by eliminating a, 

and obtain an equation containing the four <x,^l — [n— Ija ( ) 

quantities, d, n, Z and 89 from which we fi'- j}i — (n — l)d+ij (4) 
can find the value of i& <S-5{2/-(n-l)d| (6) 

From the first formula we find equa- 
tion (3); substituting this value in equation (2), we have equation (4), 
reducing, we have equation (5), which expresses the value of /S in tenna 
of <2, n and I 

I Nora. — ^The superfluous quantity may be eliminated by comparison w 
■nbetitution, $m is most convenient For examples, see the table. 
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TABLE OF FORMULAS. 

9SS* Since there are five quantities, any three cf which 
being given a fourth may be found, there are twenty caaes is 
alL These cases are presented in the following table : 



No. 


OiTML 


To rind. 




a,d,n 


1,8 




l,d,n 


a,S 




a,n,l 


d,S 




d,n,S 


a,l 




a,n,8 


d,l 




l,n,S 


d,a 




a,d,l 


n,8 




a. 1, 8 


n,d 




a,d.S 


I 
n 


i: 


l.d.8 


a 

n 



FORXXJUyB. 



i-a+(n-l)d; 

a-.;-(n-l)d; 
, l — a 

a- ^ ^; 

2n 

, 2(5- an) 
" n(n-l) ' 

, 2{nl-S) ^ 
" n(w-l) ' 

2S . 

2d 

2l+d^i/(^ + d)^^MS 



iS-in[2a + (n-l)d]. 

5-in[2i-(n-l)cn. 

5-ln(a+0. 

J aS + n(n~l)d 
2n 

i— a. 

n 

a- 1. 

n 

^ {Ua){l-a'¥d) 
2d 

2S'-{l^a) 



tf 



L 
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CASE IV. 

856. Given two terms, to Infiert any number of 
aritlimetleal means between them. 

1. Insert 3 arithmetical means between 4 and 16. 

Solution. If we insert m terms opkratioh. 

between 4 and 16, the entire series will l — a 

consiBt of wi+2 terms; hence in the d— 

n — 1 
formula for d, n will equal wi + 2. ._ ,^ 

Substitating 9n + 2 forn in the formula d — — - — 

l-a w + 2-1 m + 1 

for d. and reducing, we have d — i a _ i 

m+1 d«i2_J,3 

Substituting in this formula ^ — 16, S-\-l 

a-4and w-3, we have d=»3; hence Serie8-4, 7, 10, 13, 18 

the series will be 4, 7, 10, 13, 16. 



BXABIPLBS. 

2. Insert 4 arithmetical means between 5 and 20. 

Ans. 8, 11, 14, 17 

3. Required the arithmetical mean between 4 and 18. 

Ans. 11. 

4. Insert 2 arithmetical means between ^ and ^. 

Ana. ^; |. 

5. Required the arithmetical mean between a and b, 

' a-rh 

Ana. • 

2 
6; Insert 2 arithmetical means between a and b, 

. 2a + 6 a f 24 

^^^ — H — > — 7i — 

3 3 

7. Insert 3 arithmetical means between a and 6. 

. 3a + 6 a + 6 a + 3i 

8 If the arithmetical mean between two numbers, one of 
which is 5, is 19, wliat are the numbers f Ana. 5 and 33 
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PROBLEMS 

TA ARITHMETICAL PROGRESSION. 

3*T7. In Arithmetical Progression problems arise in which 
the terms are not directly given, but are implied in the given 
coi>JitioDs. 

3«>8. In solving these problems we may represent the 
unknown terms and form equations by means of the principka 
of arithmetical progression. 

3«S9. An arithmetical series in which x represents the first 
term and y the common difference is generally represented thus: 

«, ru+y, a:+2y, a:+3y, etc. 

360. When there are three termSf it will often be found con- 
venient to represent them thus : 

»-y, «, x-^y. 

361. When there are four terms, the following method will 
often facilitate the solution : 

a:-3y, x-y, «+y, a:+3y. 

363. When there are five terms, the following method will 
often facilitate the solution : 

x-2y, x-y, x, «+y, «+2y. 

Note. — The advantage of these methods is, that the snin of the series^ 
oi the sum or diiferenoe of the extremes, or of any two terms equally di«- 
Umt from the extremes, will contain but one qututity. 

1. Find the series where the nth term is 2n- 1. 

SoiiiTTioN. Since n represents any term, the formula 2n— 1 is true far 
my value of n. When n — 1, 2n— 1 — 1, hence the first term is 1 ; when 
n— 2, 2n- 1*3, hence the second term is 3; when n»3, 2n— 1— 6, elc 
Hence the series is 1, 3, 5, 7, 9, etc 
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2. The sum of three numbers in arithmetical progreiiBion fa 
12, and the sum of their squares is 66 ; find the numbers. 

SoLunoy. 

Let a;— ^— first term, 

a;— seoond term, 
a; +^» third term. 

Bj the Ist condition, 3x- 12 ; (1) 

by^ the 2d condition, 3a^+?y*-66 ; (2) 

from equation (1) we have, a; * 4 ; (3) 

substituting in equation (2), 48 + 2^' - 66 ; (4) 

from which we have, ^ *" 3 ; (6) 

hence we haye, x — y — 1, first term, 

and a; f y "-7, third term. 

Therefore the numbers are 1, 4 and 7. 



8. The nth term of an arithmetical progression, is K*^~^^)t 
re(|uired the series. Ans. 2 ; 2^; 2|, etc. 

4. The nth term of an arithmetical progression is ^(3n — 1) ; 
find the first term, the common difference and the sum of n 
terms. Ana. i; i; y^Zn-^l), 

5. The nth term of an arithmetical progression is (2n-l)a; 
fipd the series and its sum. Ana. a, 3a, 5a, etc. ; sum, an\ 

6. Three numbers are in arithmetical progression ; their sum 
is 12 and their product 48 ; required the numbers. 

Ana. 2, 4, 6. 

7. The sum of three numbers in arithmetical progression is 
18; the product of the first and second is 24; what are the 
numbers? iin«. 4, 6, 8. 

8. Find three numbers in arithmetical progression such that 
their sum shall be 15 and the sum of their cubes 645. 

Ana. 2, 5, 8. 

9. There are four numbers in arithmetical progression : the 
bum of the two extremes is 8, and the product of the two meana 
is 15 ; what are they? Ana. 1, 8, 5, 7. 
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10. There are four numbers in arithmetical progression ; tbv 
product of the first and fourth is 22, and of the second and 
third, 40 ; what are the numbers ? Ana, 2, 6, 8, 11. 

11. The sum of four numbers in arithmetical progression if 
30, and the sum of the cubes of the two means is 945 ; what 
are the number? ? Am. 3, 6, 9, 12. 

12. The sum of four numbers in arithmetical .progression 
18 22, and their continued product is 280; what are tho 
numbers? Ans. 1, 4, 7, 10. 

13. Find four numbers in arithmetical progression such that 
the sum of the squares of the first and fourth shall bo 200, and 
of the second and third, 136. Ans. 2, 6, 10, 14. 

14. There are four numbers in arithmetical progression ; the 
product of the first and fourth is 45, and of the second and 
third 77 ; what are the numbers? Ana. 3, 7, 11, 15. 

15. Find four numbers in arithmetical progression such that 
the sum of the first and fourth shall be 17, and the difference 
of the squares of the two means shall be 51. Ans. 4, 7, 10, 13. 

16. There are four numbers in arithmetical progression such 
that the sum of the squares of the means b 164, and the sum 
of the squares of the extremes is 180 ; what are they ? 

Ans. 6, 8, 10, 12. 

17. There are five numbers in arithmetical progression ; their 
sum is 40, and the sum of their squares 410; what are the 
numbers? Ans. 2, 5, 8, 11, 14. 

18. There are seven numbers in arithmetical progression such 
that the sum of the first and fifth shall be 16, and the prodact 
of the fourth and seventh 160 ; required the numbers. 

A71S. 4, 6, 8, 10, 12, 14, 16. 

19. If the sum of n terms of an arithmetical progression is 
always equal to n\ find the first term and the common dif- 
ference. Ans. First term, 1 ; com. dif. =» 2. 

20. If the sum of n terras of an arithmetical progression is 
always equal to in(n-^ 1), find the series. Ans. 1, 2, 3, 4, etc. 

NoTK.— In the 19th Example take /S^-in{2a+ (n -l)cr} -n*; then 
ind the first term by supposing n»-l and d^O, "ic 
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GEOMETRICAL PROGRESSION. 

363. A Oteometrical Progression is a series of quauli 
ties which vary by a constant multiplier. 

364. The Ratio or rate of the progression is the constant 
multiplier by which the terms vary; thus, in 1 2, 4, 8 the 
tmtio is 2. 

ttii^i. An Ascending Progression is one that increases 
from left to right; as 2, 4, 8, H, etc. 

366. A Descending Progression is one that decreases 
from lefl to riglit ; as 32, 16, 8, 1, etc 

367. The Terms considered are five, any three of which 
being given, the other two may be found. 

THE FIVE TERMS. 

1. The first term, a ; 3. The number of terms, n ; 

2. The last term, I; 4 The ratio, r; 

5. The sum of the terms, 8. 

368. Principle. — The ratio is greater than a unit in an 
ascending series, and less than a unit in a descending series. 



CASE L 

% 
800. GiTen the first term, the ratio and the 
n limber of terms, to find the last term. 

1. Given a, the first term ; r, the ratio ; and n, the number 
of terms, to find an expression for /, the last term. 

Solution. The first term is a; the second term operatioh. 

eqiiab a x r, or ar; the third term equals arxr, or Ist term— a 

ar* ; the fourth term equals ar* x r, or ar», etc Ex- 2d term — ar 

amming these terms, we see that each term equals the oj i^rm — ar* 
first term into r raised to a power one less than ^he 

number of the term; hence the nth term will equal "" 

ar"-*; and since I represents the nth or last term, wth term— ar»- 

we have l — ar^ K I— cjf*"^ 
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Rule. — Multiply the first term by the ratio raised to a power 
vohoee index ia one lese ^lan the wumber of terms. 

Note. — An afloending aeries of n terms maj be written as follows: 

a, ar, ar*, or* ,,,. ar^\ cm*-*. 

KXABIPUES. 

2. Find the 8th term of the series 2, 4, 8, etc. Ans. 25ft. 

3. The first term is 3 and ratio 4 ; what is the 7th term ? 

Ans. 12288. 

4. The first term is 729, the ratio \ ; required the 12th tenn. 

Ans. Tb- 

5. Find the nth term of the series 1, 2, 4, 8, etc. Ana, 2*"*. 

6. Find the nth term of the series 2a, 4o*, 8a*, etc. 

Ans. (2a)*. 

7. Find the nth term of the series 2, 4a, 8a', etc. 

Ans. 2"a-\ 

8. If a merchant doubles his capital every 4 years, and be- 
gins with $4000, how much has he at the end of 20 years ? 

Ans. $128000. 

CASE IL 

870. GiTen tlie first term, the last term and the 
number of terms, to find the sum of the terms. 

1. Given a, the first term; Z, the last term; and n, the 
number of terms, to find an expression for /S, the sum of the 
terms. 

Solution. 

We have <S-a+ar+ar«+ar»+ ....or*-*; (1) 

multiplying (1) by r, rS^ar-^af^-^^ai* + ar^-^ + ar^. (2) 

Bubtracting(l)from(2), r8-8^af^-a\ (8) 

fiu^ring, flf(r-l)-af*-a; (4) 

wh«ioe flf-5!!!Lz«. (5) 
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Tliii WMj be pnt in mother fonn hj sabBtitating a yalne finr or". 

From Case L we have I— cw*-* ; 

mnltiplying by r, rZ — ar* ; 

nibetituting in (5), fif— 



r-1 



Rule. — MuMply the last term by the ratio, svhtrcbct the fni 
knn, and divide the remainder by the raJtio less one. 



Find the som of the series — 

2. When a-2, /-256, and r-2. Ans. 510. 

3. When a - 3, / - 12288, and r - 4 Ana. 16383. 

4. Of 9 terms of the series 2, 4, 8, 16, etc. Ane. 1022. 

5. Of 12 terms of the series 1, 2, 4, 8, etc. Ans. 4095. 

6. Of 10 terms of the seriee 1, 3, 9, 27, etc Ana. 29524. 

7. Of n terms of the series 1+2+4+8, etc. Ans. 2*- 1. 

8. Of n terms of the series 1, 3, 9, 27, etc. Ans. i(3» - 1). 

9. Of n terms of the series a+2a+4a+8a, etc 

Ana. a(2"- 1). 

2*- 1 

10. Of n terms of the series 1+i+i+i, etc Ana. • 

11. Of n terms of the series 1 + i + i + A-, etc 

12. Of n terms of the series 1-i+i- J, etc 



-»(^>«M^). 



13. A laborer agreed to work one year at the rate of $1 for 
January, $2 for February, $4 for March, and so on ; how much 
did he receive in the year ? Ana. $4095. 

14. A servant-girl saved $160 one year. Now, if it were 
possible for her to save half as much again every year as th« 
previous year for 8 years, how much would she save ? 

Ana. $11981.871. 
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INFINITE SERIES. 

371. An Infinite Series is a series in which the number 
af terms is infinite ; as, 1, ^, ^, i, etc. 

•173. The Sum of a decreasing geometrical series to infinity 
it the limit toward which the series approaches as the number 
of terms increases. 

1. Find the sum of a decreasing geometrical series to infinity. 

OPERATION. 

Solution. Tn a decreasing Beries, r is len than 1 ; rl—a .^. 

hence, for a decreasing series we change formula (1) to " r — I 

formula (2), that the denominator may be positive. a—rl 

Now, as the number of terms increases, the value of T^-r 

I decreases ; hence, when the number of terms is tn/Sntte, When r2 — 
I must become infinitely small; that is, ; hence, r2— 0, 

and the formula for S becomes a divided by 1 — r. 5— (8) 



1 -r 



Role. — Divide the first term by 1 minue the ratio. 



KXAMPUBBS. 

Find the sum of the infinite — 

2. Series 1+^+^+, etc. Ana. SL 

3. Series i+i+|+, etc Ana. IJ. 

4. Series J +|+5V> ®tc. Ans. 1 

5. Series 1- i+i", eta Ans. |, 

6 Series 1-|+^-, etc. Ans. ^, 

7 Of the circulate .333, etc. ( - ^+yf^ ♦-, etc.). Ans. \. 

8 Of the circulate .22727, etc. Ans. ^. 

9. Series -+—-+—-» etc. Ans. 



a a* cf a-1 

10. Series 1 +«"*+«'*-»-, etc. Ans. —^ — 

«* - 1 

11. oenes«-6-»- 7+-7>etc Ans. -. 

a a* or a^h 
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12. Suppose a body moye 12 feet the first second, 6 feet the 
next second, 3 feet the next second, and so on until it stops ; 
what is the entire distance it can reach ? Ans, 24 ft. 

13. If an ivory ball falls 12 feet to the floor and bounds bacl( 
6 feet, then, falling, bounds back 3 feet, and so on, how far will 
it move before it comes to rest ? Ana, 36 ft;. 

14. A dog and rabbit, 20 rods apart, run so that when the 
dog runs the distance between them the rabbit will nm -^ of that 
distance ; how far will the dog run to catch the rabbit ? 

Ans. 22| rods. 

CASE III 

873. GiTen any tlirce pf the five qvantlties, to 
find either of the others. 

374. The Fundamental Formulas of geometrical progres- 
sion are — 

rl-a 



1. /-ar^-^; 2. 5- 



r-1 



By means of these we are enabled to solve all the cases which 
arise. As in arithmetical progression, there are three classes 
of problems. 

97S. Class I. When the four quantities are all containeii 
in the first ftindamental formula. 

EXAMPLES. 



1 Find o, given Z, r and n. Ana, o - — 



i-i 



2. Find r, given a, I and n. Ans, ^ - a/ - • 

3. A person agreed to labor for wages doubling every month , 
^hal did he receive the first month if he received t*512 the 
tenth month ? Ana, $1. 

4. K a man saves $6.40 the first year, and increases his sav- 
ings each year in geometrical proportion, what is the rate of in- 
crease if he saves $109.35 the eighth year ? Am. 1}. 
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376. Glass II. When the four quantitieB i^re all oontainkl 
in the second fundamental formula. 



EXAMPIiBS. 

1. Find a, given r, / and 8. Ans. a^rl- (r— 1)j8i 

2. Find /. given a, r and & . Ans. /- — ^^ ^ • 

r 

3. Find r, given a, / and & Ans. r • 

4. If a person agrees to labor for wages doubling every 
month, and receives $4095 in a year, how much did he receive 
the first mouth ? Ans. $1. 

5. If I discharge a debt in 10 months by monthly payments 
in geometrical progression, allowing the first payment to be $1 
and the last $512, what will be the ratio? Ans. 2. 

377, Class III. When some of the quantities are in the 
first and some in the second fundamental formula. 

KoTE. — The four formalafl for n require a knowledge of logarithms. 
Four others, when n exceeds 2, require a knowledge of higher equations. 



EXAMPLBS. 

1. 5 md 8, given /, r and n. Ans. jS- -^* 

2. Find /, given r, n and & Ans. /--^ ~ * 

3. A man bought 10 yards of cloth for $295.24, giving three 
times as much for each yard as for the preceding yard ; what 
txd he pay for the first yard 7 Ans. 1 cent 



368 
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TABLE OF FORMULAa 

378. Since there are five quantities, any three of which 
being given a fourth may be found, there are twenty cases in 
alL These cases are presented in the following table : 



J 



l,r,n 
r,n,S 

a,n,8 
a,r,l 

a,r,S 



Required. 



a,S 
r,8 

n,S 
n,r 
n,l 
n,a 



FORMaLAS. 



I 



a— - 



flf- 



8^ 



ar^-a 

JHzL. 



(r-1)^. 









af*-rflf-a-5; ^(5-0»-»-a(5^--a)»-». 

Ir-a 



logr 



5-- 



r-1 



n«- ^ hi: r— • 

log(^-a)-log(flf-0 ' 8-1 

^ log[a-Kr-l)^-loga . ^ a + (r~l)g 
logr ' r ' 

^_ log?-loKpr-(r-l)a] ^^. „_^^_(^_i)4 
logr 



Note. — PapiU who haye the time will be interested in denying the 
formulas of the above table. The formulas for the values of n can bt 
4erived after completing the subject of logarithms. 
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PROBLEMS 

TS GEOMETRIGAI. PROOBESSION. 

379« I. Geometrical Progression problems arise in 
which the terms are not directly given, but are implied in the 
eonditionfl. 

SI80 In solving these problems we may represent the un- 
known terms and form equations by means of the principles of 
Greometrical Progression. 

381. A geometrical series, where x represents the first term 
and y the ratio, b generally represented thus : 

«» «y> ^f ^f etc 

383. When three terms are considered in the problem, they 
may be represented thuA : 

«» i/^, y; 

or a;*, xy, y*. 

383. When four terms are considered in the problem, they 
may be represented thus : 

^ y" 

y X 

NoTE.~The method most oonyenient in any case will depend npon tkt 
of the problem. 



BXAMPUQI. 

1. Find the series whose nth term is 2*'^ 

8oi<irnoN. Since n represents any term, the formula 2"-^ is tme fox 
any value of n. When n-1, 2*-i-2i-^-20, or 1; hence the first term 
of the series is 1. Whenn-2,2*-»-2«-»-2 when n-8»2»-»-2*-i-a« 
or 4, etc. ; hence the series is 1, 2, 4, 8, etc 
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2. The sum of three nnmben in geometrical progreasioii u 
14y and the Bum of their squares is 84 ; what are the numbem f 



SoLunoH. 








Bj 1st oondition, 


x+y/xiz+P'-U; 


(1) 


by 2d condition, 


a:«+a;y -i.y« = 84. 


(2) 


Dividing (2) by (1), 


a-|/iy+y-6; 


(3) 


adding (1) and (3), 


2a:+2y-20; 


(4) 


dividing by 2^ 


a;+y-10; 


(5) 


Biibtracting (5) from (1), 


l/xy-A. 





3. Fiud the series whose ?ith term is 6*""\ Ana. 1, 6, 36, etc 

4. Find the series whose nth term is 3". Ana. 3, 9, 27, etc. 

5. Find the series whose nth term is (2a)*. 

Arts. 2a, 4a*, 8a*, etc. 

6. Find the series in which the sum of n terms is ^(3*- 1). 

Ans. 1, 3, 9, 27, etc. 

7. Find the series in which the sum of n terms is a(2" — 1). 

A718, a, 2a, 4a, etc. 

2" — 1 

8. Find the series in which the sum of n terms is • 

2-1 

Ans. 1, J, J, i, etc. 

9. Find three numbers in geometrical progression such tbat 
their sum shall be 28 and the sum of their squares 336. 

Am. 4, 8, 16. 

10. The pro<luct of three numbers in geometrical progression 
is 216, and the sum of their squares is 364 ; lequired the num 
bcrs. Am. 2, 6, 18 

11. The sum of the first and third of three numbers in gea 
metrical progression is 10, and the sum of the cubes of the first 
and third is 520 ; required the numbers. Ans. 2, 4, 8. 

12. There are three numbers in geometrical progression ; the 
gum of the first and second is 32, and the sum of the second 
and third is 96 ; what are the numbers? Am. 8, 24, 72. 
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18. The product of three numbers in geometrical progression 
is 216, and the sum of the squares of the extremes is 153 ; ie> 
quired the numbers. Ana. 3, 6, 12, 

14. The sum of three numbers in geometrical progression is 
89, and the sum of the extremes multiplied hy the mean is 270 ; 
f^Lat are the numbers ? Ans. 3, 9, 27. 

15. There are three numbers in geometrical progression whose 
tum is 52, and the sum of their squares is 1456 ; what are the 
Qumbers ? Ana. 4, 12, 36. 

16. It is required to find three numbers in geometrical pro- 
gression such that the sum of the first and last is 30, and the 
square of the mean is 144. Ana. 6, 12, 24. 

17. Of four numbers in geometrical progression the sum of 
the first and third is 20, and the sum of the second and fourth 
is 60 ; what are the numbers ? Ana. 2^ 6, 18, 54. 

18. Required to find four numbers in geometrical progression 
such that the sum of the first two is 10, and of the last two is 
160. Ana. 2, 8, 32, 128. 

In the 15th Example divide the 2d equation by the firat In the 18th, 
let Xy xy, xy\ xj^ represent the numbers. 



REVIEW QUESTIONa 

Define Progression. Arithmetical Progression. The Terms. Ex- 
tremes. Means. Ascending ProgresRion. Descending Progression. How 
manj terms ? State the four cases. The rule for each case. The formula 
for each case. How manj cases are possible? 

Define Geometrical Progression. What is the value of the ratio in an 
ucending progression? In a descending progression? State the three 
cases. Give the rule and formula for Case I. and Case II. Define an 
Infinite Series. State the rule for the sum of the terms of an infiniii 
leries. How many cases are possible ? 



S7S lOSCELLANEOUB EXAMPLES. 

MISCELLANEOUS EXAMPLES. 

1. Add (a +26)0:" and (2a -()a^. . Ans. (3a 4 ft)«P. 

2. Subtract 3(»n - an) from 3a(ni - n\ Am. 3n»(a - 1). 

3. Multiply a-' by 3a-+». Ana. SaT**. 
4 Multiply a* - 6^ by a* +6*. iliw. a* - 6* . 
6. Divide a»6— by a— '6-. iirw. a**-. 

6. Divide a* - »* by o^ - »^. Am. a^ +a^»^ +»*. 

7. Divide a*+6* by a?+6?' -in*, a* - aT6?J-6». 

8. Multiply a»+2aa:-a;» by o"+2aa:+«". 

Am. a*+4a*fl?+4aV-**. 

9. Divide 2a*+27a&»-816* by a+36. 

iirw. 2a»-6a'6+18ai'-27V. 

10. Divide a«-2a»+l by a«-2a+l. 

Am. a*+2a»+3a«+2a+l. 

11. Value of o- {26-(3c+2ft-a)}. Am. 3c 

12. Valueof 16-{5-2aj-[l-(3-a;)]{. Am.d^Sx. 

13. Value of 15«- f4-[3-6a?~(3a;-7)]{. iirw. 7aj+6. 

14. Value of 2aj-[3y~{4»-(5y-te + 7y)n. 

Am. 12x-l^. 

m Value of a - [56 - {a - (5c - acTTJ - 46) + 2a - (a • 
RT^j]. Am.Sa-%a. 

16. Prove (a-6)»+6»-a«-3a6(6-a). 

17 Prove (a«+a6+6')«-(a'-a6+6')'-4a6(a«+6«). 

18. Prove (a+6+c)»-(a^+6»+(?)-3(a+6)(6+c)(a+«). 

19. Expand (a»-2)(a»+2)(a»+3)(a»-3). 

^rwa^-lSa'^+Bft. 

20. Factor a*+6*; 'a*-6»; a*+6»; a^-6-. 

21. Factor a«-6«; a*46«; a*-6»; a»+6»; a••-6^ 
22 Factor a* + 9a6 + 206" ; «V - 6 V + a^cT* - 6*d". 
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23. Find the greatest common divisoi of a*+8a+16 and 
a»+9a+20 Ans. a+5. 

24. Find the greatest common divisor of 5(a:* - a? + 1 ), 4(a^ - 1) 
and 2(«*+l). Ana. 3^-x-\-l. 

25. Find the least common multiple f r* + 1, af -1 4ind 
«*-«+■ 1. Ans.Jif-'l. 

26. Find the leaaf common multiple of a*-l, a'+l. o*-r t 
and a' - 1. -4n«. o' - 1, 

27. Value of — — - — - ; — — — • Ana. ; -• 

ar + ox+o ar — 2x—lo « + 6 x- o 

28. Value of ^^ • — 

a;*+(a+c)a;+ac ' a^-aj ^^j j 



29. Value of — ;— + — r~"7; — r;* •^^- ;' 

6 a-0 orb- r a- b 

a' V (5* 



30. Value of 



ia-b){a-e) (6-o)(6-c) (c-oX«-6) 

^7W. 1. 



Ans, 



arb"" 

X 

x-y 



31. Value of /6*+^ya--^y 

32. Value of 5±^x /-^--J^V ^,-. -^ 
88. Value of (?-?4-^\xf5_?_MV 

a* a* V f 

81 Value of ^±(?±£>±^^^r£'. 4„,. ?LJ. 

a;*-»-(6+c)a;+6o a^-b* x — a 

86. Value of fl +^Yl -^) *-^. 4r«. ^-^ 

\ yj\ y) a^ + j^ / 

W Valneof («^--iU(«-i). ^«^ "-^- 
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87. Value of / J+1 +^\ + /?- 1 +^1 Ana. 



ax 



1 6 



88. Value of "^^ ^. ^^a ^^. 

«-2+ 

89. Value of 1 + 2^--- iltw. ^- 



1 

1+ ^Htt 

^ 2a' 

l-i-a+z 

1- a 



40. Value of — — — — • Ana. • 

« 1 + a 



3a — 9 

41. Value of » when « - 8, ilrw. - 8. 

«»-7«+12 

a* — a;* 

42. Value of -9 when a? - o. iln«. oo , 

43. Value of » wnen«-«, Jw. -• 

bx'-2bcx-\^b€^ b 

44. Given -05-2, to find x. Ana. « — 2. 

o 

45. Given — - 3a; - 14, to find a;. Ana. aj-7. 

2 3 

46. Given — — - — -— > to find x. Ana. a; - 24 

2 8 16 ^ 

47. Given 5« - [8« - 3jl6 - 6» - (4 - 5a?)}] -6. 

Ana. a; — & 

48. Given +-» to find x. Ana. a? — 28. 

2 3 12 4 

49. Givnn -1, to find a^ Ana. a;-ll. 

3-aj 2-a; 1-aj ^ 

60. Given -— + — -2a?, to find x. Ana. «-a 

a;-l a?+l 



66. Given 
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61. Given *i?^^-*(*±^.«, to find ^ Aru. «-a-», 
a 

52. Given ?5^?^> + *(5-:^ Ana^x^a^K 

b a 

63. Given » to find a;. An8.x^ • 

X- a X- b a^ - ab o + 4 

64. Given J ^ ^ ," I- Ana. \"l^ 

ivenJ ' ^ [. ^na.}^-*; 

66. Given j^^^-" |. Ans. l"""^ 

60. Given { "!^^^^,t'^":^!"; I • ^r«. j^'^' 

r4x-^+0-6 ^ (2?-% 

61. Given < 7aj-lly+22-9 V. iln*. ]y-l, 

62. Given j x+g-ft V. ^n«. ^ y-i(a-6+c), 

63. Giyen j x+«~y-6 L ^tm. j y-J(a+o), 
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a b o 
l6 a o 



8 



fa b o ^ 
60. Given i^+^-£-l L ^»w. 



(a; y « 
X y z 



l«-5-.^-0 






66. Value Vf^)^ ^^^^ ''^* ^^ K^i* ^^' "**' *^^ 

67. Value (aa;+fcyy+((u;-6y)\ ^rw. 2aV+6aa:6y. 

68. Value (a+6+c+d)' - (o-i+c-cO*. 

Am, 4(a+c)(6+c0. 

69. Square root of o« - 12a* + 60a* - 160a» + 240a* - 192a ^ 64. 

Am. a*-6a»+12a-8. 

70. Fourth root of 16a*-96a*y+216ay-216ay»+81y*. 

Am, 2a -3y. 

71. Cube root of a^+3«*+6a?*+7«» + 6«*+3aj+l. 

Aim, a;*+aj+l. 

72. Sixth root of 1 + 12a + 60a" + 160a* + 240a* + 192a* +64a«. 

Am, l + 2a. 

73. Simplify } -(a:»)i}-*x { -(-a:)-»{*. . Am. -x'\ 

74. If aj-L_ , and y -^^-— — -> find the value of the 

|/3- 1 |/3 + 1 

arpresEion a;*+«y-f/. ^rw. 15, 

75 Given |/ (a? -a)- >tofinda^ Jrw. « - =t ax/2. 

y/(x + O) 



7- > to find as. iln«. «- ±i/(-5). 

2a?+ 1 a;+4 

a;-2 ^ y/g-l 
l/aj-Hlo"*!/*-^^' 



76. Given 

77. Given ^"^"^ - J^^^^. to find ». 4n«. »-9. 
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78. Given 4«-^^^-22, to find as. Am. «-6, or 21. 



79. Given 6 -— > to find x. Ans. x - 11, or 8. 



x-2 x-4 14 

80 Given — > to find x. Atia. « - 6, or 2S. 

a;-3 a?-l 15 ^ 

81. Given • — - — » to find x. Ans. « - 7, or 24. 

x-2 «-4 6 • 

82. Given — — » to find x. Ana. «-8, or 2A-» 

»-4 x-2 12 ^^ 

83. Given + r* Ans. »-4, or Ol 

a? + 2 x-2 x-l 

84. Given - + ---^^ — -^* Ans. aj-U, orO. 

a; + 2 x-2 «-3 ' 

85. Given ^^H^^^-t. Ans. »- =t?^'. 

89. Given -; t • Ans. x^ ^i/{ao). 

x — a aj + a 6— a? 6 + a? 

90 Given j :.-*"!. J- ^•"- {""!'""« 

(a;«-a:y+y»-21 j (y-4,or-6. 
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^ I 07-0, or— — -. 



93. Given ] a 6 



or±}v/2, 
or :tii/2. 



94. Given {^-^T?}- ^'"•Irit' 



-3, or 2, 
-2, or 3. 



97. Given {^-^•''-^"'•'n. ^»*. {*"J 

lay-8 j iy-2. 



2. 



100. Given i:;-^^'.:^,^ ., ^}. ^n^i^^ij 

(a;«-y«+>/(a:"-y«)-20 j (y-±3. 

MISCELLANEOUS PROBLEMS. 

1. A child was bom in November, and on the tenth lay ot 
December he is as many days old as the month was on the daj 
of his birth ; when was he born ? Ana, Nov. 20th. 

2. A^r A has received $10 from B he has as much money 
as B and $6 more ; and between them they have $40 ; how much 
money had each at first? Ana. A, $13 ; B, $27. 

3. A father has 6 sons, each of whom is 4 years older than 
his next younger brother, and the eldest is 3 times as old as the 
foungest ; find their respective ages. 

Ana, 10 yrs., 14 yrs., 18 yrs., 22 yrs., 26 yrs., 30 yrs. 
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4 Four men club to buy a set of ten-pins, but by clubbing 
with 2 more the expense of each is diminished $1.75 ; what did 
the set cost? Ans. $21. 

5. A pudding consists of 2 parts of flour, S parts of raiMns 
and 4 parts of suet ; flour costs 8d. a pound, raisins 6d., and 
suet 8d. ; find the cost of the several ingredients of the pudding 
when the whole cost is 2s. 4d. Ana. 3d., 9d., Is. 4d. 

6. A market-woman being asked what she paid for eggs, 
replied, ''8ix dozen eggs cost as many pence as you can 
buy eggs for eightpence." What was the price a dozen ? 

Ans. 4d. 

7. The tens' digit of a number is less by 2 than the units 
digit, and if the digits are inverted the new number is to the 
former as 7 is to 4 ; find the number. Ans. 24. 

8. In paying two bills, one of which exceeded the other by 
I of the less, the change out of a five-dollar note was ^ the dif- 
ference of the bills ; find the amount of each bill. 

Ans. $2; $2|. 

9. Two persons, A and B, own together 175 shares in a 
railway company : they agree to divide, and A takes 85 shares, 
while B takes 90 shares and pays $250 to A ; find the value 
of a share. Ans, $100. 

10. Find the fraction such that if you quadruple the nume- 
rator and add 3 to the denominator, the fraction is doubled ; but 
if you add 2 to the numerator and quadruple the denominator, 
the fraction is halved. Ans. f. 

] 1. How many sheep must a person buy at $35 each that, 
after paying $1.50 a score for folding them at night, he may 
gain $394 by selling them at $40 each ? Ans, 80. 

12. A colonel, on attempting to draw up his regiment in the 
form of a solid square, finds that he has 31 men over, and that 
he would require 24 men more in his regiment in order to 
increase the side of the square by 1 man ; how many men were 
there in the regiment ? Ans. 760. 

iH In a certain weight of gunpowder the saltpetre com- 
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poBcd 6 pounds more than ^ of the weight, the sulphtii* 5 pouDcls 
less than ^, and the charcoal 3 pounds less than \ ; how many 
pounds were there of each of the three ingredients ? 

Ans. 18; 3; 3. 

14. A cistern could be filled in 12 minutes by 2 pipes which 
run into it ; and it could be filled in 20 minutes by 1 alone ; 
w what time could it be filled by the other alone ? 

Ans. 30 min« 

15. Divide the number 88 into 4 parts, such that the first 
im^reased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

Ans. 10, 15, 3, 60. 

16. A and B began to play together with equal sums of 
money : A first won $100, but afterward lost J of all he then 
had, and then his money was ^ as much as that of B ; what 
money had each at first? Ans. $300. 

17. A and B shoot by turns at a target: A puts 7 bullets 
out of 12 into the bull's-eye, and B puts 9 out of 12; between 
them they put in 32 bullets ; how many shots did each fire ? 

Ans. 24. 

18. A person buys a piece of land at $150 an acre, and 
by selling it in lots finds the value increased threefold, so that 
he clears $750, and retains 25 acres for himself; how many 
acres were there ? Ans. 40. 

19. A and B play at a game, agreeing that the loser shal) 
always pay to the winner $1 less than ^ the money the loser 
has : they commence with equal sums of money, and after B 
has lost the first game and won the second he has $2 more 
than A ; how much had each at the commencement ? 

Ans. $6. 

20. It is between 11 and 12 o'clock, and it is observed thai 
the number of minute-spaces between the hands is } of what it 
was ten minutes previously ; find the time. 

Ans. 20 min. of 12 o'clock, 

21. A clock has two hands turning on the same centre: the 
swifter makes a revolution every 12 hours, and the slower every 
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16 hours ; in what time will the swifter gain one complete revo- 
lution on the slower ? Anta. 48 lirs. 

22. An officer can form his men into a hollow square 4 
deep, and also into a hollow square 8 deep : the front in the 
latter formation contains 16 men fewer than in the former for- 
mation ; find the number of men. An8, 640. 

23. A certain number of 2 digits is equal to 4 times the sum 
f its digits ; and if 18 be added to the number the digits are 

reversed ; find the number. Ans. 24. 

24. Prove that if 2 numbers differ by a, the difference :f 
their squares equals 2a times their arithmetical mean. 

25. If two integers differ by 2, show that the difference of 
Aeir squares equals 4 times the integer between them. 

26. The two digits which form a number change places on 
the addition of 9, and the sum of the original and the result- 
bg number is 33 ; find the digits. Ana. 1 and 2. 

27. Which is the greater, and how much — ^the square of a 
number, or the product of the number a unit less than it by 
the number a unit greater than it ? 

An8, The square is 1 greater. 

28. If a certain rectangular floor had been 2 feet broader 
and 3 feet longer, it would have been 64 square feet larger ; but 
if it had been 3 feet broader and 2 feet longer, it would have 
been 68 square feet larger; find the length and breadth. 

Ana, Length, 14 ft. ; breadth, 10 ft. 

29 When a certain number of 2 digits is doubled and in- 
trreaaed by 36, the result is the same as if the number had been 
reversed and doubled, and then diminished by 36; also the 
number itself exceeds 4 times the sum of its digits by 3 ; find 
the number. Ana. 59. 

80. A sets out from M to N, going 3^ miles an hour ; forty 
minutes afterward B sets out from N to M, going 4^ miles an 
oour, and he goes half a mile beyond the middle point before 
be meets A ; find the distance between M and N. Ana, 29 mi. 

31. A person walked a certain distance at the rate of 8} 

24* 
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miles an hour, and then ran part of the way back at the rata 
of 7 milee an hour, walking the remaining dLstanoe in 5 min- 
utes : he was gone 25 minutes ; how &a did he run ? 

Ana. -^ mL 

32. Two trains, 92 feet long and 84 feet long respectively, 
are moving with uniform velocities on parallel rails : when they 
move in opposite directions they are observed to pass each other 
in 1^ seconds, but when they move in the same direction the 
faster train is observed to pass the other in 6 seconds ; £nd the 
rate at which each train moves. 

Arts. 30 mi. and 50 mi. per hour. 

33. If the sum of 2 fractions is unity, show that the first, 
together with the square of the second, is equal to the second, 
together with the square of the first. 

34. A man has a rectangular field containing 4 acres whose 
length is to its breadth as 8 : 5 ; required the length and breadth 
of the field. Ans, 32 rods ; 20 rods. 

35. The sum of two numbers is 17, and the less divided by the 
greater is to the greater divided by the less as 64 : 81 ; what are 
the numbers ? Ans. 8 and 9. 

36. There are two quantities whose product is a and quotient 
b ; required the quantities. Ans, ^\/ah and ^^/-* 

37. A father gave to each of his children on New Year'a 
day as many books as he had children : for each book he gave 
12 times as many cents as tliere were children, and the cost of 
(he whole was $15 ; how many children had he? Ans. 5. 

38. A man bought a field whose length was to its breadth 
as 3 to 2 ; the price per acre was equal to the number of rodn 
m the length of the field, and 4^ times the distance around the 
field equaled the number of dollars that it cost ; what was the 
length and breadth of the field ? Ans, 60 rods ; 40 rods. 

39. A and B carried 100 eggs to market, and each received 
the same sum : if A had carried as many as B, he would have 
received 36 cents for them, and if B had carried only as many 
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as A, be would have leceived onlj 16 cents for them, how 
man J eggB had each 7 Ana, A, 40 ; B, 60. 

40. Several gentlemen made an excursion, each taking S484 : 
each had as many servants as there were gentlemen, and the 
Dumber of dollars which each had was 4 times the number 
of all the servants ; how many gentlemen were there ? 

Ans. 11. 

41. There is a rectangular field whose breadth is ^ of th«i 
length. After laying out ^ of the whole ground for a garden, 
it was found that there were left 400 square rods for mowing ; 
required the length and breadth of the field. 

An8, 25 rods ; 20 rods. 

42. There are two square grass-plats, a side of one of which 
Li 10 yards longer than a side of the other, and their areas are 
as 25 to 9 ; what are the lengths of the sides ? 

Ana, 25 yd?. ; 15 yds. 

43. A farmer bought a number of sheep for $80 : if he had 
bought 4 more for the same money, he would have paid $1 less 
for each ; how many did he buy? Ana. 16 sheep. 

44. A man divided 110 bushels of coal among a number of 
poor persons : if each had received 1 bushel more, he would 
have received as many bushels as there were persons ; find the 
number of persons. Ana, 11. 

45. A person bought a certain number of yards of cloth for 
$36, which he sold again at $4 per yard, and gained as much 
on the whole as 4 yards cost ; find the number of yards. 

Ana. 12. 

46. A cljstem can be supplied with water by two pipes, one 
ff which would fill it 6 hours sooner than the other, and they 
both would fill it in 4 hours ; how long will it take each pipe 
3done to fill it? Ana, 6 hrs. ; 12 hre. 

47. The side of a square is 110 inches long ; find the dimen- 
sions of a rectangle which shall have its perimeter 4 inches 
longer than that of the square, and its area 4 square inches 
kesB that, that cf the square. 

Ana. Length, 126 in. ; breadth, 96 in. 
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48. The third term of an arithmetical progression is 4 timet 
the fiiist term, and the sixth term is 17 ; required the first six 
terms of the series. Ana, 2, 5, 8, etc 

49. A square tract of land contains \ as many acres as there 
are rods in the fence enclosing it ; required the length of the 
fence. An8, 320 rods. 

50. An English woman sells eggs at such a price that 10 
more in half a crown's worth lowers the price threepence pei 
score ; required the price per score. An8. 15d. 

51. An English woman sells eggs at such a price that 10 
fewer in half a crown's worth raises the price threepence per 
scor& ; required the price per score. Ana. 12d 

52. Find the side of a cube which shall contain 4 times as 
many solid units as there are linear units in the distance be- 
tween its two opposite corners. Ana. 2|X8. 

53. A grass-plat, 18 yards long and 12 wide, is surrounded 
by a border* of flowers of uniform width ; the areas of the grass- 
plat and border are equal ; what is the width of the border 7 

Ana. 3 yds. 

54. A and B set out to meet each othei from two places 320 
miles apart : A traveled 8 miles a day more than B, and the 
number of days in which they met was equal to half the numbei 
of miles B went in a day ; how far did each travel before they 
met ? Ana. A, 192 mi. ; B, 128 mL 

55. Two clerks, A and B, sent ventures in a ship bound to 
India : A gained $120, and at this rate he would have gained 
as many dollars on a hundred as B sent out. B gained $36, 
which was but one-fourth as much per cent, as A gained; 
h^>w much money was sent out by each ? 

Ana. A, $100; B, $120. 

56. In a collection containing 27 coins, each silver coin w 
worth as many cents as there are copper coins ; and each copper 
'*oin is worth as many cents as there are silver coins ; and the 
whole is worth $1 ; how many coins are there of each sort? 

Ana. 2 of silver ; 25 of copper. 
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67. The third term of an arithmetical progression ifi Ib^ 
and the seventh term is 30 ; find the sum of 17 terms. 

Aw. 612. 

68. A man by selling a horse for 264 dollars gains as muclp 
per cent, as the horse cost him ; required the cost of the horse. 

Ans. $120. 
69 Two numbers are in the ratio of 4 to 6, but if one is 
increased and the other diminished by 10, the ratio of the result- 
tag numbers is inverted ; required the numbers. 

Aim. 40 and 60. 
60., Show that the difference between the square of a number 
consisting of 2 digits, and the square of the number formed by 
changing the places of the digits, is divisible by 99. 

61. A laborer, having built 105 rods of fence, found that, 
had he built 2 rods less a day, he would have been 6 days longer 
in completing the job ; how many rods did he build per day ? 

Am, 7. 

62. The common difference in an arithmetical progression is 
equal to 2, and the number of terms is equal to the second term ; 
what is the first term if the sum is 85 ? Ans. 3. 

63. K the sum of two fractions is unity, show that the first, 
together with the square of the second, is equal to the second 
together with the square of the first. 

64. A man having a garden 12 rods long and 10 rods wide, 
wishes to make a gravel-walk half-way around it ; what will be 
the width of the walk if it takes up ^ of the garden ? 

Am. 9.234 ft. 

65. If 8 gold coins and 9 silver ones are worth as much as 6 
gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold coin. Ans. 1 : 5. 

66. A rectangular picture is surrounded by a narrow frame 
which measures altogether 10 linear feet, and costs, at 12 cents 
per foot, 20 times as many cents as there are square feet in the 
picture ; require<l the length and breadth of the picture. 

Ans. Length, 3 ft. ; breadth, 2 ft. 
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67. A person walked to the top of a mountain at the rate of 
2^ miles an hour, and down the same way at the rate of ^ 
miles an hour, and was gone 5 hours; how hr did he walk alto- 
gether 7 Ans. 14 mL 

68. A and B hired a pasture, into which A put 4 horses, and 
B as many as cost him 18 shillings a week. A^rward, B put 
in 2 additional horses, and found that he must pay 20 shilliuga 
a week ; at what rate was the pasture hired ? 

Ana. 30s. a week. 

69. Two partners, A and B, gained $700 by trade: A's 
money was in trade 3 months, and his gain was $300 less than 
his stock ; and B*s money, which was $250 more than A's, was 
in trade 5 months ; required A's stock. Ana, $500. 

70. A sets out for a certain place, and travels 1 mile the first 
day, 2 the second, 3 the third, and so on ; ^ye days ailerward 
B sets out from the same place, and travels 12 miles a day ; 
how long will A travel before he is overtaken by B ? 

Ana. 8 or 15 days. 

71. A certain number of students go on an excursion : if 
there were five more, and each should pay $1 more, the expense 
would be $61^ more ; bujb if there were 3 less, and each should 
pay $1} less, the expense would be $42 less; required the 
number of students and the &re of each. 

Ana. Number, 14 ; fiu^, $8|^. 

72. A traveler set out from a certain place, and went 1 mile 
the first day, 3 the second, 5 the thirc^ and so on ; afrer he had 
been gone three days a second traveler set out, and went 12 
miles the first day, 13 the second, and so on; in how many 
days will the second overtake the first? Ana. In 2 or 9 days. 

73. A set out from C toward D, and traveled 7 miles a 
day : a^r he had gone 32 miles, B set out from D toward O. 
and went every day ^^ of the whole journey ; and after he had 
traveled as many days as he went miles in 1 day, he met A ; 
required the distance between G and D. 

Ana. 76 mi., or 152 mL 

74. Two trains start at the same time from two towns, and 
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eftdi proceeds at a uniform rate toward the other town : when 
they meet it is found that one train has run 108 miles more 
than the other, and that if they continue to run at the 
same rate they will finish the journey in 9 and 16 hours 
rcepectively ; required the distance between the towns and the 
rates of the trains. 

Ana, Distance, 756 mi. ; rate, 1st, 36 mi. ; 2d, 27 mi 
an hour. 
75. A criminal having escaped from prison, traveled 10 
hours before his escape was known ; he was then pursued so as 
to be gained upon 3 miles an hour ; after his pursuers had trav- 
eled 8 hours, they met an express going at the same rate as 
themselves, who had met the criminal 2 hours and 24 minutes 
before; in what time from the commencement of the pursuit 
will they overtake him 7 An^ 20 hrs. 



SUPPLEMENT. 



SECTION" X. 

INEQUALITIES, INDETERMINATE AND 
HIGHER EQUATIONS. 

INEQUALITIEa 

384. An Inequality is an expression signifyiDg that one 
quantity is greater or less than another; as ax-b>c. 

383. The First Meniber of an inequality is the part on the 
left of the sign ; the second member is the part on the right. 

386* In treating inequalities the terms greater and less must 
be understood in their algebraic sense ; thus, 

1. A negative quantity is regarded as less than zero. 

2. Of two negative quantUies, the greater is the one which has 
the less number of units, 

38 y. Two inequalities are said to exist in the same sense 
when the first member is greater in both or less in both ; thus, 
4>3and6>5. 

388. Two inequalities are said to exist in a contrary sense 
when the first member is greater in one and less in the other ; 
thus, 4>1 and 3<6. 

389* The following examples will be readily solved by the 
student* 

EXAMPLES* 

1. Given ^+-7r>~r+o» ^^ ^^^ ^ 1^*"^* ^^ ^ 
ifc o 4 o 

SoLunow. — Clearing of fractions, we have 6a: + 8a; > 9a; +20; tranirpoft* 
ing, etc., we have 5a; > 20 ; hence, a; > 4. 

26 289 
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q 

2. Given 5a;>-^ + 14; find the limit of x. Ana. aj>4. 

3. Given - - ^ < a- v^ ; m" a "Mit of a:. Ana. x>o. 

4. Given r - ^ > k ~ 2 ; find a limit of x. Ana. «< 3. 

37 X 

6. Given 4 -f ;r < 7 + . ; find a limit of x. Ana. x < 36. 

6. Given 2a; + 5y > 16 and 2a;+y * 12; find the limits of 05 
and y. Ana. x<d^; y > 1. 

7. Given 3«-5<2a;+l and 4x + l>13 + a;; find the value of 
X if integral. Ana. x=*5. 

8. Given x+2y>18 and 2z + 3y = 34; find limits of x and y. 

^n«. ac<14; y>2. 

9. Twice an integer, plus 5, is less than 3 times the integer, 
plus 3, and 4 times the integer, less 4, is gi-eater than 6 times 
the integer, minus 12 ; required the integer. Aiia. 3. 

10. Twice a number, plus 7, is not greater than 19 ; and three 
times the number, minus 5, is not less than 13 ; what is the 
number? Ana. 6. 

THEOREMS IN INEQUALITIES. 

1. Prove that the sum of the squares of two unequal quantities^ 
a and 6, is greater than twice their product. 

For, (a — by is positive whatever the values of a and 6; 
hence, (a-6)*>0j 

or, a»-2a6 + 6»>0. 

Hence, aH62>2o6. 

2. Prove that a'' + 6^ + c' > aft + ac + be. 

By Theo. 1, a^ + 6« > 2a6, 

a»+ c*>2ac, 

h^+ c*>2bc. 
Hence, adding, 2a« + 26* + 2c« > 2a6 + 2ac + 26c. 

Whence, 0^^+ 6H c»> Cf6+ ac+ &o. 

3. Prove that a -f 6 > 2 l^a^, unless a = b. 

4. Prove that a^6 f a^-' > 2a''6^ unless a = b. 

d. Prove that 3a* + 6^ > 2a(a + 6), unless a = i. 
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6. Prove that a' + 1 > o' + a, unless a =• 1. 

7. Prove that the sum of any fraction and its reciprocal is 
greater than 2. 

8. Prove that ,^+~i> -+ , , unless a = 6. 

9. Prove that a - 6 > ( Va - Vby, when a > 6. 

10. Prove that the ratio of a' +6* to a* +6' is less than the 
/ ratio of a + 6 to a* + 6'. 

11. If a;' = a'+6*, and y'-^c' + cP, which is greater, ay or oc+ 
6c2, and :ry or ad + 6e ? Aim, xy, 

INDETERMINATE EQUATIONS. 

390. An Indeterminate Equation is an equation in 
which the values of the unknown quantities are unlimited. 

391. Thus, in the equation 2x + 3y =- 35, a: and y may have 
different values ; and if any value be assigned to one of the 
quantities, a con-esponding value may be found of the other. 

393. The solution of indeterminate equations, though the 
number of corresponding values is unlimited, is usually limited 
to finding positive integral values, 

393. Of the several interesting cases that may arise we shall 

consider only two. 

Note. — The treatment of indeterminate equations is usually called 
Indetei-minale Analysis, 

CASE I. 

304. To find poftiliTe lntefi:ral Taluea of tbe un- 
known quantities in the equation. 

1. Given 2x + 3y = 35, to find positive integral values for 

^x and y. 

Solution. 

Given, 2a; + 3y = 35. (1) 

Transposing, 2a; = 36 - 3y. ( 2) 

Whence, a: = ?5^^ = 17-y + ^^. (3) 

2 Z 

Since y is an integer, 17—^ is an integer; and since also x is an integer, 

1-V. , 

—^ IS also an integer. 
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Let m represent this integer. 



Then, 


'-f-m, 


(5) 


and 


l-y=2n». 


(6) 


Whence, 


y-l-2wi. 


(7) 


Sub. in (1), 


2x+3-6ot-35. 


(8) 


Whence, 


a;~16+3OT. 


(9) 



In equation (7), for y to be integral and positive, m may be 0, or negatirey. 
but cannot be positive. In equation (9), for 2; to be integral and ponitive, rn 
can be 0, or posiiivey or negative while less, than 5. Hence m may be 0, 
^1, -2, -3, or -4. 

Substituting these values of Tii in (7) and (9), we have 
a; = 16, 13, 10, 7, 4^ 1. 
y» 1, 3, 6, 7, 9, 11. 
Note. — We shall use Int. to mean an integer, 

2. Given 7a; + 9y -= 23, to find positive integral values for 

X and y. 

Solution. 

Here, ..^^^^Z-,.^-^. (1) 

Now, — z^ must be an integer. 

If we put — r-^ «»m, then ^ «= — - — , & fractional expression ; but wo 
7 Z 

wished to obtain an integral, expression for the value of ^. To avoid this 

2 ~ 2 V 

difficulty, it is necessary to operate on — r-^, so as to make the coefficient 

of y a unit. 

Since ^ is integral, any multiple of — -^ is integral. Multiply, 

then, by some number that will make the coefficient of y contain the 
denominator with a remainder of L 
Multiplying by 4, we have 

Hence, —^ * Int, = m, and f/^1- 7m, 

Sub. in (1), a; = 2-1- 9m. 

Here, for x and y to be positive integers, m can be only 0. 

Substituting m = 0, we have a: = 2 and 3/ - 1. 

Note. — Other methods of rednrin<» besides multiplying may be nsed, 
as may be seen in the following solution, the olyect being to obtain an in* 
tegral form for the vaiiic of ^. 
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8. Given 19a;- 14y « 11, to find integral values of x and y. 

Solution. 

Here, ^ = ~ i o" = ^^* * *^^ 1 q ^ ^'^* 

Subtraxjting, -jj^ - -^- = -^jg- == Jn^. 

Hence, ^^ =m, and y = 19m + 6; 

and, a; = 14m -5. 

Taking «i = 0, 1, 2, 3, etc., we have 

a; = 6, 19, 33, 47, etc., 

y = 6, 25, 44, 58, etc. 

Notes. — 1. If the equation is in the form aa;+6y = c, the number of 
answers will be always limited, and in some cases a sohition is impossible. 
The form ax — hy^ =t c will admit of an infinite number of answers. 

2. If in ax=^by = c, a and 6 have a common factor not common to c, 
there can be no integral solution. 

4. How can 78 cents be paid with 5-cent and 3-cent pieces, 
and in how many ways ? 

Solution. Let a?=the number of 5-cent pieces, and y = the number 
of 3-cent pieces; then 5a; +3^ = 78, from which, by the method explained 
above, we find a;= 15, 12, 9, 6, 3 , ; and y = 1, 6, 11, 16, 21, 26. Hence it 
can be paid in 5 ways when both kinds of pieces are used. 

5. Given 2a:+%'=25, to find positive integral values for x 
and y. Aiis. x = 2, 5, 8, 11 ; y = 7, 5, 3, 1. 

6. Given 3a; — 8y = — 16, to find positive integral values for x 
and y. Arts, a; -= 8, 16, etc. ; y = 5, 8, etc. 

7. Given 8x+lly = 49, to find positive integral values for x 
and y. Aiu, a; = 2 ; y = 3. 

8. Given 14a; =» 5y + 17, to find the least positive integral values 
for x and y. Arts, a; = 3 ; y = 5. 

9. Given 19a;— 13y=-17, to find the least positive integral 
values for x and y. Ans. a; «= 5 ; y = 6. 

10. Divide 100 into two such parts that one may be divided 
by 7, and the other by 11. Ans, 56 and 44. 

26* 
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11. In bow many different ways may I pay a debt of £20 in 
balf-guineas and balf-crowns ? Aiis. 7 ways. 

12. In bow many ways can £100 be paid in guineas and 
crowns? Ans. 19. 

13. What is the simplest way for a person who has only 
guineas to pay 10s. 6d. to another who has only half-crowns ? 

Ana, In 3 guineas, receiving 21 half-crowns. 
Note. — ^The crown equals 5 shillings, aud the guinea equals 21 shillings. 

CASE 11. 

395. To find tbe least integer whieb, divided by 
giTen nnmbers, utaall lea/e given remainders. 

1. Find the lea^ integer which, being divided by 17, leaves 
a remainder of 7, and being divided by 26 leaves a remainder 

of 13. 

Solution. 

Let a: = the required integer. 

.«, x—7 J a;— 13 . ^ 

Then, -— and -^ = integers. 

x — 7 
Let -ir=- = m ; then, x = 17m + 7 ; substitute tKis in the second 

fraction, 

17m+7-13 _ 17m-6 _ , 

26 26 

„ 26m 17m- 6 9m + 6 ^^ 

Hence, "26" 26^' ^"^ ~ 26" = ^'*'- 

^ J 9m+6 „ 27m4-18 ,m+lS ^, 

^^^ -26-^^^-26~ -^ + -^ = ^^- 

Whence, --rz — = Int.y which we represent by n. 

Then, ^^^ = k ; hence m = 26n - 18. 

Now, if w = 1, we shall have m = 8. 

Hence, x = Vim + 7 = 17x8 + 7 = 143, the number. 

Another Solution. Let -y=the number. 

Then ^ = ^ W, and ^~=y (2). 

Whence, JV= 17a; + 7 (3), and N= 26y + 13 (4) ; 

and 17a;+7 = 26y + 13, 

or, 17a;-26y = 6. 

Then find x and y, as in Case I., and substitute in (3) and (4). 
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2. Find the least number which, being divided by 3, 4, and 5, 
shall leave respectively the remainders 2, 3, and 4. 

Solution. Let a: = the integer, then — r— = I$U. = m ; whenoe a; = 3r» + 2, 

o 

Alfio, —T- = Int. ; by substitution, = — - — = n ; whence, m = « + —^ . 
^ 4 o 

„ I 1 

Placing — r- =p, we have n = 3p-l; m=4ip-l, anda;»12p — 1. 

'=^-=/n/.=j[>+^. Put, ^=^; then, p = 5g, and a?=60g-l. Now 
if i^^l, a;=59; if g = 2, a; = 119, etc 



3. Find the least integer which, being divided by 6, shall 
leave the remainder 2, and divided by 13 shall leave the re- 
mainder 3. Atk», 68. 

4. Find the least number which, being divided by 17 and 26, 
shall leave for remainders 7 and 13 respectively. An%, 143. 

5. What is the least integral number which, being divided by 
3, 5, and 6, shall leave the respective remainders 1, 3, and 4 ? 

4ua.28. 

6. A man buys cows and colts for $1000, giving $19 for each 
cow and $29 for each colt ; how many did he buy of each ? 

Am, 45 cows and 5 colts, or 16 cows and 24 colts. 

7. A former bought 100 animals for $100 : geese at 50 cents, 
pigs at $3, and calves at $10 ; how many were there of each 
kind? Am, 94, 1, 5. 

8. A farmer buys oxen, sheep, and ducks, 100 in all, for £100- 
required the number of each if the oxen cost £5, the sheep £1, 
and the ducks 1 shilling each. Aim, 19, 1, 80. 

9. A lady bought 10 books of three different kinds for $30 ; 
the first kind cost $4^ each, the second $2^ each, the third $2 
each ; required the number of each kind. -4n«. 4, 2, 4. 

10. A market-woman finds by counting her eggs by threes 
she has 2 over, and counting by fives has 4 over ; how many had 
she ix" the number is between 40 and 60? An^. 44 or 69. 
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11. A boy has between 100 and 200 marbles ; when he eonnta 
them by 12s, 10 remain, but when he counts them by 158, 4 
remain ; how many marbles had he ? Ana, 154. 

12. A person wishes to purchase 20 animals for £20: sheep at 
31 shillings, pigs at lis., and rabbits at Is. each ; how many of 
each kind can he buy? r Sheep, 10, 11, 12. 

Arts, ] Pigs, 8, 5, 2. 
(Rabbits, 2, 4, 6. 

Note. — The solution of indeterminate equations of a higher degree is 
called Diopkantine Ancdyais, 

HIGHER EQUATIONS. 

396* A Cubic Equation is an equation in which the 
highest power of the unknown quantity is the third power; 
as a:*+4a^+5a; = 10. 

397. A Biquadratic Equation is an equation in which 
the highest power of the unknown quantity is the fourth power ; 
as a^+3af* + 4a:'+6a; = 13. 

398 . The general form of a higher equation is «■ -»- ax»~* + bx*"* 
+ . . . <a;+« = 0. 

399. No general method of solving equations above the 
second degree, that is practicable, has yet been discovered. 

Note. — Cardan's method for cubics and Ferrari's method for biquad- 
ratics fail in so many cases as not to be practically general. Abel has 
shown that a general solution above the fourth degree is impossible. 

400« The following Principles, which are demonstrated in 
higher algebra, may often be used iu findiug the roots of an 
equation. 

Prik. l.Ifaiaa root of an equation (the unknown quantity 
being a?), i?ie equation is divisible by JC-a, 

Thus, if 2 is a root, the equation is divisible byx — 2; if— 2isa root, 
the equation is divisible by as— ( — 2), or x+ 2. 

Prin. 2. The eoeffideni of the second term, ax"~\ is the sum of 
the roots, with their signs changed. 

Prin. 3. The term independent of jc^ when in the firgt member^ 
is the prodwst of the roots, vdth their signs changed. 
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Thus, a cubic equation, in which a, 6, and c are the roots, is equivalent 
to {X'-a)(x — b){x—c)=0; and when developed is a:*— (a+6+c)a;*+ 
(a6 + ac + bc)x — (abc) = 0. 

Note. — Principles 2 and 3 will often enable us to conjecture the roots 
of an equation ; and Prin. 1 will enable us to test any supposed root 

SOLUTION OF CUBIC EQUATIONS. 

401. Cubic Equations can often be solved by special arti- 
fices, a few 3f which will be given. 

CASE I. 

402. Solution by inspection and the application 
of tlie above principles. 

1. Given a^ - 6a:* + 11a: = 6, to find x. 

Solution. The factors of 6 are 1, 2, and 3 ; and their sum equals the 
coefficient of the 2d term ; hence we may suppose one of these factors, as 3^ 
to be a root of the equation. Transposing 6 to the first member, and divid- 
ing by a; — 3, we have a:'— 3a: + 2 = 0; therefore, 3 is one root, and solving 
a;' — 3a; = — 2, we find 1 and 2 to be the other roots. 

2. Solve af'—dx* + 26a: = 24. Ana. a: = 2, 3, and 4. 

3. Solve ar» - 1 lar» + 38a: = 40. Am. a: = 2, 4, 5. 

4. Solve o^-St^-IOx'- -24. Ans. x^% - 3, 4. 
6. Solve arV 4a:' + a: = 6. Am.x = \, -2, -3. 

6. Solve a:* -4a:'- 7a; = -10. ^n«^=l, -2,5. 

7. Solvear'-2a;'+4a: = 8. Ans. x-^ 2,2 V^^, -2l/-l. 

8. Solve a;* - 7a:' + 16a: = 10. 

^n5.a: = l, 3+V^^l, 3 - |/ - 1. 

CASE II. 

403. Solution by maliins botb members a perfeei 
enbe. 

1. Givenx»+3ar'+3a? = 7. 

Solution. 

Givgn a:»+3a;'+3a: = 7. (1) 

Adding 1, a:»+3a:«+3a:+l-S. (2) 

Whence a: + l = 2, or a:=l. 

Dividing Eq. 1 by a: - 1, we have a:* + 4a: + 7 = <X 
Whence, x= -2+1/^3 and -2-1/^37 
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2. Solve a:»-3a:»+3a? = 9. Ans. a;-3, + V^, - V"^. 

3. 8olvea:»+6a;' + 12x=-16. 

Ans.x^^4, -l+l/^, -l-'V^^. 

4. Solve a;»+9a:»+27x = - 35. 

ul»w. a;=-5, -2+V"^, -2-l/^3. 
6. Solve a:»-9a:'+27a; = 91. 

^n«. a: = 7, l + 2l/^ 1-21^^3. 

CASE IIL 

404. Solution when tine eqnallon is readily fac- 
tored. 



1. Given a?'- 6x « — 4. 



SoLunoif. 



Given oi^-6x=-4. 

Whence a^-4x = 2x-4. 

And x{x^-4) = 2{z-2). 

Since this is divisible by a; — 2, a; - 2 = 0, or a; = 2. 

Dividing by a; - 2, we have x(x + 2) = 2 or a;* -r 2a; = 2; 
whence, a; = — 1 =*= 1/3. 

2. Solve a:"-3a;= -2. Am. x = l, 1, -2. 

3. Solve a:* -3a: = 2. ^n«. a;- -1, -1, 2. 

4. Solve a:»-7a;= -6. An9.x^l, 2, -3. 
6. Solve a:" -a'a;- a; = -a. -4n«. a?-a, ^(~a=»= l/(?+T). 
6. Solvea:»-a;'-2a;=-2. Am.x = l, +1^2, - V^. 
7 Solve a:»- 2a: -1/3. Ans. x^V^li-VZ^V^^). 
8. Solve 3a;»- 7a;' - 7a; = - 3. Ans. x - i, 3, - 1. 

CASE IV. 

405. Solution by redncing iM^ a biquadratic, and 
then changing U^ make both sides sanares. 

1. Given a;* - 7a; - - 6, to find a;. 
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" 


Solution. 


Given 
Whence 
Add 4a;* 




x'-lx^-e. (1) 
ar*-7x*=-6a:. (2) 


Complete 


square, 


^-a^.(|)--4.-..(|)- 


Hence • 




^-|-2.-|, 0, -2x.|. 


WTience 




a;«2,ora;*+2a;*a 

.•.a:»l, or-3. 



2. Solve ar^ + 3a;- 14. ^rw. a: = 2, - 1 ± V^. 

3. Solve a:»- 12a; = 16. uItw. «-4, -2, -2. 

4. Solvea:» + 6a;-6. ^n«. a; = 1, J( - 1 =^ V^l3). 
6. Solvea;»-4« = 48. Jn«. a; = 4, 2( - 1 =t V''^). 

6. Solve a^ - 13« = - 12. Am. a; = 1, 3. - 4. 

7. Solve ar'+Ba:- 20. ^n«. a;=>2, -1±3V^^. 

SOLUTION OF BIQUADRATIC EQUATIONS. 

406. Biquadratic Equations may oflen be solved by 
special artifices, a few of which we present. 

CASE I. 

407. Solution by Inspection and applying the 
principles of equations. 

1. Given a;* - 10a;» + 35a:* - 60x = - 24, to find x. 

Solution. We notice that 24 = 1x2x3x4, and 10 = 1 + 2+3 + 4; 
hence, we presume that some of these factors are roots of the equation. 
Dividing by a: — 1, we see that the equation is divisible by a;— 1 ; hence 1 
is a root ; and in a similar way we find that 2, 3, and 4 are roots. 

2. Solvea^-5ar^+5a;* + 5a; = 6. Ans.x^l, -1, 2, 3. 

3. SolveaJ*+a:»-7a;'-x= -6. Aius.x-^l, -1, 2, -3. 

4. Solvea:*^6a:»-a?' + 54a;-72. An8.x='2, 3, -3, +4. 

5. Solve a:* - 4ar'' - 9x'+ 16a; = - 20. 

An8.x^-1, 2, -2, 5. 

6. Solvea^-4a;»-8a:»+4a;---7. Ans.!, -1, 2=^1/11. 
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CASE II. 

408. Solntlon by factoring wben the factors can 
be readily obtained. 

1. Given cc*+4a:' - 8x = 32, to find x. 

Solution. 

Given x*+4a;»'-8a; = 32. 

Transposing, a;* + 4a:» = 8a; + 32. 

Factoring. a:»(a:+4) = 8(a;+4), 

or, (a;»-8)(a:+4) = 0. 

Whence, a:»- 8 = and a;+4«0, 

and a:=— 4or2. 
Dividing, a:" - 8 by x — 2, we obtain a quadratic^ 

from which a; = ~ 1 ± V^Z. 

2. Solvea:*-2a:»-a;--2. ^tw. « = !, 2, i( - 1 =*= V' -"3). 

3. Solvea;*-3ar»-8x--24. ^n«. a; = 2, 3, -l=tl/^. 

4. Solve a^ ~ ax* - v?x = - aw'. 



-4n«. a; = a, n, o( - 1 =*= 1^ — 3). 



5. Solvea?*+3a:»-3a; = 9. 



^iw.x=-3; M ^(-1±1/^^). 

CASE III. 
409. Solution by redncing to a quadratic foruu 

1. Given a^+2ar^ - 3a:» - 4a? - 5, to find «. 

Solution. 

Given a:* + 2a:» - 3a;' - 4a; = 5. 

Whence, (a;« + xf - A{x^ + a;) + 4 = 9, 

or a;Ha;-2==t3. 

From which x can be found. 

2. Solve a;* - 4a;»+ 8a;» - 8a; = 12. Am. 1 ± l/3, 1 ± V~^. 

3. Solve a^ 4- 2a;» - 7a;* - 8a; = - 12. Am. 1,2, - 2, - 3. 

4. Solvea;*+2ar»-3a;''-4a;=-4. Am.l, 1, -2, -2. 

5. Solve a^ - 6a;»+ 11a;' - 6a; - 8. 

Am.\Q^^VVl\ i(3±y^). 
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CASE IV. 

410. Solution by reducing bolb memlieni to a 
binomial square. 

1. Solvea?*-6«»+12a;«-10x--a 

Solution. 
Given jr*-6a;»+12a;«-10a;- -3. 

Whence, («» - ^xf + 3a;« -lOa; - - 3, 

+ 4iC»~12x-a;H2x-3, 

or (a:«-3a;)«+4(x«-3a:)-f4-a:«+2a;+l. 

Whence, (a?« - 3x) + 2 - ic + 1. 

Whence, « = 1; 1 ; 1 ; 3. 

2. Solve a^ - 4«» - ]9^+46ic - - 120. 

Am.x^-% -3, 4, 6. 

3. Solve a?*+4a;»-«»- 16a? -12. 

^iw. ic--l, -2, 2, -3. 

4. Solvea?*-9«»+30«'-46«- -24. 

^?i«. a;-l, 4, 2±l/^. 

5. Solve :c*+4«»-6«' !-4« = 7. ^/w. a;- ± V^-2=t l/ll. 

6. Solve a?* - 12ar»+48a:' - 68a; - - 15. ^rw. a; - 3, 5, 2 i VZ. 

Note. — Cubics and biquadratics, when any of their roots are integral, 
can usually be solved by artifices similar to those we have explained. 

The more general methods of finding approximate roots of numerical 
equations are those of Double Position, Newton^s Method of Approximatixm^ 
and Homei^s Method, for an explanation of which the student is referred 
to works on Higher Algebra. 

RECIPROCAL EQUATIONS. 

411. A Reciprocal Equation is one in which the recipro- 
."^al of X may be substituted for x without altering the equation. 

4ia, Thus, in a;* - Sar* + 4a:« -- 3a: + 1 = 0, if we substitute - for 
' X 

Xy we shall obtain the same equation. 

Notes. — 1. Such equations are also called recutring equalums, because 

the coefficients recur in the same order. 

2. It can be shown that a reciprocal equation of an odd degree is divis* 
ible by a:— 1 or a; + 1, according as the last term is poatHve or negaiive. 

3. Also, a reciprocal equation of an even degree is divisible by a;'— i 
when its last term is positive* 



302 INEQUALITIES, INDETERMINATE, ETa 

exampi.es. 

1. Solve ii^-3a:»+4a:»~3«+l-0. 

Solution. 
Given x*--ai;»+4a;«- 3a;+l-0. 

Divide hj x\ »»-3*+4-- +^=0. 

X x^ 

Whence a:»+^~3(a;+-K4 = 0. 

x^ \ x) 

Or (*+iy-<-^i) = -2- 

Complete the sq., (^+^)'-3fa;+-)+^ =~. 

Extract the root fa:+ -) - f = i ^. 

\ xl 1 2 

Whence «- 1, 1, J{ 1 ^ V^^^ 

Note. — It is sometimes simpler to substitute some other quantity, 

«, for a;+ , and find the value of x from that of z, 
' x* 

2. Solve a^+a^+a:+ 1=0. ^n«. x--l, -\,\(\^V'^. 

3. Solve a?* - 5a;» + 6a;' - 5x + 1 - 0. 

Jw«. or = 2 =t 1/3, i(l i 1/^3). 

4. Solvea^-10ar' + 26x*-10a;+l=0. 

^7W. a;-3±2l/2, 2il/3. 

5. Solve a^-3x» + 3a; + l=0. Am,x^\^V% ^(1=^1^5). 

6. Solve 7^-\^^1'^-^x\\^^, Awi, a; - 2, J, =t l/^T. 

7. Solvea;*-3a,-»+3a:-l = 0. ^ms. a;-il, \(^^Vfi). 

8. Solve a;V «-'+«+ a;-'- 4 = 0. 

^718. a;-l, 1, i(-.3±>/6). 

Notes. — 1. In equation 7 divide by a;' — 1, and then reduce and find 
the values of x. 

2. It may be readily shown that any two corresponding pair of roots 
are recipixjcals of one another. 



as 



SECTION XL 

EXPONENTS AND LOGARITHMS. 

THEORY OF EXPONENTS. 

413. An Exponent denotes the power of a quantity or the 
number of times it is used as a factor. 

Thus a' means a x a x a, or a used as a factor three times ; and 
a* means axa^ax . . . . to 7i factors, or a used as a factor n 
times. 

414. By the original conception of a powei* the exponent n 
could be conceived only as a podtive integer, and the rules for 
multiplication, division, etc. were all based on this conception. 

41cS« Subsequently it was seen that division gave rise to 
negative exponents and evolution to fractional exponents, and 
that these could be used the same as positive integral ex- 
ponent*. 

Note. — We shall now give a complete logical discussion of the subject, 
assuming only the definition of an exponent and the rules of addition and 
subtraction. 

POSITIVE EXPONENTS 
Prin. 1. When m and n are positive integers, a™ x a** - a"*"^*. 
For a:^==^axaxax . . . . toTw factors. jDef.) 

And a*=axaxax . . . . ton factors. (Def.) 

Hence «"• X a" = a X a X . . . . xaxaxa , , . . torn -^/i factors, which 
by the definition equals a™^". 

Prin. 2. When m and n are positive integers, and m is greater 
than n, a*" -t- a* - a""". 

303 
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(Prin. 1.) 



For 


a-— xa»=a*-*+* 


Reducing, 


0m-«xa"»a~. 


Dividing by a», 


::---• 



Prin 3. When m and n are positive integers, (a*")* equals a"*. 
For (a*")*— a"xa*xa*x .... ton factors; 

But a** = axaxax ... .torn factors. 

Hence (0**)*= ax ax ax , . . • to m x n fiftctora, 

which 18 indicated thus, a"^. 

m 

Prin. 4. When m and n are positive integers, i/a*^-a\ 
For, since in raising a quantity to the nth power we multiply the ez« 

ponent by n, in extracting the nth root we must divide the exponent by 

n; whence the nth root of a"* is a***, or a*. 

NEGATIVE EXPONENTS. 

416. The Negative Exponent arises from division when 
the exponent of the divisor is greater than the exponent of the 
dividend. 

Prin. 5. Prove that a"* - -r. 
a* 

For a*-*=^. Prin. 2. 

a* 

Dividing by a**, ""**"" a*' 

This may also be shown as fbliows ; 

Now, a*» X a-" = a*-* » -— Prin. % 

' a**. 

Hence, ^"" = a«* Div. by a* 

Prin. 6. Prove that a* + a* =^ a"*"" when m is less than tu 

a* 1 



Now, a"*+a**- 



a*» a**^ 



But, -J- = a- <«-«)- a— •• 
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Prin, 7. Prove that cT^a^'^dT^^ when one or both expo« 
nents are negative. 

First, suppose either exponent, as n, is negative. Let n-» — «. 

1 tt"* 
Then a*xa*«=a*xa~^=a"'x-- = -— =a"*~*. 

a» a* 

Substituting » for — «, a'"~* = a"'+*; hence a* x a* = a*+*. 
Second, suppose both exponents are n^ative. Let m^ -^r bxmI 

Then, a'"xa" = a-*'xa-«= — x — = — — «a*(''+*'=a-*-«. 

Substituting, a"*""* = a**+*; hence a^xa'^== a*+*. 

Prin. 8. Prove that a* + o* - o*"* when either or both expo* 
nents are negative. 

First, suppose either exponent, as n, is negative. Let n — — «. 

1 a* 

Then, a"»-^a*=a"•+a•~*-=a~-^- — = a*x — = a"'a*'=a^+*. 

' a* 1 

Substituting, a*»+* = «"•"*. 

Second, suppose both exponents are negative. Let w « — r and n^« — «. 

Then, a"» -*-«* = a"' +a-«= -;.-!--=.-- x a* = — = a*-''. 

Substituting, «•-*" -= a~""<-"*> = «"•-». 

Prin. 9. Prove that (a*)* = o"*" when one or both exponents 
are negative. ' 

First, suppose m is negative, and let m— — r. 

Then, («"•)- = (a-')» = P^)** = -^ - a-"» = aT". 
Second, suppose n is negative, and let n = —p, 

. Then, (a")* = (a") -' * 7-^ = -^ = «-"* =r a"•^ 
Third, suppose m and n are both negative, and let m = — r and 

Then, (a*r-(a-0-^=~7);=^ = «'^=«-"^"* = «'"- 
26* 
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Prin. 10. Prove that V^^^y when either m or », or both, 
are negative. 

Fiist. suppose m is ncgatiTe. and let m— - r. 

Then y'cT^ y^ar'^^J- ^-^^a'^^-a^. 
^ or a* 

Second, suppose wis negative, and n=»-r. Leta;=-V^. 

Then aj'^-a-, and a:-"=a-?, oi i = a-; af- — ; x^-^a'^^a^ 

3f a"* ^F 

Third, suppose both m and n are negative; let m=- -p, n^ --r, and 

Then a;««a«, x'^^ar 1=1, ar'^o', X'J=^a\ 

NoTE.—No practical significance is attached to a 'negative index of a 
root; but the form is a possible one, and the above demonstration proves 
the principle to be general. 

417. Thus we see that whether m and n are positive or 
negative integers, we have the following: 

I. a" X a« - a-+^ m. (««)» . ^nm^ 

II. o- + a"»a-». IV. iy^^a^. 

FRACTIONAL EXPONENTS. 

418. A Fractional Exponent arises from evolation by 
dividing the exponent of the power by the index of the root, 
when the former is not a multiple of the latter. 

419. We shall show the meaning of the fractional exponent 
And prove a few principles to be used in showing the univer- 
sality of the fundamental rules. 

Pnii.. 11. Prove that {a^^a^ when ^ andi> are positive 
or negative. 
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First, sopposep is poeitive, — being either poeitive or negative, 
n 

m 5 9 S 

Baising a* to tfaepth power, we have a^^xa"" xa'^x ... to p fiwy 
tors, or a^^*^*^ ' ' ' ^'*^' = a^^'«a^. 
Second, suppose p is negative, and let p— — «. 

Then (a*)'-(a")---y^---^--a*'^-a"^''"'-a'. 



Prin. 12. Prove that a* - Va", m and n being either positiva 
or negative. 

First, suppose m is positive or negative, n being positive. 

m m „ 

By Prin. 11, (a^^-^a"; extract nth root, a"= l7a*. 
Second, suppose n is negative, and let n =- — 8, 

Then, (aV-(a'™)"'-^^^* -l^=a«. 

Hence, (a )» = a*», and a" - V'a*. 

Cor. Hence, a* -= V'a, or V'a - a* ; also (a*^* - a , or a. 

Note — ^This principle was derived under the previous article, but is 
here proved by another process of reasoning. 

Prin. 13. Prove that V'a^ = (a"*)^ 

Let a'^-^X] then Vo"- V'x-a;". (Prin. 12, Ck)r.) 

But since x = a"», x *= (a*) ' ; hence y a"» * (a"») . 

Cor. Hence a^-(a"*)^ 

Prin. 14. Prove that o^ x 6" - (ahf. 
Let x--x^xb\ 

Then, af» = (a^ x 6")- = (aV x (ft")" = a*. 

Hence, a^ = (a6) ; therefore, x -= (a6)*. (Prin. 12, Cof.) 
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COB.1. 


In the same way 


it may be shown that 


. 


k 
a 


-;-(iy- 


Cor. 2. 


Hence also a*x6 


*xc* = (o6c)*. 


Prin. 15. Prove that a" x 


:6® = (a6)". 


Let 


x^a^xb^. 





Then, af» - (a" x 6")» - (a *)" x (6" )•• = a* x 6« =^ (a5)* 
Hence; a:*- (aft)* ; and a;- (oft)**; therefore, a* x 6* - (a6) . 



Prin. 16. Prove that (a"*)'* =- (a")*. 
By Prin. 11, (a*)- = a" ; let a; « a". 
Then, af = a», and a; =« (a**)**. Prin. 12. 

Cor. In a similar way it may be shown that (a ) * (a*) • 

Prin. 17. Prove that (arf x (c^f - (a" x a")*. 
Let a;=(a*)"x(aP)"; thena^=a"'xaPj 

Hence, x = (a" x a^)**. 

Prin. 18. Prove that a" * a**^. 

n 

Let a; = a" ; then a,** = a* and a:^ = a**r 

inp m mp 

Hence, a; ^ a'^ j therefore, a* « a"^. 

430. We dhall now proceed to show that the rules for mul» 
tiplication, division, involution, and evolution apply to fractional 
exponents as well as integral. 
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PRIK. 19. Prove that fVxa -= a*^'. 



a^xa'^^d'^xaf. 


Prin. 18. 


= (a^)*'x(a«')* 


Prin. 18, Cor. 


^-{a^xa^f. 


Prin. 17. 


-(o^+^'A 




= c^^^«a5^^ 




me way it may be shown that 




aKa' = J-K 





Prin. 20. Prove that (a*)' =a'^ 

Let a;=(a')^; then x' = (a*r=a*. 

Hence ofi'-^aT; and x = a* . 

Cor. In the same way it may be shown that 

'a =a = a =o . 



^' 



ScHOiJTJM. When the exponents in Prin. 19 and 20 are negative, we 
can let m and n represent the fractions, and since the principles are true 
for m and n, they are true for negative fractions. Or we can prove them 
by the methods used for negative integral exponents. 

4:$tl» It is thus shown that the following relations are uni- 
versal, m and n being positive or negative, integral or fractional. 

L drxdr='dr-^\ III. (a"*)" = a"'*. 

11. ar-^dr=dr-\ IV. pcr = (^. 

Note. — The student will be interested in noticing that this general dis- 
cussion has introduced two forms of expression that are not usually em- 
ployed in algebra — viz. negative indi^ies and fractional indices of roots. 

Thus, since n is general, Tla gives the forms ^ /a ; ^\a ; ^/a. 
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or 



1. Prove a*"* = -— :. 

a 

2. Prove (a)"* -4. 

a* 

3. Prove 1p'flr = —. 

a" 

4. Show the meaniDg of the negative exponent, a"*. 

^. _ ^.^ ^ ^ ... ...^ ^^ , ^ or a . 

6. Show, the meaning of a fractional index, ^la or J7a, 

7. Show the meaning of a negative index, va or y^a, 

8. Show the meaning of a negative fractional index, ^/a 

EXAMPLES IN REDUCTION. 
Am. ^. 

-4rj«. \. 
Ana. 27. 



1. 9 

2. 4 



ri 



-f 



3. 64 



-i 



4. 


81-*' 


5. 


(«-')* 


6. 


1 


7. 


(*-')-. 


8. 


Va^. 


9. 


(m-J)-*. 


10. 


(--^)«. 



as. 

2 

Ans. or. 



Ans. 



Ans. a^. 
1. 

Ans. mi. 

. 1 
Ans. -. 



11. (4a-i)^i. 

12. (64n-«)-i 

13. (32a-^0*. 

14. ddU-^yi. 



^^•1 



^n«. 



(^)- 



Ans. 



Ans. 



15. v^5= 
-2/a" 



16. 

17. 



18. ^^/so^ 



16* 



a\ 

vi 

Ana. -. 
a 

Ans. 4a. 

-4?w. 8a'. 

Ans.i 



w- 
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19. d^ 
\64 


Ans.^fj 


23, -^a*6'. ^WAO*-. 


^■^^ 


24. :^a-*6«-. Ant.a^%-*^\ 


21^ 


26."^a-¥. ^„.(|)f. 


22. 'yja-^I^. 


26.(^a5cS]r. ^«-.«^<^. 


EXAMPLES IN MULTIPLICATION. 


1. JxoTK 


An^ «*. 


8. y*x>/y'. .iiM. y\ 


2. a-*x j/a. 


-""■(i)'- 


9. (4-a)"'-"+'x(4"«)— — '. 




\a/ 


Afu.1. 


3. a xa* 


Aru. VaT. 


10. «— x3a*^'K4«r+»c 


4. aVxa-*c*». 


Am. c^. 


^»M. 12a'"+'«. 


5, a;^ X i/A 


JjM. «;* 


11. (a-*A'xa"A-'xa-+"**. 


6* m"* X j/i»*. 


^-(if- 


^n«. a*'6'+'. 




V'*/ 


12. (a+i)-+-c"x(a+6)— <f-. 


7. a^xa*. 


■■4-. 


.4n«. (o +*)*". 



Multiply the following: 

la a^6"^xa*+*x(aV)*-^ Ans. cTh^'^* 

14. (8-V«)-+*' X (8*a- V)-+* Jn«. 8-a*»a**+^ 

15. (a+6)-Vx(a+6)»+Vx(a+6y+*c-'. 

16. (a*+6*) by a*-6*. ^w^. a*-6*. 

17. a'"+* + ft"^ by a-^* - 6"-*. ^rw. a«*+-> - J' ("•-«>. 

18. af - y»»-» by ar*"*y*. -4n«. ar*y* - jc^-*y*». 
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19. a* + 6*byo^-6^ 

20. ap+«*4-2 by «+a;*-2. 

21. «*+«W»>y«*-y*. 

22. o*+o'+lbyo-*-a-'+l. 
23 o'^+o"*+lbyo"*-l. 
24. a*- 2+o"* by o^- o'*. 



Am. a;'+2a;*+a;-4. 

-4na. X - jf. 
-4n«. a*+l + a~*. 

.4rw. «• - 3a*+ 3a"* - «-». 



25. -3a-*+2a-^6-^by -2a"*-3a-*6. 

26. a*-o»+a*-a'+a*-o+o*-l byo*+l. Am.a^-1. 



1. a^ + o"i 


Jiw. a* 


2. a-*-^o*. 


Ans. a^' 


3. a* + a"^. 


Ana. a*. 


4. h^^h'K 


^rw. fel 


6. a-*H-o-*»^\ 


^rw. a"-\ 


6. o"-* + o*+"'. 


^rw. a—. 


7. lP^h-\ 


Am. h\ 


a o*-^ yo* 


Am. o . 


9. ya-^-^{ar^\ 


^w«. a*. 


10. af-*->/a;-^. 


^n«. a;**. 



EXAMPLIS IN DIVISION. 

13. (a-at)"* + (a-a;)*. 
-4w«. (a - x)~*, 

14. 6aV-i-3a"¥. ^ua. 2ai~K 

15. 4a"V + 2aV^. 

16. (a-iy'^Co-J)"^. 



11. a^H-a\ ^^'l~nf' 

12. (af6)*-i-(af6)*. 

-4n«. (a +6) 



17. arb •c-'-4-o-^6'c«-*. 



18. (a'-a*')*-i-^a»a:. 



i 



^9U». 



(^)- 
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Divide the following : 

19. a^- 6* by c^-hK Am. a*+aM+6*. 

20. a*-6^ by a*-6* Am. a^ aV + aV-f 6\ 
-21. a-x by o^-a;^ Am. a^+aV+x^ 

22. a"-i- by a*-6\ Am. a^+a*6*+o*6* +6 *. 

23. a»»-6-»~byo'-6 *. .ln«.a'+a«6 * +a*6 '+6 \ 

24. ar-W-^&^ by a*-^5"+V-*. ^«». ar'^h'-'^(f^\ 

25. a^6-''+2+a-^6' by aft-^+a-^ft. ^n«. aft-^+a-'i 

26. 8a;-' + 27y-' by 2a;"* + 32/"l Am. 4a;"* - 6a;" V* + %"*• 

sa —3^ & _n 

27. a' -o by a -a '. iltw. a*+lfa-*. 

8 118 I X 

28. 7r-xy^-\^x^y-y^ by x^-y^. Am. x-\-y. ' 

29. o^+a%*+6* by a* + aV+i*l ^n«. a^-aV + ftl 

30. a;-*+a;"'^-' + 2/-* by x"* - a;~'y-M^». 

-4n«. a;-' + a;-'^~V+y"*. 

31. a* + 6*-c*+2aV by a*+i»*i-c*. Am. aKb^-cK 

32. Find the value of { (a^)' x (a"*)'^} '*^. Am. a\ 

33. Find the value of [{(a-6)"f"^]^. Am. (a-h)^\ 

34. Find the value of } (6"^)-' x (5-«+2«)-8 |5r?i« ^ j^^ j.^ 

3e5. Find the value of [l(aTr/><[KaTl']'- 

^W5. a*. 

36. Find the value of [KO"^n''-^n(a~")^l"*]^-^w«.l. 
27 
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LOGARITHMS. 

433* The Logarithm of a number is the exponent denot- 
ing the power to which a fixed number must be raised to pro* 
duce the first number. 

Thus, if B' - N, then x is called the logarithm of JV. 

433. The Base of the system is the fixed number which is 
raised to the different powers to produce the numbers. 

Thus, in B' = N, X 18 the logarithm of N to the base B; so in 
4' = 64, 3 is the logarithm of 64 to the base 4. 

^iML. The term logarithm, for convenience, is usually written 
log. The expressions above may be written log N==x and log 
64 = 3. 

433. In the Common System of logarithms the base is 10, 
and the nature of logarithms is readily seen with this base; thus^ 

10' -100; hence log 100 =2. 
W =1000; hence log 1000 =3. 
10* • = 10,000 ; hence log 10,000 = 4. 
10'"' = 234; hence log 234 -2.369. 
• 
436. We shall first derive the general principles of log- 
arithms, the base being any number, and then explain the com- 
mon numerical system. 

PBINCIPI.ES. 

Prin. 1. The logarithm of 1 is 0, whatever the base. 

For, let B represent any base, then -B® = 1 ; hence by the definition of » 
logarithm, is the log. of 1, or log 1 = 0. 

Prin. 2. The logarithm of the base of a system of logarithms is 
unity. 

For, let B represent any base, then B^-=B; hence 1 is the log. of J?, or 
log^ = l. 
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Prin. 3. The logarithm of the product of two or more numbers 
is equal to the sum of the logariHims of those numbers. 

For, let m = log M, and n = Jog ^T. 

Then, jB- = JJ/, B^^K 

Multiplying, ^+* = MxN. 

Hence m Yn = log (Mx N), 

Or, log (Jtfx iV) -log 3f+log N. 

Prin. 4. The logarithm of the quotient of two nwnhers is equal 
to the logarithm of the dividend minus the logarithm of the divisor. 

For, let m = log Jf, and n = log N. 

Then, J5~ = if, B^=N. 

Dividing, J5"*-« = M-^ N, 

Hence, log (JJf -j- N) = m—n. 

Or \og(M-irN)=-\ogM-\ogK 

Prin. 6. The logarithm of any power of a number is equal to 
the logarithm of the number multiplied by the exponent of the 
power. 

For, let m=log3f. 

Then, J?» = 3f. 

Raising to nth power, B^xm = jj^n^ 

Whence, log Af* = nxm. 

Or log M" = nxlog M. 

Prin. 6. The logarithm of the root of a number is equal to the 
logarithm of the number divided by the index of the root. 



For, let 




w»=log Jf. 


Then, 




B»=if. 


Taking nth root, 




£^ = m\ 


Whence, 


1 »»» ni 
log J/ =-. 


Or 


log 


m'-J'^^. 



^97. These principles are illustrated by the following ex- 
amples, which the pupil will work. 
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EXAMPUBS. 

1. Log (a.b.e) = log a+log 6 + log c. 

2. Log ( )= log a+log b - log e. 

3. Log a^'-^n log a, 

4. Log (a'ft*) =ic log a+y log 6. 

5. Log — =« log a+y log 6-2 log c 

6. Log VaB=^^ log a+-^ log 5. 

7. Log (a*-a;') =log (a+a:) + log (a-x). 

8. Log l/a'-x*)=| log (a+a;) + J log (a-ic). 

9. Log a*i/flr*"=| log a. 

10. Log^!^^^ = i {log(a-a;)-31og(a+a:)}. 

COMMON LOGARITHMS. 

428. The Base of the common system of logarithms is 10. 
This base is most convenieDt for numerical calculations, because 
our numerical system is decimal. 

439. In this system every number is conceived to be some 
power of 10, and by the use of fractional exponents may be thus, 
approximately, expressed. 

4:30* Raising 10 to different powers, we have 
10° = 1; hence O = logl. 
10^=10; hence 1= log 10. 
10' = 100 ; hence 2 = log 100. 
10» = 1000 ; hence 3 = log 1000. 
etc. etc. 

Also, 10~* = .1 ; hence - 1 = log .1. 
10-' = .01; hence -2 = log.01. 
l6-» = .001; hence -3 = log.001. 
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431. Hence the logarithms of all numbers 

between 1 and 10 will be 0+a fraction ; 
between 10 and 100 will be 1 + a fraction ; 
between 100 and 1000 will be 2+a fraction ; 
between 1 and .1 will be — l+a fraction ; 
between .1 and .01 will be --2 + a fraction ; 
between .01 and .001 will be —3+^ fraction. 

432. Thus it has been found that the log. of 76 is 1.8808, 
anc^the log. of 458 is 2.6608. This means that 

10^'»««76, and 10''*« = 458. 

433. When the logarithm consists of an integer and a deci- 
mal, the integer is called the characteristic, and the decimal part 
the maniiasa. Thus, in 2.660865, 2 is the cJiaraMeristiCf and 
•660865 is the rtiantissa, 

PRINCIPLES OF COMMON LOGARITHMS. 

PRIN. 1. The characteristic of a logarithm of a number is on€ 
less than the number of integral places in the number. 

For, from Art. 430, log 1=0 and log 10 = 1 ; hence the logarithm of 
numbers from 1 to 10 (which consist of one integral place) will have for 
the characieristic. Since log 10 = 1 and log 100 = 2, the logarithm of 
numbers from 10 to 100 (which consist of two integral places) will have 
one for the characteristic, and so on ; hence the charactei-idic is always one 
leas than the number of integral places, 

PRIN. 2. The character istlc of the logarithm of a decimal is neg- 
ative, and is equal to the number of the place occupied by the first 
significant figure of the decimaL 

For, from Art. 430, log .1 =«= - 1, log .01 =* - 2, log .001 =^ - 3 ; hence 
the logarithms of numbers from .1 to 1 will have — 1 for a characteristic ; 
the logarithms of numbers between .01 and .1 will have —2 for a charac- 
teristic, and so on ; hence the characteinstic of a decimal is always n^gativej 
and equal to the number of the place of the first ngnificant figure of the decimoL 

pRiN. 3. The logarithm of the product of any number multi* 
plied by 10 is equal to i/ie logarithm of the number increased by h 
27 * 
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For, Buppofle log M=m ; then, by Prin. 3, Art. 426, 

log (Mx 10) = log 3f +log 10 ; but log 10- 1 ; 
Hence log (Mx 10) = w + 1. 
Thus, log (76x10) = 1.880814+] ; or log 760 = 2.880814. 

Prin. 4. The logarithm of the quotient of any number divided 
by 10 is equal to the logarithm of the number diminished by 1. 

For, suppose log M^m] then, by Prin. 4, Art. 426, 

log (if-i-lO)-log J/- log 10; 
Hence, log (itf+10)-m-l. 
Thus, log (458 -f- 10) = 2.660866 - 1 ; or log 45.8 - 1.660865. 

Prin. 5. In changing the decimal point of a number we change 
the characteristic, but do not change the mantissa of its logarithm. 

This follows from Principles 3 and 4. To illustrate : 

2og 234 = 2.369216. log .234=1.369216. 

log 23.4 = 1.369216. log .0234 = 2.369216. 

log 2.34 = 0.369216. 

Thus we see that the charadei-istic beeovnes negative^ but not the fttantisso. 
The minus sign is written over the characteristic to show that it only is 
negative. 

EXERCISES ON LOGARITHMS. 

434. Common Logarithms are used to facilitate the ope- 
rations of multiplying, dividing, etc. Tables of logarithms are 
constructed and used for this purpose. 

433. We shall give the logarithms of a few prime numbers 
io four decimal places, and show how they are used. 

log 2 = 0.3010 log 7 = 08451 log 17 = 1.2304 

log 3 = 0.4771 log 11 = 1.0414 log 19 = 1.2787 

log 5 = 0.6990 log 13 = 1.1139 log 23 = 1.3617 

MULTIPLICATION WITH LOGARITHMS. 

436. Numbers are multiplied by means of logarithms by 
taking the sum of their logarithms. (See Art. 426.) 
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1. Find the logarithm of 2x5. 

OPERATTOir. 

Solution. From Prin. 3, Art. 428, the log. of log 2 = 0.3010 
2x5 equals the log. of 2 plus the log. of 5; log log 5=0.6990 
2 = 0.3010, log 5^0.6990; their sum is 1.0000. log 10^1.0000 

Find by the use of the logarithms given in Art. 435 the fol- 
low iiig : 

2. log (3x7). 5. log 6x10. 8. log2x7><13. 

3. log(5x7). 6.log 7x10. 9. log (5x17x23). 

4. log (7 X 11). 7. log 13 X 10. 10. log (7 X 19 X 23). 

Note. — In actual practice with a table we find the number correspond* 
ing to the logarithm of the product, and thus obtain the product of the 
numbers. 

437* The logarithms above given will enable us to find 
the logarithms of many numbers of which the prime numbers 
are factors. Find the following: 



1. log 4. 


5. log 20. 


9. log 56. 


13. log 1.15. 


2. log 6. 


6. log 26. 


10. log 85. 


14. log .230. 


3. log 10. 


7. log 30. 


11. log 8.5. 


15. log .380. 


4. log 15. 


8. log 42. 


12. log 115. 


16. log .003& 



DIVISION WITH LOGARITHMS. 

488. Numbers are divided by means of logarithms bv sub- 
tracting the logarithm of the divisor from the logarithm of tha 
dividend. 

1. Find the log. of 5,+ 2. 

OPERATICTBf. 

SoLUTiow. From Prin. 4, Art. 426, the log. log 5 = 0.6990 . 

of the quotient of 5 divided by 2 equals log 5 log 2 = 0.3010 

minus log 2; log 5 = 0.6990, etc. log (5-!- 2) -03986 

Find by the logs, given in Art. 435 the Jogs, of the following: 
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2.f 


6.*. 


10. 4?. 


14. 1^. 


3. f 


7. JiL. 


11. -^. 


15. -.Vf . 


4. i 


8.i^. 


12. ff. 


16. m- 


6. Jf. 


9. -V-. 


13. .^. 


Hfj 2x.8x.05 
'^*' .7x. 11 + 22 



Note. — For an explanation of the nature an4 use of the arithmelioal 
mmiplemerU see Trigonometry. 

POWERS AND ROOTS WITH LOGARITHMS. 

430* The powers or roots of numbers are readily obtained 
by logarithms, according to Prin. 5, Art 422. 

1. Find the log. of 7». 

Solution. By Prin. 5, Art. 426, log 7* equals operation. 

log 7 multiplied by 3 ; log 7 = 0.8451 ; multiplying log 7 - 0.8451 

by 3, we have 2.5353; hence log 7', or log 343 3 

- 2.5353. log 7» or 343 «= 2.5353 

Find the logarithms of the following : 

2. 3'. 6. 13». 10. 3*. 14. 2»x3'. 

3. 5*. 7. 16*. 11. 7I 15. 3' + .05'. 

4. 7*. 8. 17'. 12. .07*. 16. .07' x. 014'. 
6. 11«. 9. 19'. 13. .01*. 17. .09* + .021*. 

Note. — Teachers who wish to give their pupils a knowledge of the use 
of the tables and numerical computation with logarithms will find the 
subject presented in my Geometry and Trigonometry. 

EXPONENTIAL EQUATIONS. 

440. An Exponential Equation is an equation in which 
the unknown quantity is an exponent ; as, 

a* =^ 6, off-^af 5"* *= c, etc. 

441. Such equations are most readily solved by means of 
logarithms. 
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1. Given a* = i, to find x. 

Solution. 
Given, ^^5 

Taking log. of members, a; log a = log 6. 

Whence, x-^^SLA 

log a 

2. Given 5» = 10, to find x. 

Solution. 
Given, 5«-10. 

Taking log., a: log 6 = log 10. 

kig6 0.6990 ^•*'''*- 

3. Given 5^ -I, to find «. 

Solution. 

Given, 6^-f 

Raising to x power, 6« « 1^. 

Taking log., 2 log 5 =a: log 7 -« log a 

Whence, ^^ 2 log_5_ 

log 7- log 3* 

Or ^ 2 X. 6990 .^^„^ 

4. Given 5* - 8, to find x. Am. x - 1 .2918. 

5. Given 4" - 8* to find x. Ans. x - 0.5. 

6. Given tf-bc, to find x. Ant. a;-^°g *+'°S " 

logo 

7. Given a' - bV. to find x. Ans.x^ 2 log 6+3 logo 

log a 

8. Given 5* - 30, to find «. An8.x- 0.9464 
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ah'-e , « , . log (nd+c)- log a 

9. Given - — - d, to find a;. Arts, a; = - ^^ , ^^ — ^- -• 

10. Given ai*-c, to find a^ ^^'^'ii^-l^- 

« , , log b-n log a 

11. Given o~+* = i, to find x. Ans. x ^y^— • 

log i> 

12. Given m-n*« =i>, to find a;. Am. x = ^1^- ^^l^^- 

2 log 3 
la Given a»'-2a'-63, to find x. Ans. ^^-^^ • 

14. Given 3** + 3» - 6, to find x. Ans. x - 0.6308. 

1 n ^ A logi(w=fcV^m'-4) 

15. Given w*+ ^^. = i», to find x. Ans. x - ^^' ^^^ ^ ^. 

16. Given a'+i' - 2m and o' - ft' = 2n, to find x and y. 

log (w+») log(w-n) 

17. Given af - y", and ac* - 1/*, to find a; and y. 

Am.x^^,y-^2\. 

18. In a geometrical progression, given a, r and «, to find w* 

Ana. See page 268. 

19. In a geometrical progression, given /, r and «, to find n. 

^w«. See page 268. 

20. In compound interest, if P represents the principal, 
B=>l+r, the rate, -4 the amount, and t the time, show that 
J-Pxi?'-P(l+r)*. 

21. From the above formula derive the following formulas : 

l.log^ = logP+nog(l+r); 3.1og(l+r)-^^~^^; 
2.1ogP-log^-nog(l+r); 4.t.^"f^^^^. 

Note.— Exponential equations of the form 7f = a cannot he solved by 
elementary algebra. Numerical forms like ar*=10 may be solved by 
Double Position. 



SEOTIOK XII. 

PERMUTATIONS, COMBINATIONS, BINO- 
MIAL THEOREM. 

PERMUTATIONS. 

443. Permntations are the different orders in which a 
number of things can be arranged. 

Thus, the permutations of a and b are ab and ba ; the permu- 
tations of a, by and c, taken two at a time, are ab, 6a, ac, ca, 
bcy eb, 

443. Things may be arranged in sets of one, of two, of 
three, etc. Thus, the three letters a, b, and c may be arranged 
in sets as follows : 

Of one, a, b, c. 

Of two, ab, ac ; ba, be ; ca, cb, 

, Of three, abc, acb ; bac, bca ; cab, cba. 

Notes. — 1. It is convenient to let P^ represent the number of permu- 
tations when taken two together ; Pg, the number when taken three to- 
gether, etc. ; Prt the number when taken r together. 

2. The term permutations is sometimes restricted to the case where the 
quantities are taken all together, while the term arrangements or variajtions 
is given to the grouping by twos, threes, etc., the number in the group 
being less than the whole number of things. 

PROBLEMS. 

444. To find the number of permutatwm or arrangements 
that can be formed of XL things taken two at a time, three a^ a 
time, etc. 

323 
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Let Oybf Cf df , , , , k represent n things. 

First, if we reserve one of the n letters, as a, to place before each of 
the others, there will remain n— 1 letters; and placing a before each of 
the n— 1 letters, there will be n— 1, in which a stands first; as a&, ac, 
adf .... ak. Similarly, if we put 6 before each of the other letters, 
there will be n- 1 arrangements in which b stands first. Similarly, there 
will be n— 1 arrangements in which c stands first. Hence, since each of 
the n letters may be first, in all there will be n(n— 1) arrangements of n 
things taken two at a time. 

Second, let us now find the number of arrangements of the n letters 
taken three at a time. If we reserve one letter, as a, there remain n—1 
letters; the number of permutations of n— 1 letters taken two together, 
from what has been shown, is (n— l)(n — 2). Putting a before each of 
these, there will be (n - l)(n- 2) permutations of n letters taken three to- 
gether, in which a stands first. Similarly, there are (n-l)(n— 2) per- 
mutations, in which b stands first, and so for each of the n letters ; hence 
the whole number of permutations of n letters taken three together is 
n(n~l)(n-2). 

Similarly, we find that the number of permutations of n letters taken 
four at a time is n(n— l)(n — 2)(n— 3). From these cases it may be in- 
ferred, by analogy, that the number of permutations of h things taken r 
at a time is 

n(n-l){n-2)(n-3) .... (n-f^). 

44«S. We shall now prove that the formula for the permuta- 
tion of n things taken r at a time, derived above by analogy, 
is true. 

Suppose it to be true that the number of permutations of n letters 
taken r— 1 at a time is 



n(n-l) {n-(f^-l)}, 

or n(n— 1) .... (n— r— 1+ 1), 

then we can show that a similar formula will give the number of permu- 
tations of the letters taken r at a time. For, out of the n—l letters 
6, c, d, .... we can form (Art. 444), 



(n-l)(n-2) (n-l-r-1-1), 

or, (n-l)(n-2) .... (n-f^), 

permutations each of r - 1 letters, in which a stands first. Similarly, we 
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have the same number when b stands first, and as many when c stands 
drst, and so on. Hence, on the whole, there are 

n(n-l)(n-2) .... (n-f^l) 

permutations of n letters taken r at a time. 

This proves that if the formula holds when the letters are taken r—l 
at a time, it will hold when they are taken r at a time. But it has been 
shown to hold when they are taken Uu^ee at a time ; hence it holds when 
they are taken /our at a time; hence also it must hold when they are taken 
five at a time, and so on ; therefore the formula holds universally. 

Note. — The method of reasoning employed in Art 445 is called Mathe^ 
nuUieoL Inditction. it is based on the principle that a ti-uth u universcd if 
when it is true in n cases it is true m n + 1 eases. It is regarded as a valid 
method of demonstration, while the method by analogy or pure induction 
is not. 

446* To find the number of permutations of n tilings taken 
all together. 

In the formula just proved put r»n, and we have 

P,=n(n-l)(n-2) 1. 

447. For the sake of brevity n(n-l)(n-2) .... 1 is 
often written [n, which is read ^* factorial n." 

Thus, \n_ denotes Ix2x3x . . . . xn; that is, the product of 
the natural numbers from 1 to n inclusive. 

448. Any number of T things, or combination of T things, 
will produce \T permutations. 

For by Article 446, the r things which make the given combination 
can be arranged in Ir different ways. 

440. To find the number of permutations of n things taken 
cdl together when some occur more than once. 

Let there be n letters, and suppose a occurs p times, h occurs q times, 
and c occurs r times, the rest, d, e, /, etc., occurring but once. Let N 
represent the required number of permutations. 

Now, if in any of the permutations we suppose tlie p letters a to be 
changed into p new letters, different from th« rest^ then Without changing 
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the situation of any of the remaining letters we could, from their inter- 
change with one another, produce |p permutations ; hence if the p letters 
a were changed into p different letters, the whole number of permutations 
would be iVx \p. Similarly, if the q letters 6 were also changed into q 
new letters, different from any of the rest, the whole number of permuta- 
tions would be -^x ,p x \q. So also if the r letters c were also changed, 
the whole number of permutations would be -^x |px Igx jr. But this 
number would be equal to the number of permutations of n different- 
things taken all together; that is, to In. 

Thus, ^x [p X Ig X |r = In. 



Hence N= 



\px [q^\r_ 



4rtS0. To find the number of permutationa of XL things when 
each may occur once, twice, thrice, . , . . up to T times. 

Let there be n letters, a^h, c, . , , , Taking them one at a time, we 
shall have n arrangements. Taking them two at a time, a may stand 
before a, or before any one of the remaining letters ; similarly, b may 
stand before 6, or before any one of the remaining letters, and so on ; thus 
there are n x n, or n', different arrangements. Taking them three at a 
time, each one of the n letters may be combined with the n* arrangements, 
making nxn\ or n? in all. Similarly, when the letters are taken r at 
a time, the whole number of permutations will be n*". 

491 • If they are taken n at a time, or all together, r becomes 
n, and the number of permutations becomes n*. 

EXAMPUBS. 

1. How many permutations can be formed of the letters in 
the word chair, taken three together? 

Solution. Here n = 5, and r = 3; hence substituting in the formula 
P2 = n(n-1) .... (n-f^U), we have 5x4x3 = 60. 

2. In how many ways may the letters of the word home be 
written ? Ans. 24. 

3. In how many ways can 5 persons arrange themselves at 
table so as not to sit twice in the same order? Ans, 120. 

4. In how many different ways, taken all together, can the 7 
prismatic colors be arranged? Ana. .5040, 
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5. The number of permutations of a set of things taken four 
together is twice as great as the number taken three together ; 
how many things in the set ? Ans. 5. 

6. In how many ways can 8 persons form a circle by joining 
hands? Ans. bQAQ. 

7. How many permutations can be made of the letters of the 
word CaraccaSy taken all together? A718, 1120. 

8. How many permutations can be made of the letters of the 
word Mississippi, taken all together? Aiis, 34650. 

9. The number of permutations of w things taken four together 
is six times the number taken three together; find the value 
of n. Arts, n = 9. 

10. The number of arrangements of 15 things, taken r to- 
gether, is tea times the number taken (r-l) together; find 
the value of r. Ans,r^^, 

11. In how many ways can 2 sixes, 3 fives, and 5 twos be 
thrown with 10 dice? |J0 

'^''^' [2 ^ [5- 

12. In how many different w^ays can six letters be arranged 
when taken singly, two at a time, three at a time, and so on, 
until they are taken all at a time? Ans, 1956. 

Note.— Find the sum of the different permutations. 

COMBINATIONS. 

4ff3. The Combinations of a set of things are the different 
collections that can be formed out of them without regarding 
the order in which they are placed. 

Thus, the combinations of the letters a, h, c, taken two together, 
are aft, ac, he; ah and ha, though different permutations, form 
the same combination. 

4S3* Each comhination of things when taken two together, 
as 06, gives two permutations; and when taken three together, as 
oic, gives 3x2^1 permutations. 
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4S4« In general, each combination or toUedion 0/ r ikings 
gives [r permviationa. 

Thus the combination abc gives the permutations abCj acbj etc. ; that 
is, the permutations of three things taken all together, which by Art. 446 
is [3, or 3x2x1. Similarly, it is seen that the combination of r things 
gives \r permutations. 

4StS. To find the number of eombinatUma that can be formed 
out of n things taken T at a time. 

The number of permutations of n things taken r at a time is n(n->l) 
.... n — r—l) (Art. 444), and each collection or combination of r things 
produces I r permutations (Art. 454) ; hence the number of combinations 
of n things taken r at a time equals the number of permutations divided 
by I r ; or, letting G- represent the number of combinations^ we have 

_ n(n-l)(n-2) {n-i^^ 

\L 

4rtS6. If we multiply both numerator and denominator of 
the previous expression by |n--r, we have 



r \n-r 



437. The number of combinations of n things taken T at a 
time is the same as the number of them taken n-rat a time. 

For the number of combinations of n things taken n—r at a time is 



n(n-l)(n-2) .... (n-n-r-1) 

I n. — T • 



thati^ n(n-l)(n-2) . . . . (r^^ 



Multiply both numerator and denominator by Ir, and we obtain 

fc-r— Izr » which, I 

|r jn-r 

things taken r at a time. 



\n 
Gi-r— Izr » which, by Art. 456, is the number of combinations of n 
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4S8. Hence in finding the number of combinations taken r 
together, when r > \n, the shortest way is to find the number 
taken {n — r) together. 

4tS9. To find the value of r from which the number of com- 
binations of n things taken T at a time is greatest. 

mi- !• 1 •> n(n— l)(n-2) .... (n — r-l) , 

The formula 0,=-^ -^ — ^^^ ^ ' may be written 

^ n n— 1 n-2 n— r— 1 

Now, it is seen that the numerators of this formula decrease from right 
to left by unity, and the denominators increase by unity ; hence at some 
point in this series the factors become Usb than 1 ; therefore the value of 
Cr is greatest when the product includes all the factors greater than 1. 

Now, when n is an odd number, the numerator and denominator of 
each factor will be alternately both odd and both even ; so that the factor 
greater than 1, but nearest to 1, will be that factor whose numerator ex- 
ceeds the denominator by 2. Hence, in this case the value of r must be 
such that 

n-r^=r+2, orr=^^^. 
2 

When n is even^ the numerator of the first factor will be even am^ the 
denominator odd ; the numerator of the second factor will be odd and the 
denominator even, and so on alternately ; hence the factor greater than 
1, but nearest to 1, will be the factor whose numerator exceedR the denom- 
inator by 1. Hence, in this case the value of r must be such that 

n— r— l»=r+l, or r=-. 

Note. — For other principles of Permutations and Combinations see 
works on Higher Algebra. 

exampi.es. 

1. How many combinations can be formed from the letters 
of the word Prague, taken three together? 

Solution. Here n = 6 and r = 3; hence substituting in the fonoula^ 

^ * \r 1x2x3 

28* "~ 
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2. How many combinations may be made of the letters a, 6, 
c, d, e,fy taken three together? four together? Ana 20 ; 15. 

3. How many spans of horses can be selected from 20 horses ? 
How many double spans ? Ans, 190 ; 4846. 

4. How many combinations of 3 or of 5 letters can be made 
out of 8 letters ? Ans, 66, 

5. How many combinations can be made of the letters of the 
word longitude, taken four at a time? Ans, 126. 

6. How many combinations may be formed of 16 things taken 
5 at a time? Am, 4368. 

7. How many different parties of 6 men can be formed out 
of a company of 20 men ? Ans, 38760. 

8. A guard of 5 soldiers is to be formed by lot out of 
20 soldiers; in how many ways can this be done? how often 
will any one soldier be on guard? Ans, 15504; 3876. 

9. In how many different ways can a class of 6 boys be 
placed in a line, one being denied the privilege of the head of 
the class? Ans, 600, 

10. The number of the combinations of n things taken four 
together is to the number taken two together as 15 : 2 ; find the 
value of n. Ans, w = 12. 

11. The- number of permutations of n things taken 5 at a 
time is equal to 120 times the number of combinations taken 3 
at a time ; find n, Ans, n = 8. 

12. A and B have each the same number of hoi-ses, and find 
that A can make twice as many different teams by taking 3 
horses together as B can by taking 2 hordes together; how 
many horses has each ? Ans, 8. 

THE BINOMIAL THEOREM. 

400. The Binomial Theorem is derived on page 162 by 
induction ; we shall now demonstrate it by a more rigid method 
of reasoning called mathematical induction. 

4:01* By actual multiplication we obtain 
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(1) (o; + a)(x + 6) = «' + (a + V)x + ah, 

(2) (a;fa)(« + 6)(a:+c)=a:' + (a+64-c)a:'^ + (a6 + ac+6c)a;+a6c. 

(3) (x-^a)(x-^h){x^c){x-¥d) =a;*+(a + 6 + c + ef)ar'. 

+ (abc + bed + c(ia + dah)x + aftcd. 

4:03. Examining these results, we observe certain laws in 
the development : 

1. The number of terms is one more than the number of bino^ 
mial factors involved, 

2. The exponent of x in the first term is the sams as the nwnber 
of binomial factors, and decreases by unity in each succeeding 
term, 

3. The coefficient of x in the first term is unify. 

The coefficient of x in the second term is the sum of the second 
letters f a, b, c, of the binomial factors. 

The coeffideat of x in the third term is the sum of the products 
of the second letters taken two ai a time. 

The coefficient of the fourth term is tfie sum of the products of the 
second letters taken three at a time, and so on. 

4. The last term is the product of all the second letters of the 
binomial factors, 

403. We shall now show that these laws always hold, what- 
ever be the number of the binomial factors. 

Suppose the laws to hold forn — 1 factors, so that 
(a;+rt)(a;+6) .... (a;+A;)=a;^*+_paf»-«+ga;»-»+ra^-*+ . . . tf 
where p = the sum of the letters a, 6, c, .... A;. 

q = the sum of the products of these letters taken two at a time. 

r = the sum of the products of these letters taken three at a time. 

M = the product of all these letters. 

Then multiply by another factor, x-\-l, and arrange the product accord* 
ing to the powers of x ; thus, 

(«+a)(a?+6)(a;+c) .... (a:+A;)(a;+0«iC*+(p-^0^«^**~' 
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The laws (1) and (2) evidentlj hold in this expression. 
Now, p-\-l =-a+6+c+ .... k^l 

= the sum of the letters a, 6, c, .... A;, I, 
Also, q-{-pl = q+l{a+b+c-\- , . . . -tk) 

<= the sum of the products of all the letters 
ttj b, c, , , , . k, I, taken two at a time. 

Also, r+g?=r+i(a6 + ac+6c+ ) 

= the sum of the products of all the letters 
a, 6, c, .... A;, I, taken three at a time. 
Also, t^=the product of all the letters. 

Hence, if the laws hold for n-1 factors, they hold for n factors. But 
it has been shown that they hold for four factors ; therefore they hold for 
five factors, and therefore for six factors, and so on. Therefore they hold 
universally. 

4r64:. We shall now proceed to find the general formula for 
the expansion of (x+a)*. 

Let Pf Q, a etc. represent the coefficients in the abo\ e formula, and 
we have 

(x+a)(x+6) .... (a;+A;)(x+0=a:» + Pic^i + §af^* 

+ i2a^»+ . . . . +F. 
Here P=the sum of the letters a, 6, c, .... A;, I, which are n in 
number. 
Q = the sum of the products of these letters taken two at a time^ 

so that there are -\ — r-^ of these products, a6, ac, etc. 

i2« the sum of the products of these letters taken three at a time^ 

80 that there are ^ ^—-^ — of these products, ab(\ 

abdf etc., and so on. 
V=abc . . . , kL 

Now, suppose by c . . , , k, I are each equal to a ; then, 
First, {x-^a)ix-{-b) .... {x-\-k)(x-\-l) equals (a;+a)»; 
Second, P will equal a taken n times, or na\ 
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Third, abj ac, etc. will each become a', and Q will equal a' taken 

Fourth, a6c, abd^ etc. will each become a', and R will equal a' taken 

n(n--l)(n~2) ,. n(w-l)(n-2) , , 

1.2.3 *'"'^' ^' "~rr2 3 — "^ ' ^""^ "^ ^"* 

Finally, a&c . . . , kl will equal a taken as a factor n times, or a", 
and F ^ill equal a*. Therefore, 

1*A l.J.O 

n(n~l) (n-2)(n~3) 
^ 1.2.3.4 ""^"^^ ^^• 

46ff • If in the formula a and a; be interchanged, the develop- 
ment will proceed by ascending powers of x; thus, 

r»(n-l)(n>2)(n-3) 
^ 1.2.3.4 "* a^+....+ar. 

466* From the examination of this formula several laws 
will be observed, as follows: 

1. The sum of the exponents of a and jo in each temn equals n, 

2. If X is negative, every odd power of jo will be negative ajid 
the even powers positive ; thus, 

(a - xy- = a* - noT^x + -^ — ^a*-V - -^—^ — ^—5 — a'^'j? + etc. 
1 . z 1.^.0 

467. The coefficient of the rth term of the development of 
(a+x)* is 

n(r? - lX n-2') .... (n-r+2 ) 
"1.2.3 .... r~l 

For, the coefficient of the second term is n, which is the combination 
of n things taken singly ; the coefficient of the third term is — ~;~^- , which 

1 ■* A 

is the combination of n things taken tw:> at a time; and generally, the 
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coefficient of the rth term is the number of combinations of n things taken 
r— 1 at a time, which, by Art. 455, is equal to 

n(n-l)(n-2) .... ( n ~r+2) 
1.2.3 .... r-1 

468. This is called the general coefficient ; and by making 
»• = 2, 3, 4, etc., all the others can be derived from it. 

Thus, suppose we wish to find the 51 h term of (a — xy. Here r = 5 and 
n = 7 ; and the coefficient of the term required is — \ ' = 35, and the 
5th terra is 35a'a;*. 

469. In the expansion of (ji-\-xy the coeffieienta of terms 
equally distant from the beginning and end are the same. 

For the coefficient of the rth term from the beginning is 

n(n-l)(n-2) .... (n-r-t-2) 

|r-l ' 

which, by multiplying both numerator and denominator by In— r+1 

\n 

becomes I 7-^^ —•. 

■r — 1 |n-r+l 

The rth term from the end is the (n— r + 2)th term from the ban- 
ning, and its coefficient is 

n(n-l)( .... ){n-(n-r+2) + 2} n(n~l) . . . . r 
|n-r-fl *^^ |n->r+l * 

Multiplying both terms by Ir— 1, this becomes also 



Ir— 1 |n-r+l 



470. The expansion of a binomial can always be reduced to 
the case in which one of the two quantities is unity. 

Thus (a + a?)*» = a"( 1 + - V = a*(l +^)« if 2/ = -• We may then ex- 

pand fl+2/)**, and multiply each term by a'*, and thus obtain the ezpan' 
sion of (a+a;)". 
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4r71« The sum of ike eoeffidenta of the terms in the expansion 
of (!+«)» is 2~. 

For (l+x)'^ = l-\-nx+ —-^^x^-\- na:^^+a^. Now, since 

this is true for all values of Xy it is true when x = l; whence 

(l + l)« = 2» = l + n+^^— _^^+ n+1; 

that is, the sum of the coefficients is 2^. 

473. The mm of the coeffieients of the odd terms in the ex- 
pansion (1 +a;)" w equal to the sum of the coeffieients of the even 
terms. 

If we let x= —If the expansion of (l + a;)*» becomes 

in which we have the sum of the odd coefficients, minus the sum of the even 
coefficients equal to zero ; hence the two sums are equal. 

473. Since the two sums are equal, each is one-half of 2" 
(Art. 471), or 2«- 2 = 2^^ 

Notes. — 1. It may also be shown that in the expansion of (a-\-x)^ the 
middle term will have the greatest coefficient when n is even; and the ttvo 
middle terms will have eqtial coefficients when n is odd, and be the greatest 
terms, 

2. This demonstration of the binomial theorem is restricted to n being 
a positive integer. The theorem is also true when n is negative or fractional ; 
but the demonstration is too difficult for a work on elementary algebra. 
We shall assume that n is general, and give examples showing its appli« 
cation. 

exampi.es. 

1. Expand (6+y)"'. 

Solution. In the general formula (Art. 465) substitute b for a, y foi 
Jfc, and — 2 for n, and we have 

(6+y)-»-6-H -26-«-iy+— ^-^-|— ^ft-'-V 



. -2(-2-l)(-2-2), ^, , 



Reducing, we have (6+2/)-'= ^i" 6^+|f -"^^ ^-ete. 
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2. Expand (l+y)i 

Solution. In the general formula put 1 for a, y for x, and ^ forn; 
sabstitute and reduce, and we have 

a+y)*-i+ly-iy'+Ay»-Tij3/*+etc. 

3. Expand (1 + 2a; -a;*)i 

Solution. Puty for 2a;-x»; then (l+2a;~a:»)i«(H-y)J. 
(l+y)i-l + iy-Jy«+TJjj3/»-Thy*+etc. 

«l + i(2a;-a:«)-J(2a;-a:»)H^(2a;-a:»)»-Tk(2a;-a:»)*+etc 
Reducing, (l+2a;-a:*)i = l+a;-a;*+a:'-ia;*+etc. 

4. Expand (1 -x)~\ Am. l+a;+a;'+a;"+a^+a;*+ etc. 
6. Expand (1 + a)"*. Ans, 1 - ^ + f a' - ^a* + ^^* - etc. 

6. Expand (1- a;)*. 

^"^•^ 3 3.6 3.6.9 3.6.9.12 ^^* 

7. Expand 73 ri -47W. a+2aa;+3aa;*+4aa;*+5aiK*+etc. 

(1-a;/. 

jjgt yA rjg^ 52^ 

8. Expand V^^- ^n«- «" 2^-3 -f-ie-^-lgg^t -etc. 

9. Write the coefficient of oS^ in (1 — a;)~*, and coefficient of 

^- /I w .11 (r+l)(r+2)(r+3) 
ar m (1 - a;)"*. J rw. r + 1 ; ^^ 1 23 

10. Write 4th term of (a; +21/)", and 6th term of (3a; -y)-* 

3 1. Write the (r + l)th term of (1 - x)"*, and the 5th term of 

12. Write the middle term of {a^rocf^, and two middle ternns 

110 19 

of (a+a;)'. ^n*. -^=^*a;»; T^^(a»aj*4 aV). 

13. (l+a;-a;7 = l+4a;+2a;'-8ar'-5a?*+8a;* + 2a;«-4a;*+a;>*. 

14. (l+a;+a;')^ = l + 2+-g---Yg-»etc. 

15. If the 6th, 7th, and 8th terms of (a;+y)*are respectively 
112, 7, and J, find x, y, and n. ilrw. x = 4, y = ^, n = 8. 
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